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PEEFACE. 


This book kas been written as a companion volume to my 
Treatise on tbe DijSEerential Calculus, and in its construction 
I have endeavoured to carry out tbe same general plan on 
which that book was composed. I have, accordingly, studied 
simplicity so far as was consistent with rigour of demonstra- 
tion, and have tried to make tbe subject as attractive to tbe 
beginner as tbe nature of tbe Calculus would permit. 

I have, as far as possible, confined my attention to tbe 
general principles of Integration, and have endeavoured to 
arrange tbe successive portions of the subject in the order 
best suited for the Student. 

I have paid considerable attention to the geometrical ap- 
plications of the Calculus, and have introduced a number of the 
leading fundamental properties of the more important curves 
and surfaces, so far as they are connected with the Integral 
Calculus. This has led me to give many remarkable results, 
Buob as Steiner’s general theorems on the connexion of pedals 
and roulettes, Amsler’s Planimeter, Kempe’s theorem, 
Canden’s theorems on the rectification of tbe hyperbola, 
Q-enocchi’s theorem on the rectification of the Cartesian oval, 
and others which have not been usually included in text- 
books on the Integral Calculus. 

A Chapter has been devoted to tbe discussion of Integrals 
of Inertia. For the methods adopted, and a great part of tbe 
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Preface. 


nuovv+or T am indebted to the kindness of Pro- 

ta Wd me miier very deep oWigetone by 
Xpte ee Mem Value aud Probability. I am glad to be 
able^to lay IMs Obapter bolote the Student, aa m mtpoduc- 
tL to thi biaueb oJ the subject by a Mathematician whoso 
admirable Papers, hi the PM« 

( Js, 1868-69, and elsewhere, hare so Imgely oontnbnted to 
the recent eilension ol this important apphoahon of the 

iSn a short Chapter on Multiple Integratioii 
has been introduced, which I hope win be found a nsefiil 

addition to the Book. 


Teinitt College, 
April) 1884. 
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INTE6EAL CALCULUS. 


OHAPTBB I. 

ELBMENTAEY BOBMS OF INTBGE.ATION. 

I. Integration. — The Integral Calculus is the inverse of 
the Difierential. In the more simple case to which this 
treatise is principally limited, the object of the Integral 
Calculus is to find a function of a single mriahle when its 
differential is known. 

Let the differential be represented by F(x)dx, then the 
function whose differential is F{x) dx is called its integral, and 
is represented by the notation 

I F{x) dx. 

Thus, since in the notation of the Differential Calculus we 
have 

the integral oif'{x) dx is denoted by /(aj) ; i.e. 

|/(a,) dx =f{x). 

Moreover, as/C®) and/(») + C (where 0 is any arbitrary 
quantity that does not vary with x) have the same differen- . 
tial, it follows, that to find the general form of the integral of 
f\x) dx it is necessary to add an axbitra:^ constant to fix ) ; 
hence we obtain, as the general expression for the integral 
in question, 


f{x)dx‘=f{x) + C. 


(0 



2 Elementary Forms of Integration. 

n« constant C'-will be omitted 

fixers 

X + dx fDiff Ofllp when x is changed into 

T^ temSt, 15“”® ?' T”“ »' M»enii.tion. 
!mo8 wiai (he Diffetential 

integrals of mjiTi-o- (i;# ^^lonlus will at once suggest tbe 
sSeS oSe. differentials. We commence with tbe 
sS. ^ ’ arbtfrmy constant being in all cases under- 

estabSshelTn'chaStSYDT^^^ differentiation 

once the follow^g^Xrai?!-^"^^ 


x^dx 


m 4- I 


I 

[dx , 

J~ = log(a;). 
j" sin mxdx = - 


r dx 

]x^ ~ 


- 1 


(m - 1 )®™-!' 

(*) 


coSTOa; 
m ’ 


1 

I. 


oos mx dx = 


sin mx 


m 


dx 

sin^i^j 


• cot X, 


{<h 

id) 


Hitz, theTymboU?iSegratw?f of inteMation was treated by Leib- 

««m, in the same way as® the symbol If letter of the word 

the word difference. ^ difterentiation rfrs the initial letter in 



Fundamental Forms. 


3 


0/ 


dx . .X 

= sin ^ 

a 

X 


dx 


\a^ X' 


= - tan“’ 


e^dx 


= 


a^dx = 


log a’ 


(«) 

(/) 

io) 


These, together with two or three additional forms which 
11 be afterwards supplied, are called the fundamental^ or 
nentary integrals, to which all other forms, f that admit 
integration in a finite number of terms, are ultimately re~ 

3ible. . - 

Many integrals are immediately reducible to one or other 
these forms : a few simple examples are given for exercise. 


Examples. 


1 . 


2 . 


dx 

w 



Ans, 

a> 

„ 


3* 


4. 


5* 


6 . 


‘7- 


S. 


j imxdx, 
f dx 

J 

f xdx 
J I -a;®* 
r dx 

J a + hx^' 

j oos^d 
I 0f^dx. 


„ - log (cos a;). 





^ The fundamental integrals are denoted in this chapter hy the letters a, <j, 
), ; the other formulse hy numerals i, 2, 3, &c. . . t . 

t Byintegrahlo forms are here understood those contained m the elementary 
►rtion of the Integral Calculus as inyolving the ordinary transcendental func- 
)ns only, and excluding lyhat are styled Elliptic andHyper-Elliptio functionB^ 

[la] 
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Elementary Forme of Integration. 


cdx 


ij 

Jins. 

xi 

r dx 

i 

1 « - r 

„ nx'^\ 

J a; » 


r dx 


J a; — a' 

„ log (x - a). 


3. li^egral of a Sum — It follows immediately from 
j ^ integral of the sum of any number 

of differentials is the sum of the integrals of each taken sena- 
rately. For example— ^ 

i {Aaf‘ + £ai» + Caf + &c.) dx=A^x’" dx + Ff x”dx + OSxrdx+&c. 

— 1- 4- ^ / \ 

M + 1 Yl -{■ 1 / 


Hence we can write down immediately the integral of any 
function which is reducible to a finite number of terms con- 
sisting of powers of multiplied by constant coefficients. 
Again, to find the integrals of ao^xdx and sin®* dir; here 

A few examples are added for practice. 


Examples. 



(1 _ x^Ydx 
a> 

{x — 2 ) dx 

X^/ X 


Am, log X - x"^ . 

4 

/- Jl- 

,, 3 V a; + "7=* 

V a? 


3* / tm^xdx =: / (sec® a? - i) dx» 


tan a? - a;. 



Integration h/ Substitution. 


6 


4 . J coa mo! COB nx da;. 

sin {m + n)x ^ sin {m n) x 
2{m n) 2{m-n) 

5 . J Bin ma; ain no: da!. 

sin {m — «.) X sin (m‘j-n)x 
” 2 (w~n) 2 (m + «) ’ 

6 . 

J ya-a; 

X / 

,, aaiTT^ — 
a 

Multiply the numerator and denominator hy a -i- a;. 

7 . J ® + «<te. 

2 f 2 ^ 

- (a; fl!) - _ ^ (a; ^ 

S. f 

J a? + « + ^ 


Multiply the numerator and denominator by the complementary surd 


V^a; + 

f a + 3a! ^ 

9* 1 77“ 

J a + h so 



Here 


a + hx _i Ob' — la’ 
a’ + l/x I' i' (o' + b' x) ’ 


4. Integration toy Sutostitution. — The integration of 
many expressions is immediately reducible to the elementary 
forms in Art. 2, by the substitution of a new variable. 

Eor example, to integrate (a + bxY dx, we substitute s for 
a + bx) then dz = hdx, and 


J (a + hxydx = J 


2”« 

(« + i)b 


Again, to find 


s^dx 
(a, + bxY 


{a + bx)"*^ 
{n + i)b‘ 


we substitute z for o + bx, as before, when the integral be- 
comes 

I r (z - aydz 

b‘J z^ ’ 

I ( I _ 2« a‘ ) 

P((n - 3)z«^ (n - 2)s»-* (n - i)z’'-')' 


or 



6 Elementary Forms of Integration. 

On replaoing z hy a + ix the required integral can ho ex- 
pressed in terms of x. 

The more general integral 

x’^dx 

J (a + 

where m is any positive integer, by a like substitution be- 
comes 


I 


'(s - a)^dz 


Expanding ly tlie binomial theorem and integrating each 
obtT* required integral can be immediately 

Again, to find 


f 


dx 

(a + te)«’ 


we substitute a for - + L and it becomes 

X 


(s - by 


^dz 


■which is integrable, as before, whenever ^ is a positive 
integer greater than unity. 

Thus, for example, we have 


doo 


Jx(a + bx) a^°^\g-i bx^ 

It may be observed that all fractional expressions in which 
the mmerator is the differential of the denominator can be 
immediately integrated. 

Eor we obviously have, from (S), 




( 5 ) 



Integration of- 


dx 


Examples. 


I.- 


sin X dx 


+ b cos X 
f a^dx 


, log (a b cos x) 
Alls. 

0 


^ • 1 
- sin'^ 


3- 

jloga;^. 

„ ‘-Gog *)'■*• 

4. 

f dx 

J X log a?* 

„ log (log a). 


C x^dx 

log (a + bx) 

5« 

J (a + 

» ^3 


6 . 

7 - 

8 . 


f dx 
] x^ (a 


x^ (a + bxY' 
xdx 


2b ^ a + bx 

>• ralos— T" 


2^)3 (a + bxY' 
a - 1 - 2bx 


f xc 


1: 


(a + bxf 
xdx 

{a + hxf 
dx 


a^x {a + bx) 

2 (« + bx)^ 2a{aJr bx) ^ 

2^2 52 

2,{a-^bx)^ Za{a-\'bxf 
— ^ . 




IX - a 


x^/ 2 ax — d^ 

Assume xax - a® = s^, tlieu adx = zd%, and tlie transformed integral is 

! 2dz 
+ a*’ 

5. Integratton of 


Since 
we get 


X ^ JL i— L-), 

0 ^^ - 2 a Ice - a a? 4- 


f 


dx 

x^ - a^ 


I , fU - <35 

— log . 


[h) 


This is to he regarded as another fundamental formula 
additional to those contained in Art. 2. 
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Integration of ^ r. 


In like manner, since 

I ^ I I 

{x - a){x - j3) a - p\x - a x - 
r 

we kave 


/3 


{(«-£■ 


){X-I5)' a- 
Examples. 

r , a: - 3 
6 ° a; + 3 

I , a; - 3 

log^t 
aJ + 5 

I , jp- 

-7:: log 

2V 3 X + 

dx 


■ J 


j* dx 

Ans. 

J a;2 - 9* 

(* dx 


J {x + 2){X - 3) 

>» 

r dx 


J a;2 -f 937 4- 20' 


(* dx 


U^~ 3 * 

»> ■” 


(et. 


6. Integration of — . 

a + ibx + cx^' 

This may be written in the form 

cdx 

(ex + by -{■ ac - 

or, substituting z for cx + b, 

dz 

z’^ ae- If' 

or negative ^ according as ac - 6® is positive 

Hence, if ac > we haTe 


dx 


a + 2bx + ca?® 


tan* 


cx + b 




(7) 





If ac < V, 

f ^ ^ 

J fl5 + 26£?7 + 2 °ca? + 6 + - ac 

This latter form can he also immediately obtained from (6) . 
In the partionlar case when ao = 6*, the value of the inte- 
gral is 

- I 

cx + V 


7. Integration of 


{P + qx) dx 
a + zhx + 


This can at once he written in the form 

q {h + cx) dx pc — qi dx 

0 a + ilx + c^ 0 a+ zhx + cx^* 

The integral of the first term is evidently 


— log (a + zhx + cx^)^ 

2C^ 

while the integral of the second is obtained by the preceding 
Article. 

For example, let it be proposed to integrate 

{x cos 6 - i)dx 
(X^-2XOOBO+ i 


The expression becomes in this case 

cos 0 (a? - cos 6) dx sin** Odx ^ 

x^ - 22 J cos 9 + I ^ {x - cos 0)® + sin*^ 0 ’ 

hence 


f = 2^ log - 20 , CO80 + I) 

J a!® - 23! COS 6 + I 2 


- sin 6 tan"' ■ 


OOS0 

sind 


(9) 
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Elementanj Forms of Integration, 


Wlien the roots oi a ^ cx^ are real, it will be found 
simpler to integrate the expression by its decomposition intc^ 
partial fractions. A general discussion of this method will 
be given in the next chapter. 


Examples. 


r don 
J I + a; + 

f 

J I + a: - a;® 
f dx 

J a?^ + jj — 12* 


■ (5^ 


4» + S 
dx 




5a;’* + 4a? + 8 
o^dx 


7. 


fi 


a:® 
x^dx 

it® “ a;* - 6 ’ 
dx 

• 2X + 2a?2* 


j_ns. tan*^ 

V 3 ^ V z ' 

2.x - I -}" 5 




log 


V 2 a; - I — \/ 5 

„ taii~i(a; + 2). 

.. 

(m- 
■■ (m- 

„ tan-i (2a; - i). 


8. Klxponential Talue for sIu d and cos 0. — By com* 

paring the fundamental formulae (/) and (h) the well-knowii 
exponential forms for sin 0 and cos 9 can be immediately 
deduced, as follows : 

Substitute z a/- 1 f or £i? in both sides of the equation 



^log 
2 ° Vl - 


+ const; 



11 


or, by (/), tan-’ 


Exponential Forms of sin B and cos 0 . 

I + %\/ ~ I 


V- 


:l0g 


- %\/ - 


+ const. 


Now, let K = tan 0 , and this becomes 
0 


I , / 1 + v^- I tan 0 \ , 

■When 0 = 0, this reduces to o = const. 

Hence ^ = (cos 0 + -/ - i sin 0)% 

cos 0 “ V - I sin 0 

= cos 0 + >v/~ I sin 0, 

= cos 0 ” -x/- I sill 
dx 


or 


9. Integration of 


X“ ± 


Assume* 
then we get 

hence 


± = 2 - 07 , 

+ a* = 2“ - 2072, 

^ , dx dz 

(z -x)dz = %dXy or 




dx 


± a® 


2-07 2 

= log^ = log (0? + v^o?* ± d?")* (0 

2 


This is to be regarded as another fundamental form. 

By aid of this and of form (e) it is eTident that all ex- 
pressions of the shape 

dx 

y/a-\- 2hx + cx^ 


* Tte student will "better understand the propriety of this assumption after 
reading a subsequent chapter, in which a general transformation, of which the 
ahoye is a particular case, will he given. 
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can 1)0 immediately integrated; S, c, being any constants, 
positive or negative. 

The preceding integration evidently depends on formula 
(^), or (e), according as tbe coefficient of is positive or 
negative. 

Thus, we have 


^ I / \ 

■ya ^ 2hx + ^ 2bx^ex^) j, (lo) 




dx I 

= --r Sin“ 

a + 2 bx - cx^ a/c 


cx • 


a / ac + h^J 


(ii) 


c ‘being regarded as positive in both integrals. 

When the factors in the quadratic a + zlxA- ca? are real, 
and given, the preceding integral can be exhibited in a 
simpler form by the method of the two next Articles. 


10 . Integration of* 


dx 

(x - a) (x- j3) 


Assume 


X - then dx = 2zdz ; 

dx 


= 2 dz ; 


hence 


\/x- a 
dx 2dz 


\/{x - a){x - j3) + a - /3 ’ 


dx 


y{x --a)(a?-/3) 


= 2 log (z + a/z^ + a - /3), by (i), 

cfe 

^/{x-a)ix-l3) ° ^ (v/a* - « + V^-/3). (i2) 


or 


Exponential Forms of sin d and cos 6 , 
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II. Integratian of 


dx 


-\/(» - a)0 - a;) 
As before, assume x - a = aud we get 
dx 2dz 


\/ (x - a) (^-x) - a- 


Hence, by (a). 




dx 

:2sin-> /*"“ 



a/(® - 

\j8-a’ 

Otberwise 

, thus : 


assume 

X 

= a oos^ fl + /3 sin^ 6, 


then 


- 0? = (/3 - a) oos^fl. 

x~ a = - a) sin‘'^0, 

and 

dx ■■ 

= 2(/3 - a) sin 6 cos 

ddd; 

benoe 


dx 

y(aj-a)(| 3 - 

= 2a;0; 
a;) 


(13) 


-1 


dx 


v/(a>-a)0-a!) 


= 20 = 2 


X - a 

j3~ a 


12. Again, as in Art. 7, tbe expression 

{p + qx) dx 
-v/a + 2lx + cx^ 
can be transformed into 


q (6 + coc) dx , - qb dx 

..ii ' I— I I Hr - , 

^ vy/a + 2lx + CO?® ^ V + 2'bx + cx^ 

and is, accordingly, immediately integrable by aid of the 
preceding formulas. 
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Examples. 


Ans. 3 log ^ X a). 


I ax 
I* dx 

' \/ 3ii; — iK® — 2 


2 sm“i X - 1 , 


4 - ( — 7 ===.^ „ log ( 2 ;i; + I + 2 i + x l 

I = \/ + <?)(« + ^) + (» - log (\/^ X i- a i- \/a 

Multiply the numerator and denominator hy \f x a. 


. 2X+ I 

Am. sxn ^ 

V 5 


' \/ {a+ hx){af -^b'x) 


-^siu-i | y(« + to) 
V bb* \ * 


8. Show, as in Art. 8, hy comparing the fundamental formulse {e) an** 


13 . lategration of 


Let ^ then 

% 


{00- p)^/ a + 2 hX'\‘ cx^ 


dx d% , I 

= and X . 

X -p z z 


ct + 2 bx + cx"^ j 2 bz{i -hpz) +c(i + 


] \/ + zVz + cV ’ 

where a' = c, V = b ep^ c' = a + 2bp + cp^. 

The integral consequently is reducible to (10), or (ii)j, 
cording as d is positive or negative. 



dx 


Integration of 

Examples. 
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! 


dot 


ct^/ — d^ 

I dx 
^eV Ot^ - 


Ans, - cos**^ ( ~ J . 
a \xJ 


x^ + I 
dx 


3 - f — : 

j (i + 


l —x^ 
dx 


, |^/l + lc'>■ -1\ 

” i — /■ 

\l-a 

” I + d?‘ 

j* dx I ^ ^ _ 

^ ^ x\/ a'\-zhx cx^ y ' + (■^\/ + 

c. 1 — . Ans. -— sm ^ I — ; ■: — n r J . 


)■ 


-0^ 


! dx 

(i x)*y i 

- ! 


25 ;» - a 
dx 


•^2x — x^ 


dx 


(i -t x)^ i -h X - x^ 


siu-i ^ 


sm"^ 

\x\/ ao 4- 


/xx/ 2\ 


siE“^ 

(r^-j 

1* 

r_L 

+ 3» > 

1. 


(i 4- ot) \/ 5 ' 


14. The transformation adopted in the last Article is one 
of frequent application in Integration. It is, accordingly, 
worthy of the student’s notice that when we change w into 
1 dx iz ^ 1 dx dz 

- we have — = “ T ’ ^ general, ^ 5^- 

These results follow immediately from hgarithmio differ- 
entiation, and often furnish a clue as to when an Integration 
is facilitated hy such a transformation. 

For example, let us take the integral 

f dx 
jxia + haf)’ 


Here, the substitution of - for gives 


I 

n 


d% 

at 4 * h' 
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The value of which is obviously 

- — log {az + J), or ~ log f ^ — '] . 

Again, to integrate 

dm 

X y/ax^^ + 1) 

assume and the transformed integral is 

2 ( d% 

This is found hy (e) or (^) according as b is positive 
negative. 

dm 

15 . Integration of 

{a^ cm^)^ 

Let X = ^ and the expression becomes 

zdz 

{az^ + (j)i ’ 

the integral of this is evidently 

I m 

ryr» .. 

a {az^ + a{a 

1 ( 5 ^. <■''> 

16. To find tlie integral of 

dm 

{a + 2 bm -i- cm^)^' 

This can be written in the form 

c^dm 

{ac - &* + {cm + i)*}r 

which is reduced to the preceding on maMng cm + b-z. 



de 


Integration of 


Hence, we get 


1< 


dx 


h cx 


\ {a zhx + cx^)^ (^ac- b^){cc -]r 2 bx+ cx")'^ 

Again, if we sulDstitute j for x, 
xdx 


17 


( 15 ) 


[a + zbx + cx^)^ 
accordingly, we have 
xdx 


Tbecomes 




{a^ -v zbz-v 


a-^bx 


j + zbx -Y {etc - ¥){(i + zbx-h cx^)^ 

Combining these two resnlts, we get 

{p + qx) dx _ bp - aq + {op - ^ 

{a + 2 hx + ^ {ac - 6 ^ {a + zbx + cx^ 


f 


( 16 ) 


<3:0 ^ dB 

17. Integration of and 


It will be sbown in a subsequent obapter that the integra- 
tion of a numerous class of expressions is reducible either to 

that of -4^, or of : we accordingly propose to inTOS- 
Sin 9 cos u 1 n 12 j. 1 

tigate their values here. For this purpose we shall hrst flua 

the integral of 


Here 


d9 

dO ^ cos’0 _ djtme ) , 
sin 6 ooB 9 ~ tand tan 6 ’ 

de 


f dO 
sin 0 

w 


(*7) 



JO I 
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Next, to find tlie integral of 
dd 

sin O' 


Tliis can be written in the form 
dO 

~o — 

2 Sin- COS - 
2 2 

and, by the preceding, we have 


sin 


= log (tan 


Again, to determine the integral of 


dO 

cos 6 
d(l> 


(i8) 

we substitute 
the integral 


- ^ for 0, and the expression becomes 
of this, by ( 1 8), is 

- log ^tan^^, or log (^cot or log jcot 
Accordingly, we have 

I H (4 ' j)l ■ !*“ (i * f)! • 

This integral can also be easily obtained otherwise, as 
follows 


f dO 

'Go&OdO r 

J COS 6 , 

008*0 "J 


cos^0 

Let sin 9 = cc, and the integral becomes 


' da> I - 


1 + I , 


1 + sin & 

I - sin 6 j' 


The ^ student wiU find no difficulty in identifying this 
result with that contained in (19), 
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i8. Integration ot 


d9 


a + b cos O' 

TMs can be immediately written in tbe form 

dO 

g 0’ 

(a + J) cos^ -+ (a - b) sia^ ^ 

seo^~ S9 
2 


or 


a + b -h (a - b) tan^ 

e 




on substituting z for tan - tbis becomes 

2d% 


a h 'Y {a -b)%^' 

Consequently, by Ex. 6, Art. 2 , we get 
(i) when a> 


m 


: tan 


U + & cos 0 52 

( 2 ) wben ^35 < 6, by formula (/i), 


"U 


\a -I , 9 

; tan- 

a + 0 2 


( 20 ) 


d9 


', + boos 9 y p - «* 


log ^ 


[* -^/b + a + yb- a tan - | 

< — zz — ip"' 

1 ^b + a - \/b - a tan - J 


If we assume a ^ h oob a, we deduce immediately from 
tbe latter integral 

f a-e 

r d6 11^ , ) 2 

J cos a + cos 0 sin a ® | 

cos — 

Tbe integral in ( 20 ) can be transformed into 


f.- 


d9 


+ bcos9~ 

[2 a] 


COS" 


( 5 + a cos 9 ] 
\a+b cos 0)* 
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In a subsequent chapter a more general class of integx^^^"** 
which depend on the preceding will be discussed. 

19. Methods of iMtegratioit.— The reduction of 
integration of functions to one or other of the fundament 
formulae is usually effected by one of the following methods 

(1) . Transformation by the introduction of a new 

riable. 

(2) . Integration by parts. 

(3) . Integration by rationalization. 

(4) . Successive reduction. 

(5) . Decomposition into partial fractions. 

Two or more of these methods can often be combm€»tt 
with advantage. It may also be observed that these differed » ^ 
methods are not essentially distinct: thus the method 
rationalization is a case of the first method, as it is always 
effected by the substitution of a new variable. 

We proceed to illustrate these processes by a few 
mentary examples, reserving their fuller treatment for suTb'*^ 
sequent consideration. 

20. Integration hy Transformation.— Examples of 
this method have been already given in Arts. 4, lo, &o. 

or two more cases are here added. 

Ex. I. To find the integral of mi^cc cos^^xdx. 

Let sin t?? = y, and the transformed integral is 

\f{i - f]d^/ = \fdy - ^ ^ ^ 

J J J 3 5 3 5 

Ex. 2. 

J I + e’** 

Let e® = y, and we get 

1 “ tan“>(e®). 

21. Integration by Parts. — ^We have seen in Art. x 5 * 

Diff. Calc., that ^ 

d {m) = ndv + ^du ; 

hence we get 

m - j udv + / 'odu^ 


f ud/o = — J vdu. 


(2a> 


or 
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Consequently the integration of an expression of the form 
uAv can always be made to depend on that of the expression 
mu* ^ 

The advantage of this method will he best exhibited by 
applying it to a few elementary cases. 

Ex. I. f sin”'a;&: = x sin"'® - f — . 

•’ J ■v/i - 

= X sin"'® + v^i - ®^ 

Ex. 2. ^xlogxdx. 


Let u = log ®, « = — , and we get 




Ex. 3. 

j* e^^xdx* 

Let 

0 ax 

^ then 
a 


[xe^^dx^ — A—dx^ 


J a ] a a 


Ex. 4. 
Let 


j e“si 


mnmoadx. 


sm mx u, — = f?, then 
a 


I 


< 5 ®* Binmx dx « 


sin mx m 


a 


m r 


e®® cos mxdx. 


Similarly, | e^ cos mx dx < 


cos mx m C 
+ 
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Substituting, and solving for J e^^ sin mxdx^ we obtain 

{a sin mx-m cos mx) 


smmxdx = ■ 


In like manner we get 


+ m?' 


e^^ {a cos mx s in 
Jr m^ " 


I cos mx dx = 

Ex. 5. ^ x^dx. 

Let + oj* = w, then 


(23) 


(24} 


a? dx 

x^dx 
0 


ix? dx - X \/ a^ -V 0^ 

also {^/a^ x^dx- a^\ -— 7 + { 

J } Y J y^ d^ + x^ 

Hence, by addition, and dividing by 2, 

+ x‘^dx= -I- ^ log(a?+ a® + a?*). (25) 

6, J* log (a? + ± (3^^) dx. 

Here j* log (^x 's/x^ ±0!^) dx^x log (cu + x^ ± a®). 


xdx 


y/o^ ±c? 

> itJ log {x^ y^^ ±(f) - Y^ x^ ± a^. 


(26) 
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Examples. 


- I 

log X dx. Ans. 

w-1- 1 ( * 

■■ 1 

ia.jr'^xdx. „ 

r 

X tan'^a; - “ log (i + x^). 

3- 1 

Xt 8 U)?xdx, ,, 

X tan X + log (cos x) — — . 

1 

’ smr'^xdx 

‘x sin-^a; i , ox 

; + “) 

•v/ 1 - * 

1 

1 (i - x'^)^’ ” 

Let X ■ 

=5 sin y, and tlie integral becomes 



[ = ^yd (tan y)=:yimy-t log (cos y). 

5. 

e^x^dx. 99 

ex — 2a? + 2 ). 


22. Integration by Rationaliasation. — By a proper 
assumption of a new variable we can, in many cases, obrnge 
an irrational expression into a rational one, and thus inte- 
grate it. A’h instance of this method has been given in 
Art. 8 . 

The simplest case is where the quantity under the radical 
sign is of the form a ^bxi such expressions admit of being 
easily integrated. 

For example, let the expression be of the form 

x^dx 
(a + 

where is a positive integer. Suppose a + = s®, then 

_ 2zdz T 
ax == — 7 —, ana x = -^-7 — : 

0 0 

making these substitutions, the expression becomes 

2 (s® - aydz 
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Expanding by the Binomial Theorem and integrating th#* 
terms separately, the required integral can be immediately^ 

dx 

found. It is also evident that the expression ^ cat* 

(a + 

be integrated by a similar substitution. 

23. Integration of 

where is a positive integer. 

g ““ a 

Let a + = s®; then xdx = — , = ; and tit#* 

0 c 

transformed expression is 

(z^ - a)^dz 


This can be integrated as before. It can be easily swil 

^ 2 wi+l 

that the expression ; is immediately integrable hy 

(a + cx^Y 

the same substitution. 

A considerable number of integrals will be found to 1 wi# 
reducible to this form : a few examples are given for illusfcri^*^ 
tion. 


X. 


2 . 


- 3 - 


I 

I 

I 


x^dx 

'v/1+2;* 

a^dx 

{a + cx"^)^ 


Exampies. 


Ans, 


(I - x’^f 

3 


- (I - x^)K 


2Z^ 


+ z ; where a = 4“ 


- {za + 


24. It is easily seen that the more general expression 


f{x^) xdx 


where /(o?^) is a rational algebraic function, can be rati<»-» 
alized by the same transformation. 



25 


“-^(ZTWK^TSji- 

-Again, if we make iti = ^ the expression 

dx 

{a + cx^)i 

ixsforms into 

{az^ + c)^ ’ 

1 is reducible to the preceding form when n is an emnposi- 
3 integer. 

Eence, in this case, the expression can be easily integrated 
tile substitution {a + cx^)^ =-xy. 

It will be subsequently seen that the integrals discussed 
tliis and the preceding Articles are eases of a more general 
xn, which is integrable by a similar trap.sformation. 


Examples. 


X. 


a. 


I 

I 


dx 

dx 

(I + 


Ans. 



{2X^ + i). 




^2 4- i)i 
15a; 


,1 + 1 
d?2 


)■ 


dx 

^5. Integration of t-j — 77-777 7^. 

As in the preceding Article, let {a -f or 

h cof = 03*2® : then, if we differentiate and divide by 2 r, we 
%11 have 

, „ - , dx dz 

cdx = z^dx + xz dzy or — 

xz c - r 


dx _ . 

* * (<J5 + 0 ~ z^^ 

dL the transformed expression evidently is 

dz 

(Ac - Cd) - 


( 27 ) 
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This is reducible to the fundamental formula (A), or 
Ac-Ga. ... 

according as — is positive or negative. 


A 

Hence,(i)if — 


o, the integral is easily seen to 


log 


\/ A(a + cx^) + x\/ Ac - Ca \ 


2^/ A (Ac - Ca) Vy/ A(a + - £e^y Ac - Ca, 

An — Hrf 

(2), If -j — - < o, the value of the iutegral is 

I , , x^/ Ca - Ac 

• - tail“^ > - . 

A(Ca- Ac) y A{a^cx^) 


(29) 


Examples. 


^ I. 

r dx 

Ani ' tan-' { “’'/J \ 


^CL/tot J tcUU * 1 J. 

Y 2 \V ^ 

^ 2. 

r dx 

' tan-' i 

J (3 + 4®«) (4 - 3x^)1' 


- 3- 

[• dx 

I 3-v/ 3 + + Sx 

J (4 - 3 ^ (3 + 4®“)*'' 

‘zy 3 + 4®^ “ 


26. Rationalization by Trigonometrical TranusM* 
formation. — It can h e easily seen, a s in Axb, 6 , that tli© 
irrational expression \/a + 2hx + can be always tyaas- 
formed into one or other of the following shapes : 

(l) (a" - z^)\ (2) (a® + (3) (e® - ; 

neglecting a constant multiplier in each case. 

^ Accordingly, any algebraic expression in x which ooix— 
tains one, and but one, surd of a quadratic form, is capable! 
of being rationalized by a trigonometrical transformation x 
the first of the forms, by making % = a sin d ; the second, by 
E = o tan d ; and the third, by e = a sec 6 . 
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For, (i) when z = a sin 0, we have {a^ - = a cos 0, and 

dz = aooBdd9. , , rt j 

( 2 ) . When z = a tan 0, .... (a- + s®)4 = a sec 0, and 

, acie 

az = — 7 ^. 

COS"^ fj 

(3) . When s = a seo0, , (f - a“)^ = « 
dz = a tan 6 see ddO. 

A niunber of integrations can be performed by aid ot one 
or other of these transformations. In a subsequent place this 
class of transformations will be again considered. For the 
present we shall merely illustrate the method by a few ex- 
amples. 

Exaucples. 
dx 


\ I 




(I + r»2)i* 

Let X = tan 0, and the integral ’becomes 


f ^ _ f <^(sin 0) _ 1 

sia^fl 


= J 


sin’^0 sm0 
dx 


! 


(a® -- X’^'f 


Let a? = a sin 0, and we get 


X 


d 9 _ tan 0 

cos^0 a^A/d^ - 


TMs has been integrated by another transformation in Art. 15. 

I dx 

- i)i‘ 

Let X = sec 0 , and the integral becomes 

I cos® 0 d ^ ; or, by (3) Art. 3, 


sin ^ cos 0 ^ 0 ^ 
2 2* 


accordingly, the value of the integral in question is 

a / r® ~ I I , 

X X - sec'^o? 
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/ 4 - 


^«tnn“ * 

(r +a:^)^ 

Let X = tan 6, and we get 

j cos 0 d 6 ; or by (23), ~ 


g {a cos 8 4 Bin e) 
I +«2 * 


Hence 




J7^ 


+ x 


.2N*1 


(a + x) tan'^a; 

(i H- a2) (i 4. 


f S' f sin^i /— ^y. 

J \a^x) 

'IHo ~ ^ ^ integral becomes 

a J 0 ^?(tan20), or f 0 (s 0 c 20 ) : (since sec20 = i + tan2 0). 

Integrating by parts, we bavo 

led (sec2 0) = 0 sec2 0 - J sec^ ede = 0 seo^ 0 - tan 0 • 
hence the value of the proposed integral is 

(a + x) tan-' j * - 

It may Tie observed that the fundamental formulse (a) and (/) can he at once 
obtained by aid of the transformations of this Article. U ; ea" oe at once 

27. Hemarks on Integration.—The student must 
not, however, take for granted that whenever one or other of 
the preceding transformations is applicable, it furnishes the 
smplest method of integration. We have, in Arts. 9 and 1 3, 
already met with integrals of the class here discussed, and 
have treated them by other substitutions: all that can be 
stated IS, that the method given in the preceding Article will 
often be found the most simple and useful. The most suit- 
able transformation m each case can only be aixived at after 
considerable practice and familiarity with the results intro- 
duced by such, transformations. 

By employing different methods we often obtain integrals 
ot the same expression which appear at first sight not to 
examination, however, it wiU always be found 
that they only diffOT by some constant ; otherwise, they could 
not have the same differential, 'reyoouia 
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28. Miglier Traiasceiideiital Fimctioiiis. — ^Whenever 
the expression under the radical sign contains powers of x 
beyond the second, the integral cannot, unless in exceptional 
cases, be reduced to any of the fundamental formulae ; and 
consequently cannot be represented in finite terms of x, or of 
the ordinary transcendental functions : i. e. logarithmic, ex- 
ponential, trigonometrical, or circular functions. Accord- 
ingly, the investigation of such integrals necessitates the 
introduction of higher classes of transcendental functions. 

Thus the integration of irrational functions oix, in which 
the expression under the square root is of the third or fourth 
degree in x, depends on a higher class of transcendentals 
called Elliptic Functions. 

29. The method of integration by successive reduction is 
reserved for a subsequent place. The integration of rational 
fractions by the method of decomposition into partial frac- 
tions will be considered in the next chapter. 

30. Observations on Fundamental Forms. — ^From 
what has been already stated, the sign of integration ( J) may 
be regarded in the light of a question : i. e. the meaning of 
the expression / F{x) dx is the same as asking what function 
of X has F{x) for its first derived. The answer to this ques- 
tion can only be derived from our previous Jcnowledge of the 
differential coefficients of the different classes of functions^ as 
obtained by the aid of the Differential Calculus, The number 
of fundamental formulae of integration must therefore, ulti- 
mately, be the same as the number of independent kinds of 
functions in Algebra and Trigonometry. These may be 
briefly classed as follows : — 

L 

f i). Ordinary powers and roots, such as a?’", x^^ &o. 

(2) . Exponentials, a^, &c., and their inverse functions; 

viz.. Logarithms. 

(3) . Trigonometric functions, sinx, tana?, &o., and their 

inverse functions ; sin”^a7, &o. 

This classification may assist the student towards under- 
standing why an expression, in order to be capable of inte- 
gration in a finite form, in terms of x and the ordinary 
transcendental functions, must be reducible by transforma- 
tion to one or other of the fundamental formulse given in 
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this chapter. He will also soon find that the classes of in- 
tegrals which are so reducible are very limited, and that the 
large majority of expressions can only be integrated by the 
aid of infinite series. 

The student must not expect to understand at once the 
reason for each transformation which he finds given : as he, 
however, gains familiarity with the subject he will find that 
most of the elementary integrations which can be performed 
group themselves under a few heads ; and that the proper 
transformations are in general simple, not numerous, and 
usually not diflicult to arrive at. He must often be prepared 
to abandon the transformations which seemed at first sight 
the most suitable : such failures are not, however, to be con- 
sidered as waste of time, for it is by the application of such 
processes only that the student is enabled gradually to arrive 
at the general principles according to which integrals may be 
classified. 

Many expressions will be found to admit of integration 
in two or more different ways. Such modes of arriving at 
the same results mutually throw light on each other, and will 
be found an instructive exercise for the beginner. 

31 . Befiiaite Integrals. — We now proceed to a brief 
consideration of the proem of integration regarded as a sum- 
mation, reserving a more complete discussion for a subsequent 
chapter. 

If we suppose any magnitude, u, to vary continuously by 
successive increments, commencing with a value a, and termi- 
nating with a value /3, its total increment is obviously repre- 
sented by ^ - a. But this total increment is equal to the sum 
of its partial increments ; and this holds, however small we 
consider each increment to be. 

This result is denoted in the case of finite incremente by 
the equation 

S {Au) = /3 - a; 

a 

and in tlie case of infinitely small increments, by 

du => (3 — a; 


(30) 


Definite Integrals. 
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in which /3 and a are called the limits of integration : the 
former being the superior and the latter the inferior limit. 

Now, suppose to be a function of another variable, 
represented by the equation 

u =f(x] : 

then, if when x = a, u becomes a, and when x-h^u becomes 
j 3 , we have 

« /3 =/(&). 

Moreover, in the limit, we have 

du = f(^ dx^ 

neglecting* infinitely small quantities of the second order 
(See DifE. Oalc., Art. 7). • 

Hence, formula (30) becomes 

|/» <&=/(&) -/(«); (31) 

in which I and a are styled the superior and the inferior limits 
of respectively. 

It should be observed that the expression f{x)dx^ re- 

h 

presents here the limit of the sum denoted by S {f(^ Ajt), 

d 

when Ao? is regarded as evanescent. 

In the preceding we assume that each element /'(a?) dx is 
infinitely small for all values of x between the limits of inte- 
gration a and h ; and also that the limits, a and 5, are both 
finite. 

A general investigation of these exceptional oases will be 
found in a subsequent chapter; meanwhile it may be stated, 
reserving these exceptions, that whenever i.e. the integral 
of/'(a?)&?, can be found, the value of the definite integral 

1 /(«) dx is obtained by substituting each limit separately 

In a subsequent chapter on Definite Integrals a rigorous demonstration 
win be found of the property here assumed, namely that the sum of these 
quantities of the second order becomes eyanescent in the limit, and consequently 
may be neglected. Compare also Art. 39, Diff. Gale, 
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instead of x in /{x)^ and subtracting tbe value for the lower 
limit from that for the upper. 

A few easy examples are added for illustration. 


Examples. 


» I. 

f 

Ans, 

I 


Jo 


9^-1- I* 





“ 2. 

r sin 0 de. 


I. 


Jo 


.3- 

p dx 


TT 

J 0 -f 

>> 

4a’ 


TT 



4. 

sin^a? dx. 


TT 


J 0 

4 


TT 



5- 

m!?xdx, 

Jo 

» 

TT I 

8 “4 

*6. 

1 - m^xdx. 


TT 


J 0 

2 ’ 


dx 



‘7* 

Ji?’ 


I. 

^8. 

p dx 


TT 

J 0 1 + a; + 

>> 

3^/3 


TT 



9* 

1 ao^'^xdx. 

>> 

Lif 


Jo 

3-5* 


icdx 


I 

10. 

]z l + x^* 


2 


rP dx 



II. 

J a a/ X- a) -x) 


TT. 

See Art. ii. 




TT 



* 12. 

y X sin xdx. 

>? 

I. 


J 0 



^ 13- 

f dx 


TT 

ioa + bcose' 

9} 

-v/a2 _ ^2 

• H- 

ffl' dx 


IT 

Jo I - 2a cos2;-i- 

99 

I ~a2* 



Change of Limits. 


3a 


32 . Cltange of Ijimits. — ^It should be observed that it 
is not necessary that the increment dx should be regarded as 
positive, for we may regard x as decreasing by successive 
stages, as well as increasing. 

Accordingly we have 


\y{x)dx^f{a)-f{h) = 
J 


rh 


f{x) dx. 


(32) 


That is, the interchange of the limits is eguimlent to //• change 
of sign of the definite integral. 

Also, it is obvious that 


»o pc 

<^[x)dx^ (^{x)dx^ 

j a J 6 


rh 


^{x)dx ; 


and so on. 

Again, if we assume x to be any function of a new variable 
s, so that (j){x)dx becomes ip{z)dz, we obviously have 


fZ 

<l>{x)dx = \p(z)dz 
Jso 


(33) 


where Z and Zo are the values which z assumes when X and 
Xo are substituted for x, respectively. 

dx 

For example, ii x = a tan the expression — — be- 
« ; and if the limits of oj be o and a, those of 


comes 


cos z I 


a^ 


z are o and Consequently 


TV 

f** dx I - 


2 


Also, if we substitute a - s for x, we have 

ra ro ra 

f^[x)dx = - tt>{a - z)dz = <^{a - z)dz. 

[ 8 ] 
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Since neitier « nor 3 occurs in tlie result this eonafinr, 
may evidently he written in the fom ’ 


fa 

j 

V 0 


^{a - 00 ) dx. 


(34) 


Po, example, let «{.) . sm-e,, then ♦ fj - .'j . «<».«, .nd 

W0 have / 


iin’^xdx = j'‘eo8’‘xdx. 

And, in general, for any function, 

f? -* 

= /*(cos £??)&?. 

^ jo 


(35) 


rv 

33- Values of sinOT^sinw*;, 
Since 


and 


oosmxco&m(^0. 


and 


we have 


2 sin mxdnnx = cos {m-n)x~ cos {m + t., 

2 cos mx cos = cos (m -n)x+ cos (m + n) x, 

sin mx sin nxdx = ~ ”) _ sin {m + n) x 

2 {m — n) 2 (m + n) ’ 

and j” cos mx cos nxdx= - ^ (F'-n)x ^ sin {m + n)x 


2 im — n) 2 {m + n) 


enoe, when m and w are unequal integers, we have 

Isinmx^nnxdx^o, md^\o 8 mxoo 8 nxdx = o. (36) 
When m = n, we have 
j" dn^mdo : 


1 - cos 2nx ^ _ sin 2nx 

2 2 


''tt 

■ ^ ^Bin^nxdx = -, when n is an integer. 
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In like manner, with the same condition, we have 

* ^ TT 

= (37) 

Jo 2 

Again, to find the value of 



I a/ {x-a) {^-x)dx. 

Assume, as in Art. 1 1, iu = a cos® 0 + /3 sin® 0 ; then, when 
0 = o, we have a? = a ; and when 0 = p ii? = | 3 . 

Hence, as in the article referred to, we have 

rr 

- a) (|3 ~ 2j)(& = 2 (j3 - a)® j^sin® 0 cos® 0 dO, 


TT 

Also 2|*sm’‘0cos'“6c?0 


sin'* 2 6 d 6 


= i| ai 

pTT ^ 

••• |^v^(®-a) 0 -») ^ 0 - a)*. 


(38) 



36 


JExamples. 


Exjjtpubs. 


f (i + coag) dx 
J (x-\- sin 

^ 3 * ^x&mai^dx. 

C I - X 

- 3- dx, 

J I + a; 

4- I (® + iiC")”**"-! (&. 
, f a^dx 

“ ■ J («H x^)¥ 

- 6 . 

J (i tan'^a?* 

n 7. { 

J-v/ 5 + 4»-«» 

g f 

J «« + »»- 2' 

1 9. f — 

J «^cos3a? + i2gij^2jp’ 

f tanaj^^a; 

J a + b tan^iP* 

.^11 f cos (log a;) dx 


Ans. — i ^ 

2 (a; + sin x^' 


ff sin a? - a? cos a?. 

9 > 2 log (i + a;) - a?. 

(a + 

+ i)^ 

z I 

” ~ 3 (a® + !k8 )J' 

» log (tan-'if). 

” 5'°®(STr)- 

w log {a cos 3 a; + 5 sin^ a?). 

9, sm(loga 3 ). 


- . 2 . Show that the integral of f oan be obtained from that of 

Write the integral of hr the form «,a,bythe method of ^ 

mdeter^ate forma, E^. j, Ch. iv. Difl. Calc., it can eaaily be seen that the 
true value of tlie fraction wlien + 1 — o is ino* i 

13- /(S«» sin mx cos nxdx. 

Thia is immediately redneible to the integral giyen in formnla ( 23 ). 


) + 4 sin a? * 


Ans» - tan“i 
3 


r /p> 

4 + 5 tan - 
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(l + 


^x(a + x)idx. 


(a + 


grttan — l) 

(l-l-»2)(i 

3 (a; + xf (4a; - 3^) 
4.7 

2a + 

J®(o+ 


Let a + = 


J a -h & cos a; 

This is equivalent to 

dx 

h h J fl! + ^ cos a;’ 
and accordingly can he integrated by Art. 18. 

( x&^dx ^ < 

7 — ; — Am, — 
(i + x)^ I . 


{a + bxY 


Let a;® + I = a*. 


f dx 
x \/ «” + I 


^tan-i(a;2). 

a ;3 

3 (» (flf 4 - 

I / \/ it 4 - I 

3 Vv^ ^ -l- ajS -|- I 


I 4 a?” — I 

y^TTi" + I 


24. Integrate 


by aid of the assumption x = 


a 4 d cos ^ 
5 4 af cos d 
a 4 ^ cos 0* 


The expression transforms into 


\/(a»-}«)(i -ii!«)" 

accordingly, when » > ^, its integral is sin*^a? ; and when a < J, it is 

\/ 

\/^Zrai 1* + •/STT'^), &c. 
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Examples. 

^ Deduce Gregory’s expansion for tau-is; from formula (f) 
Wien « < I, tre have 

I 

rT72 = *-*“ + ii^-«»+&o. ; 




Ji + ic*~ 3 + -- - + &0. 

Ko constant is added since tan-> « vanishes with 

a6. Deduce in a similar manner the expansions of log (r + a.), and sin-i». 


27. Find the integral of 


dd 


a •\-h cos d + 0 sin d‘ 


This can be reduced to the form in Art. 18, by 


28. 


dx 


f : 

^ {a hx) 


assuming - = cot a, &o. 


1 + a* 


Ans, ^ log [ — a + hx 


This can be integrated either by the method of Art. 13 or by that of Art, 

29. 

f dx 

Ans. 2 sec”i • 

J X\/x** - I 

30. 

TT 

f Tsin 

I 


J 0 cos X 

ff - log 2. 

31 * 

TT 

CT dx 

$9 log (l + \/2). 

J 0 cos X* 

32. 1 

p dx 

lo (4 + 3a;2)r 

1 

ff g. 

33. J 

Q dx. 

ira^ 

34. J 

^ Jt? versiu'i ifer. 

$f — 

4 

57 r«* 

35 . 1 

ir 

2 dx 

0 4 + 5 Sin jp* 

4 

11 “ log 2, 

36 . 1 

w 

* rfiP 

3 

M / r V 

0 5 + 4 sin a?* 
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CHAPTBE II. 

INTEGRATION OF RATIONAL FRACTIONS. 

34. Rational Fractions. — fraction wkose numerator 
and denominator are both rational and algebraic functions of 
a variable is called a rational fraction. 

Let the expression in question be of the form 

ax^ + + cx^-'^ + &c. 

+ Vx^~^ + dx^’^ + &o.’ 

in which m and n are positive integers, and a\ 5', . . . 

are constants. 

In the first place, if the degree of the numerator^ be 
greater than, or equal to, that of the denominator, by division 
W'e can obtain a quotient, together with a new fraction in 
which the numerator is of a lower degree than the deno- 
minator : the former part can be immediately integrated by 
Art. 3. The integration of the latter part in general comes 
under the method of Partial Fractions. 

35. Flementary Applications. — Before proceeding to 
the general process of integration of rational fractions, we 
propose to consider a few elementary examples, which will 
lead up to, and indicate in what the general method really 
consists. 

We commence with the form already considered in ^t. 7 ; 
in which, denoting by ai and the roots of the denominator, 
the expression to be integrated may be represented by 

(p + 

(x - ai){x - aa)’ 


(x - ai) (o? ~ aa) X - ai X - a% 


Assume 
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Multiplying by (a? - al) [x - a^ we get 

= - (Aiaz + Azai) + (Ai + Al) X. 

Hence, we get for the determination of Ai and Az the 
eq[nations 

p = Ajuz — A^aif g = Ai + Az I 

whence we obtain 




p±q^ 

tti - az^ 


Az-- 


p + qciz 

«1 - Cl2 ’ 


Consequently 


{p + qce) dx p + qa^ 

dx 

p qaz [ dx 

]{x- ax) {x - az) ai- az ^ 

X - ax 

ai — 02 J X — az 


I + ^“Oiog {<» - “i) -(p+ s:» 2 ) log (x - a 2 )| . 

In like manner 


A, Ai 

(o?^ - ai) (x^ ag) x^ ~ ai x^ ~ 

where A\ and Az have the same values as above ; hence 


{p + gx^) dx 

(oj® - ai) {x^ - ag) 


P + qai dx p + qaz 

Cti— Clz^ X^ — tti cii — (Iz 


dx 

x^ — a% 


But each of the latter integrals is of one or other of the 
^ fundamental forms (/) and (h) of Chapter I. ; hence the 
proposed expression can be always integrated. 

Again, let it be proposed to integrate an expression of 
the form 

{p + q x + rx^) dx 
{x - tti) {x - 02) {x — 03)* 

We assume 

p + qx^ rx^ ^ Ai Az jAz 
{x - tti) {x - a2) {x - as) X - ai x - az x-af 
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then clearing from fractions, and identifying both sides by 
equating the coefficients of c^, of x, and the part independent 
of X, at both sides, we obtain three equations of the_ first 
degree in Ai, Ai,A%, which can be readily solved by ordinary 
algebra ; thus determining the values of Ai, At, As in terms 
of the given constants. 

By this means we get 


r (i? + + rx^) dx ^ 

' dx j f dx . 

4. Ao 1 jd<{ 

dx 

X - as 

) (X - Oi) (x - aa) (x - as) J 

JJ? - cti Jx- a 2 


= Ai log (x - ai) + Aslog {x - aa) + As log {x - 03). 


We shnll illustrate these results by a few simple examples. 


- I* 


(X-Z) {»+ 2 )‘ 




A 3 - 


+ arc - 3 
f dx 


I a;* - I 
r doc 


I 4- 5a;2 f 4 


5 * 

6 . 


acdoc 

- K* 


• (3a!® - 2) doc 
a?* - 3a;* - 4 


r {x^ + oc- i )dx 
I - 6 a; * 


Examples. 


Ans. jlog {x - 3) 4 ~ log (a; + 2). 


llog(a: + 3) + log(»- i). 
4 4 


loff - tan"ta;« 

4 ^ a? -t- I 2 


' tan-^a; — 7 tan.-^ 

3 6 2 


1 , - I 


rloff 


\a;» \- 2 j 


■4 tan-^ an. 


ji-pi 


1 logic + - log (ic - 2) + -log (ic 1 3)- 
0 2 3 


Her© tlie deaominator is equal io x(x - 2) (a; 4 3) ; and we haye 
a?- 4 2; * 


Ai ^ Ai ^ jdz . 

a;(ic - i) (»+ 3)” * + 3’ 
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lieiLce + a? — I = Ai + a? -- 6) + + 3) + (a? -- 2 ) ; 


tlie equations for determining -4i, Az and Az are 
Ai + A 2 + Az ~ i> Ai + 3-^3 2Az = 


whence we get 



6Ai ~ I, 


r {2x^ + 2 aj 2 + 4 a; + i) dx 
J ar^ + a; + I 


Ans. + log (x^ + h i). 


We now proceed to the consideration of the general 
method, and, as it is based on the decomposition of partial 
fractions, we begin with the latter process. 

36. Partial Fractions. — The method of decomposition 
of a fraction into its partial fractions is usually^ given in 
treatises on Algebra ; as, however, the process is intimately 
connected with the integration of a large class of expressions, 
a short space is devoted to its consideration here. 

For brevity, we shall denote the fraction nnder con- 
sideration by‘^-^. 

<p{^) 

Let ai, a'i, as, . . . an denote the roots of (j>(x) ; then 


0 (ir) = (a? - ai) {x - a2){x - as) ... (iU - a«). * (l) 

There are four oases to be considered, according as we 
have roots, (i) real and unequal; (2) real and equal; (3) 
imaginary and unequal; (4) imaginary and equal. 

We proceed to discuss each class separately 

37. Meal and Unequal Rootjgi. — In this case we may 
assume 

/(«) At , A, _ A, _ , A 

, / \ — h . . . (2) 

(j)[x) 2? - ai X - az X - az x - an 

where Ai, Az, ... . An are independent of x. For, if the 
equation be cleared from fractions by multiplying by ^(x)^ 
on equating the coeflSoients of like powers of x on both 
sides we obtain n equations for the determination of the n 
constants Ai, Az, . . . An. 



43 


Real and Unequal Roots. 

Moreover, since these equations contain Ai, Ai, &o., only 
in the first degree, they can always he solved : however, smce 
the equations are often too conaplicated for ready solution, 
the following method is usually more expeditious 

The question (2), when cleared from fractions, gives 

/(x) =Ai(x- an) (x - as) . . (x- an) +As(x — ai) {x -as) .. (x- On) 

+ &c. +u 4 „ {x-ai){x- as ) . . [x- an-i) 


and since, hy hypothesis, both sides of this^ equation are 
identical for all values of x, we may substitute ai for x 
throughout; this gives 

/(ai) = Ai(ai - as)(ai -as) • (ai - a„), 


or 






In hke manner, we have 


(3) 


• (4) 


. /W . _/W , /M 

Hence, when all the roots are unequal, we have 

+ &o.+4^^ 

<j>(cc) (p\cLl) — Cli ^ <p'{cin) 00 - dn 

Accordingly, in tHs case 

dx = log {x - ai) + log {x - as) + &o. 

<p(x) ^ (a,) ° (02) 

+ ■2;^ % - “«)• (5) 

The preceding investigation shows that to any root (a), 
which is not a multiple root, corresponds a single term in the 
integral, viz. 

/(«) 




log {x- a); 
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one wMcli oan always Be foxind, whether the remaining roots 
are known or not ; and whether they are real or imaginary. 

38. Case wbere ItTumerator Is of bigber Begree 
tban Benominator. — It should also be observed that even 
when the degree of a: in the numerator is greater or 
equal to, that in the denominator, the partial fraction cor- 
responding to any root (a) in the denominator is still of the 
form found above. 

Por let 


m 

^(ai) 



■where Q and R denote the quotient and remainder, and let 

^ the partial fraction of corresponding to a single 

root a; then, by multiplying by and substituting a in- 
stead of it is easily seen, as before, that we get 



Por, example, let it be proposed to integrate the ex- 
pression 


(x^dx 

0?® - 20?^ - 50? + 6* 

Here the factors of the denominator are easily seen to be 
- I, Ji? + 2, and 2; “ 3 ; 
accordingly, we may assume 


o r. A B 
“1 5 V = ilr + a® + /3 H + 

a? - 20^ - ZX ^ X - I 


X + 2 


O 

+ . 

x -3 


To find o and we equate the coefficients of and to 
zero, after clearing from fractions : this gives, immediately, 
a = 2, and /3 = 9. 

Again, since ^{x) =a^ - 23^ - 5X + 6 , we have 


f ' ix ) = 32!” - 4® - 5. 
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Accordingly, substituting 1,-2, and 3, successively for a? 
in tbe fraction 


3^ - 4a? - 5 


we get 


and hence 


A.-l, B — ( 7 -^ 

6’ 15 10 


„ _ _I 32 243 . 

a?-2a?-5x+6~^ ^ 6(x-i) i5(x + 2) io(!B-3)’ 



x^dx 

2x^ - + 6 


^ 2 

— + - 
3 


log {x - 


I) 


- log (iK + 2) + log (a: - 3). 

39. Case of Even Powers. — the niunerator and 
denominator contain x in even powers only, the process can 
generally he simplified ; for, on suhstituting z for £»*, the 
fraction becomes of the form 

fM 

<i>(zy 

Accordingly, whenever the roots of ^(z) are real and 
unequal, the fraction can be decomposed into partial fractions, 
and to any root (o) corresponds a fraction of the form 

/(a) I 

^'(d) z - a' 

The corresponding term in the integral of 


/(*“) 


dx 


is obviously represented by 

/(«) f ‘fr 
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This is of the form (/) or [h), according as a is a positive 
or negative root. i- = 

The ease of ima^ary roots in ^(s) will he considered in 
a subsequent part of the chapter. 

It may he observed that the integrals treated of in Art. 
m^th^A method of partial fractions discussed 


Examples. 


f 


{2x + 3) dsa 
’\-X^ — 2 X 


Here the factors of the denominator evidently are ic ~ i and ri; + 2 • 
accordingly assume ^ 1, anaiu+a, 


2^1? + 3 ^ JB 0 

>k 3 A ir:2 _ -./V. “ « + I T + ’ 


X X — I ' X -h 2' 

Again, as (p (x) = a?® + a;^ _ 2x, vre have <p'(x) = sa;^ + 2a? - 2 ; 


Hence, hy (3) we have 


... _ 2X + s 

^'(x) + 2x - 2* 


2 


( {2X 2 )^^ 3 , «r . T 

ia^ + x^-2x -log® +ylog(*- i)-T log(a: + 2). 


consequently 

[ 

\ sx^i- x^ ^ 2 X 

• , 2. 

Here 


f dx 

J {x^ + a^){x'^ 


')(«2 + 62)* 


— ^ ^ ^ (_ 2 _ T \ 

(x'^ + a^Xx^ ^ b^) ^2 + ^2 

hence the value of the required integral is 






( 


xdx 


+ «)(«» + })• 



Multiple Real Roots, 
Substitute z for and the transformed integral is 
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dz 


[L 

] 2 {z a) [z b) 

Oonsequently the value of the required integral is 

I , h\ 

1 [a - b) \a;2 + a) * 


4 - 

r x)dx 

J x^ - + 

Ans, 32; + II log (iu - 2) - 2 log {x - i). 

- 5 - 

f - 3) 

] x^ — 'jx -h 

„ ^ log (» - 1 ) + ^ log (a: - 2) + ■^ log (» + 3 )- 

- 6 . 

r (2a? 4- 1) dx 
] x{x+ i){x - 1 - 2)* 

„ IlogiP + log(a; + i) -- 5 log(ii; 4 2). 

1 2 

7. 

r xHx 


% 

\ 

% 

1 

^ 8 . 


f dx(a* + 

J x‘*''^\a + bx^^) ’ 

Let 


I 


40. Multiple Meal Moots.— Suppose has r roots 
each equal to a, then the fraction can be written in the shape 

/w 

{x - ayxp(xX 

In this case tv's may assume 

f{x) Ml M2 Mr P 

{x “ {x) {x - a)'* ^ {x- x - a \p {xY 

where the last term arises from the remaining roots. ^ 

For, when the expression is cleared from fractions, it is 
readily seen that, on equating the coefScients of like powers 
at both sides, we have as many equations as there are 
unknown quantities, and accordingly the assumption is a 
legitimate ope. 
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In order to determine the coefficients, if,, Jfj, &c. . . . Mr, 
clear from fractions, and we get 

f(x) = Mx^{x) +Mi(x — a)\p{x) + Mz((C—ay'>jj{iX>) +&c.. .. (6) 

This gives, when a is substituted for «, 

/(«)=if.^(„),orJf,=^. (7) 

Next, differentiate with respect to a, and substitute a 
instead of a: in the resnltmg eq[uation, and we get 

f{a) ^ Mx^'ia) + M,^{a) ; (8) 

which determines Jfa. 

By a second differentiation, Ms can be determined ; and 
so on. 

It can be readily seen, that the series of equations thus 
arrived at may be written as follows — 

/(a) = M^(a), 
f(a)=Mxf(a) +i.MsrP(a), 
f'ia) = Mi<p"{a) + 2 . Ms\p'{a) + I . z.Msipla], 
f"{a) = Mi4i"'(a) + 3 . Ms(p"(a) + 2 .i.Msip'{a) + 1 . 2. 3 .Mt?p{a), 
f^{a) = Mx^ia) + 4.ir.f"(«) + 3.4.W(«) + 2.3-4- W(a) 

+ I .2.3.4.Jf5^(a), 

in which the law_ of formation is obvious, and the coefficients 
can be obtained in succession. 

The corresponding part of the integral of 


evidently is 
Jf4og(a>-a)-fc 

*2? “ Cl 


f{x) dx 
{x — ay-tp (») 

1 

2 (x- af 


Mx 

{r-i){x-a)’"^' 


(9) 


If ^(aj) have a second set of multiple roots, the cor- 
responding terms in the integral can be obtained in like 
manner. 
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41. Imaginary Roots. — The results arrived at in 
Art, 37 apply to the case of imaginary, as well as to real 
roots ; however, as the corresponding partial fractions appear 
in this case under an imaginary form, it is desirable to show 
that conjugate imaginaries give rise to groups in which the 

coe£B.cients are all 

Suppose a + & I and a - h ^/- i io^B pair of con- 
jugate roots in the equation <^{x) then the corresponding 
quadratic factor is 

+ which may be written in the form 


We accordingly assume 

^{x) = {x^ ^px-\- q)xp{x), 

and hence 

f(x) Lx + M 
<p{x) x^+px + q 

P 

where represents the portion arising from the remaining 

roots, and is the part arising from the roots 

x^ + px+ q 

a±h a/- 1, 

Multiplying by (j){x) we get 

P 

f(x) = (Lx ’hM) \p (x) + {x^ + + !Z) n ^ [^)- (10) 


If in this, - (j>x + q) be substituted for x^^ the last term 
disappears ; and by repeating the same substitution in the 
equation 

f{x) = ’ip[x){Lx + Jf), 

it ultimately reduces to a simple equation in a? : on identify- 
ing both sides of this equation, we can determine the values 
of L and Jf. 

42. In many cases we can determine the coefficients Z, M 
more expeditiously, either by equating coefficients directly, 
or else by determining the other partial fractions first, and 
subtracting their sum from the given fraction. 

It will also be found that the determination of many 
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integrals of this class can be much simplified by a trans- 
formation to a new variable, or by some other suitable 

expedient. « ,1 

Some elementary examples are added for the purpose 

of illustration. 


I(T 


Examples. 

xdx 


(i +a;)(i + 


Assume 


i Lg ^ M 
■ -1 


(i -f a;) (i + «-) H i 

clearing from fractions, this "becomos 

j = A (i + 0?) + {Lx + M)(i -1- x). 
Equate the coefficients, and we get 

X + -dt=ro, X4-Jf=i, A-\-M-o. 

Hence 


and accordingly 


i=i, lf=-, 

2 2 2 


II I I +X 

+ ~ : 


(l -1- 2;)(l ^ "" 2 1 + 3^ 21+2*2’ 


-I 


xdx 


* ,1+2- I, . 

= 7% rrr:;:^ +rtan'®. 


Let 


(I + 2:)(i+ 22) 4 ^|(l+2) 

i f dx 

J I I ^3 


I A Lx-\ M 
• + • 


1+2^ 1+2 1 — 2 t 


consequently, ^ by formula (3) Substituting and clearing from fractions 
we hayo 

3=1-2 + 2- f3 {Lx + If) (i + aj) J 
hence, diyidiBg hy i + 2, we have 

2-2=3 {Lx + if). 
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Consequently 


r dx ^ I r (2 

J 7T^ “3Ji + je + 


[ I I f 2 t 30 j \ 

- log (I + a?) - ^ log (i “ « + so^) + “7^; tarr^ ( — — ) . 

^ ^ V Z ^ vzf 


Ans. gloj 




i:as can be got from tbe last by changing the sign of ic. 


In this case we have 


_L_ = 1/_J_ + _£_V 

I — a;® 2 \i i -i x^J 

5. f^. Am. llogf 

5- V=_i- 24°^W + ^+ij (v'~3> 


Lot a;^ = z, and the integral becomes 


r x^dx 
I {x - i)»(a;2 + r)‘ 


a;« A J3 Xoj+if 

(a;- i)'^(aj''* + ij ““ (a; - 1)- ^ a;- i i + ’ 

To find L and if, clear from fractions, and by Art. 41 the values of Z and if 
are found by malang a;®=- 1 in the following equation : 


a:2 = (Zx + M){x - If. 


This gives immediately Z = - if = o. 


Again, by Art. 40, we get immediately A • 


To find Z, moke a? = 0 in both sides of our identity, and we get 

0=-4-jB + af; 

[4a] 


8429 
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S'mally 


^ ^ ^ ^ 
(a; - i)2(a;2 H- i) ~2(a:-i/ 2a;-i ai + j 




= -£-JL- + £log(a;- i)~-log {x^-¥ i). 


.7- 


i dv 
a;8 + a?'^ ~ a;^ - 


a;3* 


Here tlie denonamator is easily seen to be a® (a; - i) (a? + i)®(a;3 + i), and tbe 
expression becomes 

I dx 

a;3 {x - i)(a; + i)^ + i) 


Assume a; = - , and tbe transformed expression is eyidently 
z 

f z^dz 

J fa - l)( 2 ! + l)*( 2 ^ + l)* 

Tbe quotient is easily seen to be 2 - i ; and, by tbe method of Art. 38, we may 
assume 

^8 l ^ J- ^ 

(jj- i)(a4. i)3(a3 -hi) 2*+! 

Hence (Arts. 37, 40), we baye 



Next, Z and M are found by mailing - i, in tbe equation 
sfi = (Zz + JK'j{z — i)(z + i)* J 
1=2 {Zz + M){z -f i) = 2 {X»3 4 (X + M)z 4 ilf }, 

wbiob gives 

X + Jf=o, Z-M=-p 



In order to tbe remaining coefficient C, we make a = o, when we get 

0 = 3 — I— + •*. (7=^- 
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Lcnce we liaye 


(s- l)( 2 +i)'^( 2 : 2 +lj 
z^dz 


• I +T 


.1) 4(2 4-1)2 " 8(s+ I) 4(22-fl)’ 


r It/ V I 

* j (2-l)(2 + i)2 (22 + i) “ 2 ^"^8 ^ ^ ^ 4 (2 4- l) 


4- 1 log (2 4 - 1) - I log (22 4. 1) + i tan-^s. 


Hence 


1. 


dic I I X I i-a:® , x-\-i t 

2x^ a; 4{ri; 4* I) 8 + x 4 S 




{Zx + i) 


{x- i )2 (a; + 3 )’ 


. Ans, - log ^ — L.. 

2 a;4-3 a?~i 


43. Multiple Imaginary Moots. — To complete the 

discussion of the decomposition of the fraction suppose 

the denominator <p{x) to contain r pairs of equal and imaginary- 
roots, i. e. let the denominator contain a factor of the form 
{ (x - ay + and suppose ^{x) = {(a? - a)® + ¥Y (pi{x) 

In this case we assume 


fi^) 


LiX + i(fi L^x + il/j 

+ 


{ {x - af + (x) { (x -- ay + 6 ^} ^ [(x-ay + 6 ®) 


LrX ^ Mr P 

+ . . » + 7 - 1 + " 


{x~ay+b^ ^i{x) ^ 


the remaining partial fractions being obtained from the other 
roots. 

There is no difificulty in seeing that we shall still have 
as many equations as unknown quantities, jCi, Mi, X^, Jf2, . . . 
when the coefficients of like powers of x are equated on both 
sides. 

To determine Xi, Jfi, Xg, &o. ; let the factor (a? - ay + 6® 
be represented by X, and multiply up by X% when we get 


^^^^Zix + Mi+{£zx + Mz)X+ «fco. + (XrO? + ifr) I- (ll) 
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The ooeffioients h and Jfi are determined as in Art. 41. 
To find Li and ifa ; differentiate with respect to a;, and sub- 
stitute a + for se in the result, when it heoomes 





= Li + 2(^0 — a){LiXQ + 


where iBo = a + 6^/ - I. , , , 

Hence, equating real and imaginary parts, we get two 
equations for the determination of L% and Mz, By a second 
differentiation, £3 and Mz can he determined, and so on. 

It is unnecessary to go into further detail, as sumoient has 
been stated to show that the decomposition into partial frac- 
tions is possible in all cases, when the roots of 0 (r) = 0 are 
known. 

The pra/ctical application is often simplified by transfor- 
mation to a new v^ariahle. ^ ^ i i • j. 

44, The preceding investigation shows that the integra- 
tion of rational fractions is in all oases reducible to that of 
one or more fractions of the following forms : 


dec dec (-4 + JB')dec {Lx + JiL)dx 
V^d! {p - af (x - of 

The methods of integrating the first three forms have been 
given already. We proceed to show the mode of dealing 

with the last. n- . i. i.x. 

45. In the first place it can be divided into two others, 

L{x - a)dx ^ [La + M)dx 

{{x-af + V^Y 

The integral of the first part is evidently 

-L 

To determine the integral of the other part, we substitute 
s for X — a, and, omitting the constant coeffioient, it becomes 


dz 

JfTWf' 
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Again 

& I + h^-z^)dz _ I f dz if 

^ JfTWf “ J ~ J J 

But we get by integration by parts 

’ z^dz _r zdz _ I [ ^yf ^ \ 

. {z^ + b-f “ J ^ ■ Jf+Wy- ” "' 2{r - i) J V(s“ + 

s I dz 

2{r- I ) (s'* + ''' 2(r- i). (2’“ + 

Substituting in the preceding, we obtain 


2r-3 f ds s 

“ 2(r-i)H {z‘ + by-'- 2(r - i)&* (s* + 


This formula reduces the integral to another of the same 
shape, in which the exponent r is replaced by r ~ i . By 
successive repetitions of this formula the integral can be re- 


duced to depend on that of 


dz 


The preceding is a case of the method of integration by 
Biiccesswe reduetion, referred to in Art. 1 9. Other examples 
of this method will be found in the next Chapter. 

The preceding integral can often be found more expedi- 
tiously by the following transformation : — Substitute 6 tan 0 


for and the expression 


dz 

(^T¥y 


becomes, obviously, 


^^^oos-^Ode.- 

The discussion of this class of integrals will be found in 
the next Chapter. 

. f{x^)da> 

46. We shall next return to the integration of 
which has been already considered in Art. 39 in the case 



g0 I'yitegTdtiovi of Mdtiouctl Ffctctions, 

where the roots of ^.(z) are real. To a pah of imaginary 
roots, a ± 6 v^- i, corresponds a partial fraction of the form 

(Ax?+B)dx {Ai^ + B)dx 

1 — or —7 5 n? 

(iij" - ay + 6" + C' 


where e® = -i 

In order to integrate this, we assume a = c cos 2<j^, wiien 

the fraction becomes 


(^Ai^ + B) dx 
x*‘ — 2sdc cos 2^ + o’® 

The quadratic factors of the denominator are easily seen 
to be 

od - 2xv^c cos <j> + o, and x^ + 2x V' e 00a <(> + c. 
Accordingly we assume 

Ax^ + B Lx + M ^ L'x + M' 

- aa^c oos2^ + e® cos^ +c a;® + oos^>+c 

hence it can be seen without difficulty that 


i = - i' = 


Ac-B 

4 cos ^ 


M=M' = 


B 

2 g’ 


and after a few easy transformations, we find 

r (^!B® + B)dx _ Ac-B / x^ - 2x o oB <j> + c\ 

J ^- 2 a!®c oosa^ + c® 8cos^c^ \a?® + aa v^c cos ^ + c/ 

+ :^ 2±1 tan-' ( 

4sm^ca j- 


dx 


47. Integration of 1 -jyi- 

This expression can be easily transformed into a shape 
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“wMoli is immediately integraWe, ty tlie following sulistitu- 
tion : — 

Assume x - {x-h)%] then 


X = 


a - hz ^ 
I - s ’ 


x-a=^ 


{a - h)z 
i^z ’ 


X - 0 - 


a-b 

7^’ 


dx=^ 


{a - h) dz 

ii-W' 


and the expression transforms into 


(i z)^^'^dz 
{a - 

Expand the numerator hy the Binomial Theorem, and the 
integral can he immediately obtained. (Compare Art. 4.) 
For example, take the integral 

dx 

{x - ay{x- by 
Here the transformed expression is 


or 


1 


*(i - zydz 
\a - by%^' 

^2 j \ 

J- 32-1- 3 log2-l 



X - a 


for SI, the integral can he expressed in 


Substituting 
terms of x. 

48. Integration of , . 

{a^ cx^Y 

where m and n are integers. 

Let a ■¥ cx^ z, and the expression becomes 

(s 

20 ^'^^ z^ ’ 


a form which is immediately integrable by aid of the Bino- 
mial Theorem. 
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It is evident that the expression is made integrable by tho 
same transformation when n is either a fractional or a nega- 
tive in*dex. 

It may be also observed that the more general expression 

ean be integrated by the same transformation, where 
[a + ex^Y ^ 

f{x^) denotes an integral algebraic function of x^. 



(a^ - x-f 


(a + cx'^f 


x^dx 

(iTW®* 


Examples. 

Jins 


2 («- - X'^) 2 

I 


_| 1 - < 2 ® log (^2 „ 


” 4^2 (a 4 . 64^ 4 


” + i 4(i»24.i)3^2 


+ ~log(ijj2 4 i)* 


40. Integratton of , 

where n is a positive integer. 

Suppose a an imaginary root of - i = o, then it is evi- 
dent that ar^ is the conjugate root : also, by ( 3 ), the partial 
fraction corresponding to the root a is 

1 a 

^ 

na^'‘'^{x - a)’ n{x - a)* 

If to this the fraction arising from the root be added, 
we get 

i j “ \ £ f ^ ) 

n\x - a X - a'^y n (x^ - (a + a"^) + l )* 

But, by the theory of equations, a is of the form 


zliTC 

cos — + 
n 
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where h is any integer ; 


a + 


2 COS ■ 


2kw 


2 

Hence, if 9 be substituted for the preceding fraction 


becomes 


n x'" 


X eos 9 - 1 
- 2x cos 0 + 1* 


The integral of this, by Art. 7, is 

OOS 0 T , . 2sin0, , 

log (1 - 2XOOB 9 + xn tan^"^ 

^ n 


i - cos 9 
Bin 9 


There are two cases to be considered, according as n is 
even or odd. 

(i). Let n- 2T \ in this case the equation - i = o has 
two real roots, viz., + i and - i ; and it is easily seen that 


’ dx i 


^ X — i I ^ hir. . IcTT 

lQg> -{- — S cos — log ( I ~ 2ii? cos 1“ xn 

/H _L. T O/lrt ^ ^ 4" ' 


2r 


JCTT 

r 


-is sin — tan*"^ 
r r 


^ X - COB 
9 

. kir 
sm — 
r 


kir\ 


(13) 


where the summation represented by S extends to all integer 
values of k from i to ^ ~ i. 

(2). Let = 2r + I, we obtain 


log(^-i) 


zkw 


2f+l 2r+l 


2r+I 


zkir 


Soos -log I~ 2 i» 00 S +x^ 

'y/if-L T ® \ 1 


2 ^ . 2 /c 7 r , 

— S sin tan“^ ' 


' 0? - cos ■ 


zkir 
' 2r + I 


2r + I 


2r + I 


sin 


2kTt 


(H) 


2r+ I 
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■where the summation represented by S extends to all integer 
Talues of k from i np to r. 

50. lifttegration of , wbere m Is less tbaii ^ + i . 

- I 

As tefore, let a be a root, and the corresponding* partial 

fraction is or- - _ ; hence the partial foaotion 

arising from the conjugate roots, a and o"', is 

Y a”* ^ a~” \ _ I a ;(a”* + a ^) - (a”*"' + a'M) 
n\x - a X- a”7 n - {a + a^)x + i ‘ 

- ^ - cos(m - i)9 

n - 2xoob0 h- I ’ 

where 6 is of the same form as before. 

The corresponding term in the proposed integral is easily 
seen, by Art. 7 , to be 

i|cos}w 01 og(a)’- 2 i!jeos 6 + i)- 2 siaOT 0 tan-*^-^^:^^^|. fi<;) 

BmO ) ' 

By giving to h all values from i to — - i, "when n is even, and 

from I to - when n is odd, the integral required can be 
written down as in the preceding Article. 
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Examples. 


f dx 

J ii?* + 6a7 -f 8* 

r '^xdx 


C (A 'i- Bx^)dx 

J x{a + bx^) 


x^dx 


6 . 

7 . 

8 . 


Ans, 




.i*? + 4/ 

2 log (a; - 2) 4 log (x + 1). 


A JBx-Ab. . . 

log 2 ? 4 — ^ — log {a 4 hx^). 


J 4 iC® — 2* 

r dx 

J 4 I* 

f {ix - s)dx 

J (aJ4 3)(i*?+ l)^‘ 

C dx 

]x{a+ bx‘^y‘ 

r dx 

J2;(« 4 bx^^)^ 

f 

]x{a bx^y’ 


I- a? ~ I \/ 2 , 

-log — ^ 4 tan-i 

6 °x + i 3 


( ti )' 


, a?® 4 x^y 241 
-log- + - 


__ xug — + — — tan- ^ i 

2 x^-xy 241 2y 2 \ 

7 II , l\ 

2 (a? 4 I) 4 4 3/ * 

.2 




-)• 

x^J 


2» (a^ 4 3a?2) 2^2 


log 


\a 4 bxP-j 


-Ailog( 


a?» 


a 5 4 na{x 4 bx^^')* 


Let a 5 4 = x^z, and the transformed expression is - ^ 


,.jo. 


f. 


X dx 


J a:® 4 a;2 4 a; 4 i* 


dx 


I a;! 4 4a;8 4 5a;2 4 4 4 


Am. i log (a?® 4 i)-ilog(a ?4 i) 4 ^tan-la:. 

2 (i*!+2)2 3 I 

— log ^—z — - 4 ~ tan-’a; ; r. 

25 ^ a® 4 1 25 5 (a ;4 2) 

dx 


12. Apply the method of Art. 47 to the integration of 
(14 2)2»‘-2^2; 


The transformed expression is 
x^dx 


^X 3 . ( 


(I - xY 


. I x(i 4 a;®) ^ I . I 4 a? 
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Emmjples. 


14. Proyethat 

f — ^ — -- transforms into - f 


(r 4.a)w+>i-3^s 
__ ^ 


if we make x - 


I + 3 


f dx ^ t - X 1 - X 

I c 1 ; ; . Ans. ; log sin r log COH - 

J sina;(<f + J cosa;) a-\-h 2 a-~b 2 

+ ■ o " -iolog -t ^ cos a?). 

— 0^ 

^lultiply by sin x, substitute u for cos x, and the integral becomes 

( — du 
(i - u^){a + bu)' 


f— ^ 

J 3 sin a; 


dx 


J 3 sin a; + sm 2X 
(i — a;-) dx 


. I , . , a; 2 , , 

Ans - log sm~ - log cos ^ + - log (3 } 2 cosa?;. 


c ^ h±^\ _ r , S 

' }x{i+x^- + xi) 3 \ *' / 


Let x^ = &c. 

z 

18. Prove that 

C dx I 

J I + a; 2 n 2T 


(i/c ~ l) 7 r , 


2 cos 
2 n 2 n 


I ( 2 /c - i) 7 r ^ 

+ - :2 sin tan- 

n 2 n 


, (2^ " i)v A 

I - 2a; cos ' « f I 

2 h J 

(7K “ I )w ' 
a; - cos ~ 


. I2L — l) 7 r 
sm 2 — — ' 
xn 


where h extends through all integer values from i to n, inclusive. 

f log(i+a;) I ^ (2 ^*- Ott, / (a/fc’-iW \ 

^ 9 - J,-^x= 


4 . — tan*i ^ 
+ I 2^+1 ^ 


X - cos - 


{ 2 Z;-i)w 1 


2 n + i 


{2k *«• l) tr 


2n + I 


where h assumes all integer values from i to n inclusive. 
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CHAPTEE III. 

INTEaUATION BY SUCCESSIVE REDUCTION. 

51 . Ca^es ill wMcIi sin'^ 9 9 dO is immediately In- 

tegraMe* — We shall oommence this Chapter* with the dis- 
cussion of the integral 

J sin^fl co8^ 9 dO; 

to which form it will be seen that a number of other expres- 
sions are readily reducible. 

In the first place it is easily seen that whenever either m or 
n is an odd positive integer the expression &hoJ^9 oo^'^Odd can 
be immediately integrated. 

For, a n= 2 r + i, the integral becomes 

J sin^ 0 cos 9 d9, or, f sin^ 9 (cos^ 9Y d (sin 9), 

If we assume cc = sin 9, the integral transforms into 

J x^{i - x^ydx; (i) 

and as, by hypothesis, r is a positive integer, (i - can 
be expanded by the Binomial Theorem in a finite number of 
terms, each of which can be integrated separately. In like 
manner, if the index of sin 0 be an odd integer, we assume 
(V = cos 0, &o. 

A few examples are added for the purpose of making the 
student familiar with this principle. 


* It may bo observed that a large number of the integrals discussed in this 
Chapter do not require the method of Successive Reduction: however, since 
other integrals of the same form require this method, it was not considered 
advisable to separate the discussion into distinct Chapters. 
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Exampies. 


I. 


Ans. 

cos^ e 

COS 0 . 

3 

2 . 

|cos® 0 i? 0 . 

»> 

. « 2 . sin ®0 

sin 0 . 

3 5 

3 


>» 

COS^O 0 cos®d 

10 8 * 

4- 

J cos^^ 

» 

I ^ 008^0 

+ 2 COS0 . 

COS 0 3 

^ 5* 



2 sm ^0 2 Bin^d 

3 7 




2 008^0 

2 COSa 0. 

6 . 

Jv COS 0 

»» 

5 

» 7‘ 

fcos® 0<?0 

J sin^ 


3 Bmie - -sin^^. 

7 


52. Again, "whenever m n is an even negative integer 
the expression 8in”*0 cos“0<ifl can he readily integrated. 

For if we assume x = tan0, we haye 


cos0 = — , sin0 = - 7 =,andcf 0 = - , 

y I + / yi + + * 

and the expression transforms into 


(l + X^) ^ 

Hence, if m - 2r, tHs 'becomes 


a form wHoh is immediately integrable. 
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Take, for example, 

J oos®0 

Let X = taii0, and we get 


I x^{i +x^)dxy 

k 


or- 


dB 


tan®0 tan®0 


Next, to find i -t—q — 

’ )sin0cos®0 

Making the same substitution, we obtain 

r(i + x^Ydx 


Hence, the value of the proposed integral is 
+ tan^0 + log (tan B). 


Again, to find 


dB 

sin^0 cos^0* 


Here the transformed expression is 


(i + x^)dx 




, and ac- 


cordingly the value of the proposed integral is 


In many cases it is more convenient to assume x = cot 0, 

Eoi example, to todj^. 

dO 


Since t?(oot6) = -^r^, if oot 0 = x, the transformed 
integral is 

- 1 (i + d‘)d!i!, or - cot 6 - 


cot“0 


The foEowing examples are added for illustration 
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Examples. 


rsin^d^ 

* J cos®f 

.. 

J COS60 

-3. f — 

J Sin 0 c 

4- — r 

^ cos- 6 

r di 
J 8111^0 COS^0* 


3 tan3 0 tan®^ 

„ tan 0 + + - — . 

3 5 


■ + log (tan 0). 


' sinJ0 008^0 




„ - 8 cot 20 - - cot^ia. 
3 




When neither of the preceding methods is applicable, th© 
Integration of the expression sin”’0 oob" OdO can be obtained 
only by aid of successive reduction. 

We proceed to estabKsh the formulae of reduction suitable 
to this case. 

53 . Formulae of Reduction Itor sin’^O ooB’' 0 da 
sin” e cos” 0 = I oos”-‘ 6 sin” Od (sin 0 ) : 


eonsequently, if we assume 


= cos”~‘0, V- 


sin”«0 
m+ I ’ 


the formula for integration by parts (Art. 2 i) gives 



Case of One Positive and One Negative Index, 67 
In like mannerj if the integral be written in the form 


- j sin’^'^fl (cos 6), 


we obtain 
sin^^0 cos'^0<^0= 


m- I 
n+ I 


fe-e co^«ue - (3) 


n+1 


It may be observed that this latter formula can be de- 
rived from (2) by substituting - - ^ for 6 , and interchanging 
the letters m and n in it. 

54. Case of one Fositive and. one Negative Index. 

— The results in (2) and (3) hold whether m or n be positive 
or negative ; accordingly, let one of them be negative {n sup- 
pose), and on changing n into - n, formula (3) becomes 

f sin ’” 6 sin ’”"'^ 0 m-i [ sin *”"^ 0 ^ 

J In-i) cos”^ " ^ J ^ ^ ^ ^ 


in which m and n are supposed to have positive* signs. 

sin’” 0 

By this formula the integral of — ^d 0 is made to de- 

cos u 

pend on another in which the indices of sin 0 and cos 0 are 
each diminished by two. The same method is applicable to 
the new integral, and so on. 

If m be an odd integer, the expression is integrable im- 
mediately by Art. 51. If m be even, and n even and greater 
than m, the method of Art. 52 is applicable ; iim n, the 
expression becomes J tm.^ 9 d 0 , which will be treated surbse- 
qp.ently ; if w < m, the integral reduces to that of sin”^"^0 

r d0 

Again, if n be odd, and > m, the integral reduces to — ; 

J cos (/ 


* The form-ulas of reduction employed in practice are indicated by the capital 
letters Ay i?, &o. ; and in them the indices m and n are supposed to have always 
positive signs. By this m^ans the formulse will he more easily apprehended 
and applied hy the student. 
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and if w < m, it reduces to [ The mode of find- 

ing these latter integrals will he considered subsequently. 

Again, if the index of sin 9 be negative, we sret bv 
ohangmg the sign of m in (2), ° ’ ^ 


‘cos"0 


sin”*0 




(m • 


C08”~^g _ 1 roOS”-=0 

•i)sin®'-‘0 »2-iJsi: 


We shall next consider the case where the indices are 
Doth positive. 

55. Indices iiotta Positive.— If sin^^fl (i - oosW be 
TOitten instead of sin«^« 0 in formula (2), it becomes 


sin^0 eo^^QdB = 


cos"*'^ 0 sin’^+i 0 


m-i- 1 


n - 


I 

^ I sin“0 (oos"-®0 - cos"0) dd = 


cos”-' 9 sin’”'" 9 


m + 1 


hri sin-0 ooB- 9 d9: 

hence, transposing the latter integral to the other side, and 


J ‘ * 41 • 'T- ^ 

dividing by we get 


1 


sin^ 6 cos" 6 dO ■ 


oos""^0 sin”*‘^^0 


^ - I f . 

— J sin’”0cos”-*0i^0. (O') 


gil^m-1 ^ oQgW+10 


m-h n 




m+n m+n 
In like manner, from (3), we get 

I sin- 0 cos” 9 d9 = | sin— = 0 cos" 0 i?0 

By aid of these formulae the integral of sin’” 0 oost^ 9 d9 is 
made to depend on another in which the index of either 
reduced by two. By successive appH- 
the complete integral can always be 
lonnd when the indices are integers. 
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56. Formiilse ®f MedMction for sia " B dB and oos^BdB. 
These integrals are evidently cases of the general formnlse 
{C) and (D) ; however, they are so frequently employed that 
we give the formulae of reduction separately in their case, 

f ^ . sin 0 cos^*-’ B n-i C « « / x 

008”' BdB = + cos’^"^ B dB, (4) 

j n n j 

f A 7 a cos B sin””*^ B ” I f . „ 2 ^ / X 

sm”0^^0 + (5) 

J n n J 

The former gives, when n is even, 


cos”0rf0 = 


sin B 


oos”'^ B + ' 


cos"' 


cos”"® B + &o. 


n \ 

(n ^ i){n- 3) 

(n ~ 2){n - 4 ) 

ilzj ). (” - 3)0 » - 5) • • • I Q 

n {n - 2 )(^^ - 4 ) ... 2 


( 6 ) 


A similar expression is readily obtained for the latter 
integral. 


Examples. 



cos^a sin^a de. 

coB^dde, 


Ans. 


sin 0 cos 0 

^4’ 

sin 0 cos 0 /sin^0 


V 


sm®0 + 


sin 0 cos®0 / 


^cos^0 + ; 


-j) 

)*U‘' 


sm®0 

12 


i6‘ 

sm0cos0 4 0^ 


57. Indices Ibotli Negative. — It remains to, consider 
the case where the indices of sin B "land cos B are both 
negative. 

Writing - m and - n instead of m and in formula (*( 7 ), 
it becomes 

^ dB - I , n 4 I j* M 

J sm^0co^ {m + ^ycos "'^^ B sin’^'^O m^n] sin''”© co8"'**“0 ' 
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or, transposing and multiplying by — - 

w + I ’ 

f ■ I m^n[ dO 

J sin-^e cos“«0 (n+i) cos»«e sin”*-^^ '^J 

Again, if we substitute n iorn + 2 in this, it becomes 

r I 

Jsin^tlcos"^ ~ (n- i)cos«-’0sin’»-'0 


+ 


m + n -2 r dO 
n - 1 ^ sin“0 oos”"^0' 


{F) 


Making alike transformation* in formula (I), it becomes 

f— _ - I 

J sin“0eos“0 (»r^^^l)sin»^^Fcos^ 


iiv i- — 2 


m-i 


sin»-“0 oos”0’ 


{F) 


In each of these, one of the indices is reduced bv two 

foSSThehdf'^T*^^’ applications Jf the 

tormulse, the mtegrals are reducible ultimately to those of 

one or other of the forms or" • thA«o fiotr i, 

already integrated in Art. 17. 

^ He f„™d» of r,d„=tio« lor J- ^ ^ 

important that they are added independently, as foUows 


observed that formulae (JB) (J)) atkI • l 

M, 10), .ed 

a,, P„, i. M, .1. 

into 00s p, sin p, and - dp, respectiTely. 
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1 


dO _ sin0 
cos"0 {n - i)cos"”^0 

dO - COS0 

sm"0 (w - i) sin""^0 


n - 2 

de 

n - 1 , 

oos”‘* O' 

n - 2 

f dO 

n - 1 . 



( 7 ) 

( 8 ) 


It may be here observed that, since dn^O + cos®0 = i, we 
have immediately 


f de 

a , 

f de 

J sin”^0 oos^0 

Jsin”*~^0cos'*0 . 

J sin^^0 cos^"’^'0 ’ 


( 9 ) 


and a similar process is applicable to the latter integrals. 
This method is often useful in elementary cases. 


Exampxes. 


«. I. 

f _i 

'sin0^?0 

1 

Jain0cos®0 J 

1 COS20 


c de 1 

[sin0<if0 

2 . 

J sin0cos^ 0 . 

1 cos^0 


+ 

4- 


C do I , ^ 0 

I + log tan 

J sm e cos 0 2 

r de 

J sin0cos^0’ 


and is accordingly immediately integrated by tbe last. 


3 - 


4 - 


de 

sin^e’ 

de 

sin* 0 cos® 0* 


A9tS. 


COS0 I - ,0 

— + - log tan 
2 sin® 0 2 ° 2 


I 

cos 0 


COS0 

2 sin® 0 


*2 0 

+ ~ log tan 
2 2 


58. JLpjplieatloii of Method of Bilferehtiatioii. — 

The formulee of reduction given in the preceding Articles 
can also be readily arrived at by direct differentiation. 
Thus, for example, we have 

d /sin^0\ _ msin*“"^0 n sin”^'^^0 _ 
0?0\OOS”0/~ COS”'"^0 *" oos^’‘‘^0 ’ 

and, consequently, 

f sin^^fl _ I Bin”^0 m f sin”*''^0 ^ 

J COS ’^‘^^0 OOS ^0 008^^0 

This result is easily identified with formula (A) . 
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Integrtttiou hy Successive Reduction, 


Again, 
d . . ^ 

(sib^6 cos^0) = m siii^"^0 cob^^^O - n cos"“^0. 

If we substitute for cos”'^^0 its equivalent cos^"^0 (i - Rin^O) 
we get V « xi. vy, 

^ (sm^0 008^0) = cos«‘'^0 -(m + n) sin^"^i0 cos^-^0 ; 

hence we get 




sm’^'61 coB’^-^e d9= - 

m + n m + n 


sin’«-'0 tOB”-^ede, 


a result easily identified with (D). 

. other formulae of reduction can he readily obtained 
in like manner. 

59 - Integi-atlon of tan^^dfi and 

tan^0 

These integrals may he regarded as cases of the preceding • 
foUowT^^^^^^^^’ “ a simpler manner, as 

Since tan“0 = seo'0 - i, we have 

J tan”0 dfi = j tan"-^^ (seo“0 - i) = J tan'-'0 d (tan 6) 

- j tan”-’'fi de = ~~ - 1 tan»-<“6l dO. (lo) 
By aid of this formula we have, at once, 

f tm«9de = (rr^ 

(i.) If w = 2 r + I, the last term is easily seen to he 
. , i)’^^ log (cos 0). 

\ 2 .) i± w _ 2 r, the two last terms may he represented 
hy (- i)»-+i(tan0-0). ^ 
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In a similar manner we have 


de 

rseo=0<f0 

dO - I 

de 

) tan^fl J 

1 tan”0 J 

tan'*~^0 (^2- i) tan”^^0 J 

1 


Examples. 


I. 

1 impede. 

Am. 

2. 

f de 


J tan''^0‘ 

n 


f de 


3 - 

] taii'''0‘ 

>> 

4. 

1 cot^0^?0. 

99 


taii 30 


- tan B + 0. 


3 taiL ~0 


- log (sin 0). 


4 tan^0 2 tan* 
cot 30 


^ + log (sine). 


+ cot 0 + 0. 


6o. Trigonometrical Transformations. — Many ele- 
mentary integrations are immediately reducible to one or 
other of the preceding formulae of reduction by aid of the 
transformations given in Art. 26. Por example, if we 

assume oj = a tan 6 , the expression ^ — - transforms into 

(a° + »“)* 

sin^O cos’*"”*”*^ dO (neglecting a constant multiplier). 

In like manner, the substitution of a sin 6 for x trans- 

forms the expression — — — into 

a i.r. ■ af^dx , - . j ooB'^-’‘ 6 dd 

a sec u, the expression transforms into — - 

(neglecting the constant multiplier). 

A similar transformation may be applied in other cases. 

For example, to find the integral of ^ : 

^ ( 2 ax-x^f 

kt 0^ 2a sin’^fl, then dx = 405 sin 9 cos 6 dO, 

and the transformed integral is 

accordingly the formula of reduction is the same as that in (5) ; 
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Integration by Succemve Reduction. 


f 

J (I - 

r dx 

r dx 

J + a;2j|* 

f a;Ma? 

J (<?* + xy‘ 

r x'^dx 

j (2ax — x^)i' 


Exampxes. 

^ 1~- (3 + 2:.*) 

„ *iog.L- /^ _v£iHg 

2 2il?2 • 


4 -a;3 . / 

+ » J(^irP)+2 (*-'=' tan-' ^]. 

r x^dx . _ 

J {2ax - X^)i' »» "" i^ax^x^)^ ^ j ^ 

« ™ considered in tMs Article admit also of 

fou“Zg“ commence wSr&e 

*" "“<* (^ <• <■»».«..«, 

=.i?r.'*„ix4zs^r “ - 

n-m-Z 

- (g' - C) » <^2! 


o»- evinjeositm integer, kss thL^n~T 


For example, becomes 

(a + (3ir=i)3 


2* - c) “ ds 


■j and 


Etl'Vo4d’SgS‘'g“t^^{^ traMtormation, 
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I. 




^ -h oz^) 


.2\l* 


2 . 


3 - 


4 * 


I 

! 

1 


xHz 

xHx 

dx 

a!^(a + cx^f 


Examples. 

. X ( cx^ ) 

(flf -I- cx^)k [ 3 (a + cx^)} 

(i ox^ \ 

is S{(^^cx^)) 

~ (2^2 4. 3^2) 

3 ’ 


Tke diJBEerentials considered in this Article are cases oi a 
more general class called binomial differentials. 

62. Binomial BiOTerentials. — ^Expressions of tbe form 

x^{a + Ix^ydx, 

in ’wMob m, n, p denote any numbers, positive, negative, or 
fractional, are called Binomial Differentials. 

Such, expressions can be immediately integrated in Wo 
cases, ’which we proceed to determine by transformations 
analogous to those adopted in the preceding Article : — 


(i). Let 


a 4 bx'^ = z ; then x = 



and 


hence 

£xf^{a + =s 


dz ; 


(z-a)^ zPdz 

m ♦ I 

nh" 


Oonsequentiy, -wlienerYer — is a positive integer, the 

transformed expression is immediately iategrable aifter ex- 
pansion by the Binomial Theorenn 
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Integration by Successwe Reduction. 

(=). Again, if we mtetitate i fc, the Merential 
becomes 

- by dy. 

n 

— ^vw,*, 

gration is effected by the Substitution of s for + b. 

Exampies. 

Ans. + 

9 


- is a positiye integer ; i. e. when 
+iJ is a negative integer. In this latter case the inte- 


(r +^3jr 
dx 




4 - 


f 

J(' 

(I + ic3)^‘ 
r dx 
J 

dx 


\ 


’’ (I 4 a;3)r 

(I + a:^)i 
» . 

X 

2C(^ 

(T+ iC2)i* 


expression, ^f5S SactionariSra “ applicable, the 

of integration in a finite number of’ terms iiicapable 

mg with this investio-AfinTi ci. n proceed- 

fo™ of integrXn « ™ple 

functions. ® ^ eduction, involving transcendental 


63. Aednction of 


where n is an integer. 

Integrating by parts, we have 


J e’^x’^dx, 


r fi r 

j*‘ 


(13) 


_ By successive applications of this formula the integral 
IS made to depend on f • e™* ^ ^ 


* I. 

depend on J 


i. e. on 


m 
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Reduction of I af* (log x)”'dx. 

C^mx 

Again, to find — dx. 

J *)(/ 


Assuming u = d = — — and integrating by 
parts, we have 

U^^dx m fe^^dx 

J 0 ?" (u ~ 1)0?”''^ n - ij x^~^ ' 

By means of this the integral is reduced to depend on 

f e^^dx 
J X 


The value of this integral cannot be obtained in a finite 
form ,* it however may be exhibited in the shape of an 
infinite series ; for, expanding and integrating each term 
separately, we have 


6”^‘^dx - mx m^xr 

log i?? + — + + -- 

® I 1.2^ 1 




2 . 3" 


+ &o. 


(^5) 


The integral of a^af'dx is immediately reducible to the 
preceding, since = Consequently, by the substitu- 

tion of log a for m in (13) and (14}, we obtain the formulae 
of reduction for 


f { 

oTx^ dx and — dx. 
J J 


In like manner we have immediately 


J e'^'x^dx = - + n j dx. (16) 

64. MediictioM J x'^^ {logx)^dx. 

Let y = log x^ and the integral reduces to that discussed 
in the last Article. 

The formula of reduction is 


jx”> (log xfdx = j (log 
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IntegraUon ly Suemsive Reduction. 


Examples. 


1. f^L, _ 3 ^ 3_:J ^ _ 3_^_. I 

2. (log *)•<?«. „ ^j(iog*)»._l2£f + |j. 

]ir- » -^[4+~ + - +--i 

3 t*® 2 J* 2 s:i ^ 3 2 . ij * • 

65. Reduction or jaf' aoBaxdx. 

Here \ ^^coBaxdx=‘^^ -”( 


ct a 


miaxdx : 


sin ax dx ^ ' 


GOB ax n-i 


+ I x^^ cos ax dx^ 


\ x^ GOB axdx-~ (g^ sin ax + n cos ax) n{n-i)r 

^ cos ax dm. 

in iS mannS^ ^^dnotion for sin axdcc can be obtained 
Again, if we substitute y for sin-’iK, the integral 
/ {Bm-^xfdx 

transforms into 

ly^ooBydy, 

preceding 


ExAMPXtlS. 


r. I i 2;3 COS xdx. Ans. aj® sin a + 


cos a: -3. 2. a? sin a? -3 .2. 1 . cos a;. 


2 * 


cos a? + 4»^ sin a; + 4 . 


3 COSO!- 4 . 3 . 2 . a; sin a;- 4 . 3 , 2 . I , 
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deduction qfj cos^x sin nxdx. 

\ 

66 . Reduction of Je®* oos”ircfe. 

Integrating by parts, we get 

I oos»!» dx = 2^L£f!! + ”(■<,«» cog«-i^ giQ ^ ^ 

J « aj 

Again, 


sin X 

a 



i) GO^^~‘^xm^x]dx 


: + V 


I C0S”"^J2? dx~-~\ cos ^ xdx : 
d J aj 

substituting, and solving for J cos^xdx, we get 
f e®* dr - cos a; + ^ sin x) 


n (n - i) c 

~( f + j ( 1 8) 

The form of reduction for mf'xdx can be obtained in 
like manner. 

67. Iftediictioit ot J cos’^i?? sin nxdx. 

Integrating by parts, we get 


008*^0? Bin nxdx *= - 


cos^"i2? cos nx 
n 


mi 

nj 


Q 0 B'^'''^x 008 nx sin xdx : 


replacing cos nx sin a? by sin nx cos a? - sin 1) x^ after one 
or two simple transformations we get 


cos”*i??sin wcfo = 


oos”^^g cos nx 
n 


m 


m + n, 


oos*^^a;sin(?^ - i) xdx. 


(19) 


The mode of reduction for cos’^jx; cos nxdx, sin^o? cos nxdx, 
and sin’^*?/ sin nxdx can be easily found in like manner. 



80 


Integration iy Successive Reduction^ 


Examples. 


I. 

1 

sin X , . . 2^"*' 

Jjfis, ^ [a sinaJ - 2 cos 2;) + 

4 + « (4 + a?) 

2. 

1 cos 2 a?sin 4 it;^? 2 ;. 

cos% cos 40; cos X . cos 30? cos zx 
~ 6 12 24 ' 

3 


„ - — • (cos 2 a; - sin 20? 4 2). 


68, Meduction hy Blfirereiitiatioii. — We shall now 
return to the discussion of the integrals already oonsidorod in 
Arts. 6o and 6i ; and commence with the reduction of the 


expression This, as well as other formula) of ro- 

duction of the same type, is best investigated by the aid of a 
previous differentiation. 

Thus we have 


~ + ex^)i j = («^ - (« + 

_^{m- {a 4* cx^) + 

{a + cx^)^ 

_ (m - i) mcx^ 

{a + cx^)^ (a + cx-^)^^ 

hence, transposing and integrating, we obtain 

f + c :^)^ (m - i) a C 

J (a + ca!“)4 ~ me J (oTcS^' 

By this formula the integral is reduced to one or more 
dimensions ; and by repetition of the same process the ox- 
pression can be always integrated when w is a positive 
integer. 

The formula ( 20 ) evidently holds whether m be pdsitivo 



Reduction of 


cf^dx 
{a + cx^Y* 
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or negative ; accordingly, if "we change m into [m 2), vre 
obtain, after transposing and dividing, 


dx __ {a + 
x^(a + cx^Y~^ "" (m - i) {m - i)a 

69. More generally, we laave 


dx 


^ {a + cx^y^" 


(21) 


~ ix^-'^ [a + cx^Y] = (m - I ) {a + cx’^Y + zncx^ {a + cx'^Y’"^ 
dx ^ ^ ^ 

= {a + cx'^Y"^ {(m- i)ax'^'‘^ + {m + 2n- i]ex''^}. 

Hence 

os -r 

x^ {a + cofy^’^dx = ^ 


1“ 


(m+ 2w- i)c 


(m - i)a 
(m + 271 — l) (3 


x^"'^ {a + cx^Y'^^^^^ 


Consequently, when m is positive the integral can^ be 
reduced to one lower by two degrees. If m be negative, 
the formula can be transformed as in the preceding Article, 
and the integration reduced two degrees. 

We next proceed to consider the case where u is negative. 


70. Medlnetion of 


x^^dx 

{a + cxY 


m and n being both positive. 

x^dx 


Here 


Let x^'^ and 


(a + cx^Y 

xdx 


1 


{a + cx^Y 

I 


^ xdx 
(a -h cx^Y'' 


or 


2 (n- i)o(a + cxy^'"^ 




and we get 
r x^dx ___ 

J (a + cxY “ 2 (91 - i)c (a + cx^) 


y,in-l 


|W ~1 

'W 


m - X f af^dx . , 

!(W - l)c, + 
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Integration hy Successive Reduction. 


BysuceessiTe appKcations of this form the integral admits 
of hemg reduced to another of a simpler shape. We are not 
able, however, to find the complete integral V this fonJX, 

unless when n is either an integer, or is of the form where 


r is an integer. 

VI. Mediiction of 


x^dx 


dx 


differentiation, we have 

+ 2 lx + cx^)i} = {m - + 2 bx + cx^)i 


^’^'Kb + cx) ^ (m-i)acf^-^+(2m- i) bx’^^+mcx” 
(a + 2bx+cx^)i (a + 2bx + cx’‘)i 


Iienoe 


J ' 


(2m- 1)5 

mo 


■[ 


- ^ 2 bx + cx^)h 

{a + 2bx + cx^)^ 

dx 


(a + 25ij? + cx^)^ 


{m,~ \)a 

r af'-'^dx 

mo 

1 (^ + 25 i 2 ?+ CX^Y 


(24) 


This furnishes the formula of reduction for this case • bv 

rziv® "Saidy 


xdx 


{co + 2 bx + cx^)^ 


and 


dx 


These have been determined already in Arts. 9 and 12. 

Again, the int^ of he ,ed„oed to 

the preceding form hy making x = -. 

72. The more general Integral 

af^dx 


h 


\ {( 1 + zhx + ox^Y 

admits of being treated In like manner. 
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J (<z + 2hx -h cxP’Y 

For i£ a + 2te + le represented “by y, we liave, by 
differentiation, 

(I f [m - 1 ) 0 ?”**"® 2{n - i) (6 4- cx^ 

- "" {a cx^) - 2 {h 4- cx) 


{m-i)ax'^'‘'^ ^ 2h{m- n)x^^'^ [2n-m-i)cx^ 

J^n fj^n 


Hence, we get the f ornanla of rednction 


^ x^dx - 2 (m - ^) 6 

I i)c 




i)a [x^'''^dx 


{ 2 n - m - i)c] 


C^5) 


x^ dx 

By aid of tMs, the integral of —^, when m is a positive 

X dx dx 

integer, is made to depend on those of and Again, 

it is easily seen that the integral of is reduced to that of 
dx> » 
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intrijration hy i^Uiri'naiiv Uttlui fum. 


f itx 

7,5. RftdnHion of I , 

j t :hj- 1 ,\i f 

I "' 

hmn 

I e*t\ e .1/1 (/m 

pi / ' ' y*«.4 


4J? //; I r'*r 


Itenoo 


i; 


<' ii'i .'tir .’ni-i' ?'*s Ir'n 

j’ll * 7<(»ti 7’« ‘ ju<< ! , 

t!,r /> rr {,'« I'-* I ,!s 

7'"” ,>«(-/(' /. I y’" ’ j /“ 

By (lui offluH funiiiiliiftf th*- ji(nn*r!i! - f . v. 

bo fouutl wlicnovttr » ih lui iiilcgf^r, i*r wh«'i) it i«i »*f Uw f- rtii 
” (r bf'itig an in(,i>g»T). 

74. Redoollon of f, 

j ' A l ,«. ; !”’ 

whwi H iH a pfwit.ivo iiibi'gt'r. 


iiif 

hi {f a i l> mix.ihyn' Ann a i*m« 


V 


tU 


Again, by ditrnri'nfiuii.iu, wn havH 
d (sin#! vmj' {a i)i, wn»# 

dr //“ * ' {!” 


(ii>« t jA [n I )h rMWi*jr 
//» • ' /I'K ' fin ‘ * 

Bubstituto • , f(<r(K»» jn tlw< ttiiDn'Oituf^ i4 ibwon 


and W(j gut 
4 (wti^ 
dr 


I It (h iV( n j j 'I , 
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Hence, transposing and integrating, we get 
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'.dx 


- 6 sin 


{in - 3 )( 3 ? 


i!7" - i) (a® - ~ i) (^^2 - J2) J CT^-i 




n - 2 


{n ~ i)(<2^ 


r 


(28) 


By tMs formnla the proposed integral can be reduced to 
depend on 


I 


dx 


a + b QOS (x? 


the Talue of which has been found in Art. 1 8. 

75. The integral considered in the last Article can also 
be found by aid of a transformation, whenever a is greater 
than i, as follows: — 


dx 


dx 


{a 4 ti cos xY 


{(« + ^) 


dx 


n X]^ 

cos“ - + (a ~ b) sin“~[ 
2 ^ ^ 2j 


I + tan*~j dx 


(^A cos- ~ + -B sin^ 

(where A - a b, B = a - b). 

X ]A 

Next, assume tan - * /^-tan<3!>, then 


A B tan^ 


t) 



Integration iy Succemm Meductmh 


and we get 


I + +-^tanYj dtp 


A ■¥ B tan^ ■ 




2 {B oos^p 4 A mi\py^'“^ dtp 

Hence, replacing A and B l)y a »{• h and a - we get 


dx 


{a + h cos x) 


_-2 r(izi 

“ J («’ 


{a - h ooH 2(j>)S~^j^ 


- b'Y'^ 


im) 


When w is a positive integer, the integral at thc^ riglii** 
hand side can be found by expanding {a - d cos 2fpy'^\ aticl 
integrating each term separately by formula (4), 

Again, if in (28) we naako and ztp //, W€t 

obtain 

C dx if/ 

J (■ H-COB.O.S.)- (■ (3“> 


where tan 


y 


tan - tan 


Hence, if we take o and - as limits for x, wo havo 

2 


l:(r 


dx 


: + oosa cos2j)” 

76. Integration of 


a 

f*( 

3»«K, V 
« Jo 


I - OOB« 00s 1^) 

.m<(x 


f (»)-v/ a -i- zbx !■ c»* 

We shall conclude this Chapter with tho disonBiiion <»f tl« ^ 
aboje form, whore/(a!) and f{a)) aro suppomid rational 
hraio functions of as. 

If/(a!) he of higher dimonsionB than Mx), the fraotioia 
may be written in the form 
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Integration of — 

W V ^ + 2&ii? + cx? 


Again, since Q is of the form + g;?? + + &o., the inte- 
gration of — - — can he fotind by the method of 

^ a + 2bx + cx^ 

Art. 71. 

The fraction can be decomposed by the method of 
partial fractions (Oiiap. II.). To any root a, which is not a 
multiple root, corresponds a term of the form ^^< 3 - 

corresponding term in the expression under discussion is 

Adx 

(li? - a) + ihx + ced 

The method of integration of this has been given in Art. 13. 
Next, to a multiple root correspond terms of the form 

Bdx 

{x - aY\/ a + 2hx + cx^ 

This is reducible to the form of Art. 71 on making 
- a = Again, to a pair of imaginary roots corresponds 
an expression of the form 

{lx + m)dx _ ^ 

[{x - ay^ + ( 3 ^} zhx -1- cx'‘ 

If % be substituted for x - a, the transformed expression 
may be written 

_ {L%^-M)d%_ 

(s® + + 2B% + 0^ 


■whore L, M, A, B, C, are constants. 

To integrate tHs form ; assume* a = j 3 tan (6 + y), where 


* For this simple method of deterndning the integral in q^n^stion I am 
indebted to Mr. Oathcart. 
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Integration by Successive Reduction. 


0 is a new variable, and 7 an arbitrary constant, and the 
transformed expression is 

{Z(3 sin (0 + 7) + Jf cos (0 + 7)}<i^0 

^a/A cos®(0 + 7) -f 2jBj3 cos(0 + 7) sin(0 +7) + (7/3® sin®(0 + 7) 


Again, the expression nnder the square root is easily 
transformed into 

(7j3® + (A- 0(5^) cos 2 (0 + 7) + 2^/3 sin 2(0 + 7)} 
= ^ A + (7j3® + cos 20 {{A - (7j3®) cos 27 + sin 27) 

+ sin 20 {2jS/3 cos 2y - {A - (7/3®) sin 27} . 

Moreover, since 7 is perfectly arbitrary, it may be assumed 
so as to satisfy the equation 

2 ll [5 COS 2 y - (A - (7/3®) sin 27 = o, or tan 27 = : 

and consequently the proposed expression is reducible to the 
form 

(r cos0 + sin 0)^0 
v/p + Q cos 20 

(in which L\ if', P and Q are constants), or 

L ' d (sin 0 ) M'd (cos 0) 

^P- Q + aTj oos*0’ 


each of -wHoli is immediately integrable. 
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Examples. 
2 

I. \ COB® 0 sin 20^0. - - cos® 0 


- ! 

2. I sin.2 


( 


0 cos®0«?0. 


sin.®0 cos®0 ^?0. 


sin®0 sin.®0 


! cos< 

-s 


cos*0 do 
sm0 

OO8^0^?0 


fOO8*0^?0 

J 'sWfl'' 

6. 

J (I + 

7 . I a:*""' (<i + ia^)P (fe. 

8. J oos®af 

,.K j; 


-i! 


008 20 COS® 20 + 

3 


COS®0 


+ cos 0 + 


^cos®0 cos 0 


a;4 4 ia;2 4. 1 


•3 3 


- cos® 20 >. 
5 ) 

log ^tan 0 . 

/siii''0 2 

) 


(i + 


; 4- bx'^)p+i {( j? 4- i)hx^^ - <?} 
n{p + i)(^? + 2)5® 


do 


sin*” 0 cos” 0 sin.*”**^ 0 cos”' 

determine tlie values of A and JB by differentiation. 


* ^ ^ ~ ^ a? - cos ij;)| . 

■^0 J SI 


sin*”"® 0 cos” 0* 


f (a?® - d^)dx 
) ■ (<c» + «’“)>'■ 

f ^ Ans, 2 tan — 9. 

"• ]{ x + oos 6 f ^ 

f sm*”0 dO . X.1 f sin*”<^ dej} 

12. Prove that tlie integral J transforms into a*”"” j ^,Qg 2 ,rm^» 


•wiiero 0 2*/> 
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Examples. 


{a h cos xY' 


, ” 5 sin a: za 

Ans j — — — 7 r + 5 tan- 

(<jj2 _ j cosa;) 




f cos 0 <5^0 . ^ Sin 0 8 , , ( 2 ] 

lA, 1 Ans, - . tan-^l — I- 

J (5 + 4 COS dY 9 5 4 ct>s 0 27 \ 3 / 

15. j (sin’^a;)^ dx — x{ (sin"^a:)< - 4 • 3 • (sin-^a;)“ ^ 4 . 3 . 2 . I } 

4 4y^ I - sm“^a; {(sin"^;*?)’^ -3.2}, 

16. Proye by Art. 74, that any expression of the foim 

capable of being integrated when /(cos a;) consists of integral powers of cos a?. 

17. Show, in like manner, that the expression 

/(cosaj, sin x)dx 
{a-^b cos a?)»* 


can be integrated when /(cos a? sin x) consists only of integral powers of cos x 
and sin a?. 

4. Ji! [ — 

J fli + da? 4 ex^ 


j 0 aid the values of P, ( 3 , and P. 


f COS2 0 4 b sin2 0)!i 


(a? 4 d) {a - h) sin 3< fe 
3 (ad)^ 4 (ad)^ 


where tan 0 = tan 0. 


20. Find the values of n for which 


terms. 

21. Prove that 


“■17 


a 2 n „ 


is integrable in finite 


dx I f ’T 

7 — ; = I (i - cos a COS 

0 (i 4 cos a cos a?)» sxn«>»'^a Jo' 
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OHAPTBE IV. 


INTEGRATION BY RATIONALIZATION. 

77. Integration of Monomials. — If an algebraic expres- 
sion contain fractional powers of the variable x it can 
evidently be rendered rational by assuming x =^ where 7 i 
is the least common multiple of the denominators of the 
several fractional powers. By this means the integration of 
such expressions is reduced to that of rational functions. 

For example, to find 

’(i + 'x^)dx 

J l •¥ ' 

Let X = and the transformed expression is 

'zHi -f 

4 

J I 

Consequently the value of the integral is 

— + 2x^ - 40?! + 4 tan“^(a?l) - 2 log (i + x^), 

3 

Again, any algebraic expression containing integral 
powers of x along with irrational powers of an expression 
of the form a + bx is immediately reduced to the preceding, 
by the substitution of z ioi a ^ bx. 


Examples. 


I. f Ans. [ 5 ®“ -) + 8® 4 i6]. 

J y'JTTJ 5 • 7 

f £. 

** ■! (a + hxf 


it; 4/ - I 
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Integration hy Rationalization, 


78. MatioiialtKatioii af 4* zhx + ex’^)dx. It 

has been observed (Art. 28) that the integration, in a finite 
form of irrational expressions containing powers of x beyond 
the second, is in general impossible without introducing now 
transcendental functions. We shall accordingly restrict our 
investigation to the case of an algebraic fun ction containing 

a single radical of the form a/ a zhx + cx^, where h, c are 

any constants, positive or negative. 

Integrals of this form have been already treated by tlie 
method of Eeduction (Art. 76). We shall discuss them here 
by the method of rationalization. 

rm • Ak. I (^1 dx 

The expression* r can be made ra- 

\/a+ zhx + cx^ 

tional in several ways, which we propose to consider in 
order : — 


( I ). Assume v^a + zbx + cx^ = z -- x (i) 

Then a + 2 bx = - zxsye-, .‘.hdx = zdz - (xds + zd.r), 

or dx(d + z a/c) = dz{z-x y/c) = dz^a + 26* + &<•“ ; 

dz 


Also 


-/a + 2bx + c3d' b + z^7 
z^-a 


2(b + zy/c) 

This substitution obviously renders the 


(2) 

( 3 ) 


-u»uta,xon oDviousiy renders the proposed ex- 
pression rational ; and its integration is reducible to that of 
the class considered in Chapter II. 


tlie shown subsequently that the integration of all oxpreiiicmt ot 

IS rediwible to liat of the abM'e whon Jis a rational algehraio ftinotion 
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Rationalizaiion of Fix, zhx cx^) dx. 

Art. 9). 


Wlien 5 « o, we get 
dx dz 


and X ■■ 


— a 


^/a^cx^ z^ 0 2ZAyc 

By aid of the preceding substitution the expression 
dx 


transforms into 


{x -p) ^/a -v 2bx H- cx^ 
dz 


(Art. 13) 


For example, to find J 
Here x = ^ and 


2zp - a - zpb 
dx 


{p qx) ^ i ^ x^ 

dx 2d% 


2% 

dx 


{p + qx) ^/l + S's" -h zpz- q^ 

X 




[p + qx) 's/ 1 + x^ ^ p^ + <f \q^‘^p + 

When the coefficient g is negative the preceding method 
introduces imaginaries : we proceed to other transformations 
in which they are avoided. 


qfjfPj- V P^ + q' 


(2). Assume* + zlx -h oaf = ^/a + xz. 

Squaring both sides, we get immediately 
2h cx - 2Z \/~a + x^ ; 

dx {0 - f) = 2dz {^/a + xz) = zdz a + zbx + cx^, 
dx zdz 


(4) 


Hence 


a/ a 2hx cx^ c-z^ 


( 5 ) 


^ This is reducible to the preceding, hy changing x into and thoa em- 
ploying the former transformation. 
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Integration by Mationalization. 


And 


X - 


> {z^/ a - &) 
c - 


( 6 ) 


This substitution also evidently renders the proposed 
expression rational, provided a be positive. 

For example, to find 

dx 


> X's/ 1 - 

Assume \/ 1 — ~ i - xz^ and we get 


dx 


dz - . /j 

_ = logs = log' 


\xy 1 ~ 

(d)- Again, when the roots oi a + zhx + cx^ are real, there 
is another method of transformation. 

For, let a and /3 be the roots, and the radical becomes 
of the form 

V^c{x - a)(x - (5), or v^c{x ~ a)(|3 - x), 

according as the coeflScient of x^ is positive or negative. 

In the former case, assume \/x-a==^zy^x-^, and we 
get 


a - Bz 

^ = —2 

I - Z^ 

Accordingly 


; hence x - [5 = 


a - (3 


dx 


2 zdz 


„2 j 


X - [5 1 - z^' 


dx 


dx 


\/c{x~a){x-(5) s(a;-/3)-/c v^i-/ 

In the latter case, let - a = 2 and we got 


(7) 


X - 


a + 

I + * 

dx 2 


\/'o(x-a)((3-x) -v/ci+ 2 ®' 


and 


( 8 ) 
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Rationalization of F{z, >/a-y zbz + c*") dx. 

For example, tlio integral 

f dx 

J {p -I qx) y I -1? 

transforms into 

2 ffe 

J Ip \ 

»«. I 

mi making jp - -:r . 

^ 'i I 

T!io Btiulaiit oaii compare this method of intogratiog the 
proof !diag example with that of Art 13, and he will find no 
fliilkailty in identifying the results. 

^ It may he ohservod that in the application of the fore- 
going methoclH it is advisahl© that the student sliould in each 
ease seloet whujhovor method avoids the introduction of 
imagiiiaries. 

liras, as already ohservod, tho first should be em- 
idoyed only when r is positive: in like manner, the second 
rec|uir(« a to he positive; and the third, that the roots 

ho rml. 

I!> is easily seen iliat %vhon a and a arc both negative, the 
roots must la) rc*al ; for the exprossion 

/ - ' , / •' ' rw - (fO! - bf 

Y --a I 2kr - (\r\ or 

ii imiigitiary hrr all real values of m unless 5® - cm is positive ; 
it. tiiiiesii the roots are roaL 

AiTOrflirigly, ilte third method is always applicable when 

ilio other two fail 

Froitt the proociding investigation it follows that the 

exprtision 

Y^cTTzI^ 4 ^ Ci^) d0 

can h© always rationalised ; F denoting a rational algobraio 
futtotiom of ^ and of u 4- zbx + 
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Integration hy Rationaluation, 


Examples. 


I 


dx 


I [(«' 


(2 + 3a;) \/ 4 - 
dx 


. I , 4 + 2 iJ?- 2-aj 

^«s. — -^log - — 

4 "^ ^ *v 4 "i" ’I” 2 — 


[(«^ + a:2)J + ^]i 

Assume z = + 05^)^ + x, and we get for the value of the proposed integral 


2 - za^ 

-zJ -r. 

3 5 . 


3. I dx x-V 2 + ii; 2 . 

4* I i?*” { 4 + x}^ dx. 


2 X^ + X \/ 2 4 .U® “ 2 

Ans. ■ . 

^ 'v x-^'^ 2 y x^ 


MaJdng the same assumption as in Ex. 2, the transformed expression ia 

2m+l ^ 

which is immediately integrahle when is o. positive integer. 
dx 


\ !(■ 
“■ i 


{(i + x^)^ 4 xj^^dx 

(l 4 ‘ 

f- 

J X 4 2^27 4 ( 


Am [(^ 4- x^)i 4 xy*^ [(I 4 4 

2 (w 4 i) 2 (n - x) 


„ -{(r 4a?2)Ha?}«. 


dx 


I -\/a 4 2bx 4 cx'^ (v^ a 4 2 ^a; 4 cx^ ± 

Let 4 2^^ 4 ± a? \/ 0 = z, then, as in Art. 78, we get 


dx 


dz 


■\/ <z 4 2bx + ex^ ^ db ^ v/r 

hence the proposed expression transforms into 

dm 

; .*. (&o. 


z»» (5 jh z\/ <7) 
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79 . Crcneral InYestlgation. — The * following more 
general investigation may be worthy of the notice of the 
student. 

Let M denote the quadratic expression a + zhx 
then, since the even powers of a/JS are rational, and the odd 
contain a/ jB as a factor, any rational algebraic function of x 
and of a/jB can evidently be reduced to the form 

P+ 

p'+ 

where P, Q, P, Q' are rational algebraic functions of x. 

On multiplying the numerator and denominator of this 
fraction by the complementary surd P' ~ Q' \/ It , the deno- 
minator becomes rational, and the resulting expression may 
be written in the form 

where M and N are rational functions. 

The integration of Mdx is effected by the methods of 
Chapter II. 

f [NRdx 

Also JiV^y Edx = J ; 

which is of the form 

r f{x)dx 

J 0 (ir) a/<35 + 2 hx + cx^ 

Let, as before, + 2 hx ^ cx^ = a/ c{x- a){x- ]3), and 

substitute — A instead of x, when the radical becomes 

A 

y/c {\ - oX' + 2 - afx') z •+• (y- g/) jSV 4 2 g + (7^$/) z^J 

A.' + afji'z + 

(9) 

Again, if the quadratic factors under this radical be made 
eaob a perfect square, the expression obviously becomes 
rational. 
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Integration hy Mationalizatmh 


The simplest method of fulfillmg iluw cKnuliliimn k liy 
rednciiig one factor to a constant, and iho other tii the fiinii 
containing 

Accordingly, lot 

X - aX = 0, /i “ O, jti - t), I# - fip o j 

or y = 0, fx - o, X “ aX% v I'ji/, 


On making these substitutions tho cxprossion fo) 


(/3 - a)zy- cX'v' ^ 

y + ,/s“ 


aX' 1 l-iv':-'' 

X^ I 


In order that a/ - rX'i/ should bo roah X'ntid mtmi h.wi^ 
opposite signs when c is positive, and tho nairio ^^igu %v]mi p 
is negative. 

It is also easily seen that without loss* of gt^nonility w« 
may assume X' = x, and v « ± x. 

Hence, when e is positive, wo got a ^ , and wlioii 

. . a H 

c IS negative, x = i— . 

I “I” z 

These agree -with tho third transfomiaihm in ihn pmicd- 
ing Article. 

More generally, when tho factors in (q) nri^ otuih Wjuaci':*, 
we must have 


{n - a/i'y - (X - oX') {v — av) (>, 

or - Xv + (Xv' -I i-X' - 2/(/x') a + (/!('* X'lO «’ ' 0, 

and a similar equation with j3 instead of «. 

Moreover, hy hypothesis, o satisflos tho equation 

a + 2ba + Ort’’* o. 


* For lie sulstitution of for transform* 
A, 


into SLtfl!. 

a' + /z'^ I 4 > 




(UJ) 
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Accordingly (lo) is satisfied if we assume tlie constants 
A, fi, &o., so as to satisfy tlie equations 

“ Av = a, Xv + \v - 2jUju' = 25, ju'® XV = (i i) 

Again, solving for s from the equation 

^(X' + 2fXZ + vV) = X + 2 fJLZ + (12) 

we obtain 

(v - a?/) S + jtl “ XfJL = jU® ~ Xv + (Xv' + X'v -2fXfl) X + — XV) X^ 

a + 2bx-^cx\ (13) 

Also, by differentiation, we gejb from (12), 

(X' + 2ii% + vV) dx - 2 [jUL + vz — X [fi + vz) ) dz 


- 2\/ a-\- 2bx + cx^dz; 

_ dx 2dz 

V^a+ 2bx+ cx^ X + 2iiz + vV 


Now, since we have but three equations (ii) connecting 
X, fjL, &o., they can be satisfied in an indefinite number of 
ways. 

We proceed to consider the simplest cases for real trans- 
formations. 

(i). Let a be positive, and we may assume v = o, and 
ju' = o ; this gives 

fx - ^ aj \v = 25 , Xv = - (?. 


Again, without loss of generality, we may assume v'= 
which gives 


X 5= - 26, X' = ; whence x = 


2 (gy / a -b) 




100 Integration hy Rationalization. 

(2). In Kke manner, if c be positive we may assume 


wMob gives 


fi-o, and V = I, 


^ a/c, X = ' 


X - 


- a 


and 


and X' = 2J ; 
dx 


dz 


— — <iJULU. y — ^ , 

2 (6 + z^ c) va + zbx + cx^ 5 + zye 


as in (2) and (3). 

It may be observed that since these results do not contain 
the roots a and j3, they hold whether these roots be real or 
imaginary; as already shown in Art. 78. 

It is easily seen that if we make /i = o, and /I =» 0, we 
get the third transformation. 

80. If the expression to be integrated be of the form 

/(^) dx 


a z bx + 


ex'" 


where f{x) is a rational algebraic function of a?, it is often 
more convenient to proceed as follows : — 

The substitution of s — for x transforms the proposed 


into 




a/ 0! CZ^ 


where a! = 


ac - 


If the even and odd powers be separated in the expan- 
sion oif(z - it can plainly be written in the form 


and the proposed integral becomes 
r <t>{z^)dz ^ 

j aY a' ^ cz^ J .. 




The fo rmer of these is rationalized (Art. 24), b y making 
^ d cz^ = y%^ and the latter by making ^d + css® » 



Case of a Mecurring Biquadratic under the Radical Sign, 101 

It may te observed that in general the expression 

dx 

<ti{o!r) a-v cx^ 

is also made rational by the transformation 

a -v ci)^ ^ xy. 

8 i. Case of a R^ecurring Biquadratic uuder tlie 
Madical S^igu,- — As the solution of a recurring ecjuation of 
the fourth degree is immediately reducible to that of a 
quadratic, it is natural to consider in what case an Elliptic 
Integral (Art. 28 ), in which the biquadratic under the radi- 
cal sign is recurring, is reducible by the corresponding: sub- 
stitution. 

Writing the expression in the form 



and, assuming x-\r-=z, the radical becomes ibz + c-zai 


and also 



Consequently, in order that the transformed expression 
should be of the required type, it is obvious that ^ {x) must 
be reducible to the form 



In this case 

Y a + 2bx-¥cx‘^-^2bx^+ax^ 

/(^) dz 

2bz+ c - 2 a' 



transforms into 
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Integration hy Bationalization* 


In like manner, tke expression 


2hx coo^ - ax^ 
transforms into — - ^ 


a/ az^ - 2h% ■{‘Za- 0 


, by the assumption 


X — ~z, 
X 


Wben J = o tbe expression can in some oases be reduced 
by assuming either 


2 I 2 I 

+ “r or X^ r = S. 

Examples. 




I + i)dx 

Ir 


' icy^i +-^ 4 . 

' i dx 


Ans. log 


» log 


I + x^ + \/ 1 4 j* 

X 

I + \/ 1 + ft* 


+ x^ ( + a:^ 
r + a:® 


IB 


I - a ;2 I + a;^ 


„ sia-i ( “iAl \ . 

y 2 \i + a?^/ 

I , a/ r+”i^^+ a* v ^2 

„ -y=log • 

V 2 I — iC'* 


This ai^ the preceding were given hy Enlcr (Calo. Int, tom. 4) ; the 
connexion, however, of their solution with the method of recurring oquationi 
does not appear to have been pointed ont hy him. 


(x^ — l)^?a? 

^V^a:^ + x^ + I 

Let a ;2 + h = jj-j <S;o, 

(x^ — I) dx 


Let 

“■ I 


Ans. 


\/ SC^ + x'^ -t- I 


a/ { x ^ + 02; + i) (a:* + ) 3 a; + i)* 


Ans. 2 log 


a/ a;^ + oa; + r + a;^ + + I 


1,7 


(i -‘X^)dx 


(r f aj*) /y / 1 j>x^ + x^ 


Ans. sin*^ 


fe-)- 
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! 


9- 


(a+ 

'I + 


Ans. 


3(2to-3ffl) 

io¥^ 


{a 4- bxf- 


dx 


I.- 


X"^ \/ I + iC'-^ + 
dx 


(l + X^){{1 4 - x*)i^ - X^}^ 
Assume a; = (i + a;^)i sin d, &c. 
dx 


^ lo„ y/ i+g» + a:* + g3/ 3 
y/j I - a:^ 


' d 

, (i + ■ 


f xdx 
(I + ii?)i+ (i + x)i' 

Assume i + ii? = 2®. 
x^dx 


. _/ ^ 

am ^ 

\(i 


sm“i — 1 y 


13. { 


(l -£C^)(I +x^)i' 


j„. ■ , -!-»■. 

/^Y 2 I — 


^ tan"^ 

4v/ 2 a?-/ 2. 


14. 

IS- 

16. 

17. 


J (i — 

! (l + dx 


Ans. 


(I - 


Atws. log 

2*^/ 2 

i - iP® 


V I 


1+ — -tan*-' 

2 y' 2 V I + * 


^o; 


I; 


I + IdX + y^ I 4 . 2 < 3 !il/ + 2 JiP* + 7,UX^ 4" iP^ 

- PKP** ^ 

4 - \/ 1 4- 2.ex^ 4- 

W^2EEA±:Zl±^±i^ , whea c > «. 

y/2ir:7)^°« 


Aw«. 


” y^z (flj - p) 
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OHAPTEE V. 


MISCELLA3SrEOXJS EXAMPLES OP INTEGRATION. 

82. integration of (-1 g) 

aQo^x h mix + c 

Let a cos x + h sin x + c = then - a sin x + h cos x = 

XT X 

JNext assume 

A cosx-i-B sinx + (7 = Aw + u — + in 

dx 

and, equating coefficients, we have 

A=^Xa + fib, (7 = Ac + v. 

Solving for A, jU, v, we get 

\ ^ Ua + BV) c 

Hence [ +B^nx + Odx 

J WCOSsT + b siUiC + c 

_{Aa + Bb)x Al-Ba, , 


+ («" + C'-(-^g + .B5)c f 

J « oos® + J sin a; + c' 

The latter integral can he readily found ; for, if we make 
w = r COS a, 6 = r sin a, we get 

« cos « + 6 sin a? = r (cosiB cos a + sin « sin a) = r cos (aj - a). 



^ , ,, ^ fUosx. sinx) dx 

Integration of , - . — . 

a cos oj + 0 sin + c 
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Ob making x- a = 6, the integral reduces to tke form con- 
sidered in Ant. i 8 . 

As a simple example, let ns take 


Here 


r (-4 + jB tan x) dx 
J a + b tan x 

A + B tan x _ A cos x-\- B sin^g 
a + i i^nx a oo^x -v h mix^ 


and we evidently have 


a + 6 tan x cd‘ W 


+ 


Ah - Ba 


log (< 3 JCOSiiJ+&sin£j?). 


83. Integration of 


/{qosx, mix)dx 
<35 cos 0 ? + 6 sin a? + c ’ 


wkere / is a rational algebraic function, not involving frac- 
tions. 

As in the preceding Article, assume = 6 + a, and the 
expression becomes of the form 

j) (cos 0 , sin 0) dO 

AcosO + B 

Again, since sin* 0 = i - cos^ 0, any integral function of sin 0 
and cos 0 can be transformed into another of the form 

^i(cos 0 ) + sin 0 02 (cos 0 ). 

Accordingly, the proposed expression is reducible to 

0 i(oos 0)d9 0 a(cos 0 ) sin 06^0 
A cos 0 + J5 A cos 0 + jB 

The latter is immediately integrable, by assuming 
A cobO + B = z. 

To integrate the former, we divide by J. cos 0 + B, and 
integrate each term separately. 



MtHfelfammix Kxamplfx of 


lOCJ 

84. Intefrallon «f 

/ivoi»x)ilr 

(rtj ■!' //i (KiH rf-) («3 - »'iw .f)* 

wlwro,/; aRlt»for«s a mfional itlf'ii'liTOii) fimdj'tn. 

Bubstituto s fur <'im .r iiud (Icuunijiuwi 

by tho mutliod of partial fnii'tiuiiH: flit'ii tliu ruitri’fsirtu fu t»* 
mtogratud roducoa to tho aum uf a nuHihur «f f I'rm/' uf t!i>» form 

(lx 

A + li vimx' 

oaoh of whioh oau bo immwlialoly iittugruti'd. 




DiffBTBVhtidtiovh undBT the Sigu of IvitegTCtUon, 107 

Again, integrating by parts, we bave 

J e^fix) dx =^f{x) c® - J (x) dx. 

Accordingly, 

J [A^) +f{^)} 

For instance, to find 


X 


Here 


J ' (i 

X I 


dx. 


(i + xf 1 + X (i + xy 

eonsequently the value of the proposed integral is —~~- 


Examples. 


I. 

j e* (oos X + ain. x) dx. 

Ans. ^^sino;. 

2, 


„ e* logic. 

3* 

J (OJ+l)* 

^ a; — I 

” x+l 

4- 


d‘ 

I f a;-‘ 


86 . DWereutlation under tlie Sign of Integra- 
Alon. — ^The integral of any expression of the forrn <p{x, a)dx, 
■where a is independent of x, is obviously a function of a as 

well as of a?. / \ - i + 

Suppose the integral to be denoted by F{x, a), i. o. let 


then 


F{x, a) = / <p{x, a) dx, 
^[F{x,a)] =<^{x,a). 
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Again, differentiating both sides with respect to a, wo 
have, since x and a are independent, 

(I " . F(x^ a) d , (Xy a) 
da dx da ’ 

or (Art. 1 19, Diff. Oalo.), 

— ( ^ <^) \ _ d • (j)(xy a ) 

dx y da J da 

Oonse(juently, integrating with respect to x, we got 
d . E(x, a ) ^ d . cj) (Xy a) 


da 


da 


-dXy 


i.e. 


da 

In other words, if 


^ {Xy a)dx =1 dx. 


(0 


then 


u = j ^(Xy a) dx. 


du 

da 




provided a be independent of £i? ; in which case, accordingly, it 
is permitted \^o differentiate under the sign of integration. 

By cojitinuing the same process of reasoning we obvionsly 


__ [dP'(^{xy a) ^ 
da^^J da^ 


(a) 


where u = f ^(x, a) dx, a being independent of x^ 
For example, if the equation 



109 



,i w proceed to consider the inverse process, namely, 
otl oJt ixftegxation under the sign of integration. 

under tlie Sign of Integration. — 
^ liiBt -Ajcticle we suppose a) to he the derived 
to ct of another function v, i.e. if 

«? = J ^(a?, «) da. 

hy the preceding Article we have 

J ^ rfa? = I ^(a?, a) dx = F{Xj a). 

J* l> €tw « JjF(a7, a) da. 
tlior words, if 

F{x, a) = a)dXy 
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Miscellaneous Examples of Integration. 

a) da'] dx. 


( 3 ) 


It may le remarked that the results established in this 
and in_ the Receding Article are chiefly of importance in 
connexion -with definite integrals. Some examples of such 
application mil he given in the next Chapter. 

88. Integration by Infinite Series.— It has been 
already observed that in most cases we fail in exhibiting the 
integral of any proposed expression in finite terms. In such 
cases, however, we can often represent the integral in the 
form of a series containing an infinite number of terms. 

An example of an integral exhibited in such a form has 
been given in Art. 63. 

The simplest mode of seeking the integral of f{x)dxhi the 
form of an infinite series consists in expanding f {x) in a 
series of ascending powers of x, and integrating each term 
separately ; then if the series thus obtained be convergent, it 
represents the integral proposed. 

It can be easily seen that if the expansion of f(x) be a 
convergent series, that of lf{x)dx is also convergent. 

For let 


/ (ijj) = ffo + aix + + . . . + &o., 


then 


fix)dx = a^x + 


Xiod 

2 


+ 


(hod 
— + 
3 


+ + . • • 

n ■¥ I 


Now (Diff. Calc., Art. 73), the expression for f{x) is 
convergent whenever ^ is less than unity for all values 
of n beyond a certain number ; and the latter series is con- 
vergent provided ^ be less than unity, under the same 

/it T* I 

conditions. 

Accordingly, the latter series is conyergent whenever the 
former is so. 
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Ill 


Exiicples. 


! dx 




X 

1 


I I . 3 I . 3 • 5 

^ + ^ 

36 2.4 II 3.4.6 16 


+ &c. 


f dx / — / . I sin^a? i . 3 sin^o; \ 

I — = 3 V am 0 ? 1 I -1 + + . . . I . 

J Y sin X \ 2. K 2 . 4. g • 


I sin^ic 

I + 4 . 

35 2.4 9 


I (i 4-cx'^)\ 


X'^'^dx =: 


/I po x'>^ 

V wi q m-vn 


I 


p[p -q) 6 '“ 


. 2 .q- 


i + 2n 


4 &c. 


I 


89. Expansion of J log (i + 2 m cos a; + m^) Ax-. 
We shall conclude by showing that the integral 


I log (i + 2m cos® + nA) Ax 

can be exhibited in the form of an infinite series, 
h'or we haTe 

I + 2wcosaj + jw'* = (i + 


Hence _ 

log (i + 2OTOOS!B + wA) - log (i + + log (i + me” ’) 


: m I 




f rw jp ^ \ 

ssz 2 { m 00s cos 2£1? + — cos 30? “ oco. 1. 

23 


Accordingly 


log(i 


sin 2a! .sin 3® 


+ zm cosa!+ m®)«?aj= 2( m sin a: - w** + m- 



This series becomes divergent when m is greater than 
unity. In that case, however, the corresponding senes can be 
easily obtained. 
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For 


I + 2moo&x + = i + 


m 




I 4* 


m 


and accordingly 

1 , ox /'cOSi» COS2X OOBZX ^ \ 

= 2logm + 2 5-+ ^-oco. i 

ov ^ ^ \ m zyw f 

Consequently, when m > i, we have 




, , ox T 1 /sino? sin 2.3? Binsx 

ioff(i + 2^cosa?+m^ aa?=2ii?log^n+2 

j &v ; ° \ m 2W ymr 

From the above it is easily seen that the integral 

Jlog(i + aGOBx)dx 

can be exhibited in the form of an infinite series when a is 

Zfyif 

less than unity : for making a = r we have 

I + m 



log (i + (35 cosi») = log (i + 2m cos X + m^') - log (i + 

The relation between m and a admits of being exhibited 
in a simple form ; for let a = sin a, and we get m = tan 
Making this substitution in (4), we get 

jlog(i + sin a cos x) dx = 2x log ^cos ^ 

( , a . , „asin2a? o \ / V 

tan - sin iT - tan^ - + &o. j. (5) 
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Examples. 


(2cosa; + 3sinri?)<^a; ^ 12a; 5 . « • n 

r — — . Ans, ^ log (3 cos a; + 2 sm x) . 

_ nt Jl. cnrt /y» ' 


2 COS 35+2 sm X 

dO 

I — sin.^ 0 

‘ (a? ^ + a; + T)dx 

(iT*P 

dd ^ 

I sin 20 — sin0 6 


„ -taii0 + -. — {taii0 v^2). 
2 2^/ 2 

I, / 2, 


f “■= — ^ log(i + cos 0 ) + ilog (I - cos 0 ) - log (I -- 2 cos 0 ). 
Jsm20— sm0 6 2 3 


sin - tan ’“^0 

2 2 


6. When < i> proYO that 
r «fa5 05 1 a;* 


' . 0 \ 
I ~ sm - > 
2 


f ^/ ^ sin- + I 

I - — =* 

. 0 

I + sm - ; 
»> 2/ 

Va/ 2 sin I 

2 ' 

, LiJ^^ 

1 . 3-5 

a:i 3 

2.49 

1 

ON 

— _ 4 . , , J 

13 


and when x 

r dx I ^ I 1 I . 3 I ^ ^ • 3 • 5 I _ 

J y^i + X 25055 2 49359 2 . 4.6 133513 

7. ProYGthat 

,, , « J + 35 (5 + 3 ;)^ 

_ (log (J + »)+- — + -— —J- + . 

and determine when the series is conYergent, and when divergent. 

8. Provo that 

f 4- 0^ . . , sin'"''^w h} + I* sin^' 

1 sm^‘<Brfai = H — - — — • r— 

J 3 1-2 ^1 + 3 

(A9+ I2)(A^ + 32) sm^''°a> ^ 

■*■ I. 2 . 3.4 /* + 5 


Snhstitnte m for sin“ia 5 in the expansion of Cale,^ Art. 87 ), &c. 

. a , ^ sin^’^’^w A (a* + 2 ^) sin^’^w 

J 2 ** 1^42 1.2.3^14 

A(A^ + 2g)(AH4’^) ^ 

I. 2. 3, 4. 5 /t+6 


9 * 
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CHAPTER VI. 

DEFINITE INTEGRALS. 


90. Integration regarded as Summation. — We have in 
the commencement observed that the process of integration 
may he regarded as that of finding the limit of the sum of 
the series of values of a differential / {x) dx, when x varies by 
indefinitely small increments from any one assigned value to 
another. 

It is in this aspect that the practical importance of inte- 
gration chiefly consists. For example, in seeking the area of 
a curve, we conceive it divided into an indefinite number of 
suitable elementary areas, of which we seek to determine the 
sum by a process of integration. Applications of finding 
areas by this method will be given in the next Chapter. 

We now proceed to show more fully than in Chapter I. 
the connexion between the process of integration regarded 
from this point of view and that from which we have hitherto 
considered it. 

Suppose ^ (x) to represent a function of x which is finite 
and continuous for all values of x between the limits X and 5 
Q-lso that X - is divided into n intervals Xi - x^^ 
X 2 - 0?!, - a? 2 , . . . X ~ x„^i; then by definition (Diff. Calc., 

Art. 6), we have 


j>(a?i) - ^( xq ) 

Xi - Xo 


— (p (X(^ 


in the limit when xi = Xo; accordingly we have 

“ ^>(a7o) = (a?! - £»o)(0'(i?7o) + Co), 



Limits of Integration. 11 ^ 

where £» becomes infinitely small along with - Xo. Hence 
we may 'write 

^ (S!l) - <p {Xo) = {Xl - Xo) {<ji'{Xo) + Eo) , 
i> {xi) - <t> (*i) = (*2 - ®i) {/(®0 + 

< l > (*3) “ (^2) “ ~ 


<j>{X)-<p {x^^) = (X - x,^^) 

where eo, ei • • • ««-! become evanescent when the intervals are 
taken as infinitely small. 

By addition, we have 

(j> (X) - 4 ) (xo) = {xi - Xo) + (a?2 - Xi) 4 >'{x^ + . . . 

+ (X - Xn.-i) f'ixr^l) + {Xi - Xo) £o + (a% -iTi) £i + • ■ • + (X-iJ?,,.,) £„-i. 

Now if tj denote the greatest of the quantities £o> ei, • - • e»-u 
the latter portion of the right-hand side is evidently less 
t.Tian (X - Xa)ri ; and accordingly becomes evanescent ulti- 
mately (compare Diff. Calc., Ait. 39). 

Hence 

4> (X) - 4 ) (xo) = limit of [(!»i - (ro) 4 ^'(xo) + (xz— Xi) ^ (xi) + . . . 

+ (X — 4* (!X?«_i)]|, (i) 

when n is increased indefinitely. _ 

This result can also be -written in the form 

4,{X) - 4 >{xo) = '24>'{x)dx, 

where the sign of summation S is supposed to extend through 
aU values of x between the limits Xo and X. 

Qi. Definite Integrals, Mmlts of Integration.— 
The result just arrived at, as already stated in Ait. 31, is 
written in the form 

f{X)-f{xo) = \ f{x)dx, (2) 

where X is called the superior, and Xo the inferior hmit of the 
integral. 
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Again, the expression 


<p(x)dx 

J *0 

is called the definite integral of between the limits eo^ 

and X, and represents the limit of the sum of the infinitely 
small elements ^ (x) dx, taken between the proposed limits. 
From equation (i) we see that the limit of 

{^i-i^o)f{^o) + (^^2 - + . . . + (X - Xn^i)f(Xn^i), 


when xi - Xo, x^ - Xi, . . , X - x^i^i become evanescent, is ^ot 
by finding the integral of /'(ij?) dx (i. e. the function of which 
/^(x) is the derived), and substituting the limits Xo, X for x in 
it, and subtracting the value for the lower limit from that for 
the upper. 

If we write x instead of X in (2) we have 


/(x) - f(Xo) = 


f{x)dx, 


(3) 


in which the upper limit* x may be regarded as variable. 
Again, as the lower limit ii?o may be assumed arbitrarily, /(%} 
may have any value, and may be regarded as an arbiteary 
constant. This agrees with the results hitherto arrived at. 

In contradistinction, the name indefinite integrals is often 
applied to integrals such as have been considered in the pre- 
vious chapters, in which the form of the function is merely 
taken into account, without regard to any assigned limits. 

As already observed, the definite integral of any expres- 
sion between assigned limits can be at once found whenever 
the indefinite integral is known. 

A few easy examples are added for illustration. 


The student should observe that in (3) the letter x •which rtandfii for the 
superior l^t and the x in the element /'(iBWii; must he considered as being 
entkely distinct. The want of attention to this distinction often causes muoh 
confusion m the mind of the heginner. 
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Examples. 


r 

jffl 


dx. 




i sin 0 d0 
0 cos -0 


dx 


3 f* 

r dx 

Jo + x^* 

Jo \/ — 

6 , I (rt! positive), 

Jo 

7. 

Jo I 


0 I + 2a; cos «^> + x* 
dx 


It 


0 1 + 227 COS <p -h X^ 
sm mx dx. 


i: 


10 . 


<r«» cos mx dx. 


<•+» dx 

j«. 00 ^'^ 4 * 2 ia; + 


Ans. 


JW+l _ fl«+l 

n + I 


„ V^2 ~ r. 

»> 7 \/« (v/ 


2- I). 


<?> 


2 Sin ^ 


SilL0* 




ca;-® 


^ m - 5 ®’ 

92. Uo proTe that 


” + ^ 2 - 
, when aa - is positive. 


f I - (if''^‘^dx = I ^ 0?)”"^ rfo? = -7 * ^ ^ . , 

Jo Jo ns^ii-^i). .{n^m-iy 

when m and n are positwe^ and m is an integer. 
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The first relation is evident from (31), Art. 32. 

Again, integrating by parts, we have 

m “• I r 

dtx - — (i - <dy^~^dx. 

Moreover, since n and m - 1 are positive, the term 
vanishes for both limits ; 




m- 


I 

- x^{i 
Jo 


■ xf^-’^dx. 


The repeated application of this formula reduces the in- 


tegral to depend on 
Hence we have 


^?w+w-2 value of which is 


m + w- 


x^^(i - x)^^^dx = — ? * ^ 

0 n (n + 1) . 


, {m - 1) 

(n + m - i)* 


(4) 


This formula, combined with the equation 



shows that when either m or w is an integer the definite 
integral 

j* x^""^ {1 -- x)”^"^ dx 


can he easily evaluated. 

When m and n are both fractional, the preceding is one 
of the most important definite integrals in analysis. 

We purpose in a subsequent part of the Chapter to give 
an investigation of some of its simplest properties. 


Examples. 


** ( dx;. 

j 0 

2. J a;^(i - sci ) id £ c » 


Ans. 


28 


3.7. n. 13 
” 5.7.9 *i 3-I7‘ 
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TT 

93. Talues Of *sm”a;ia! and 1 co&^-xdx. 

Jo Jo 

One of the simplest and most useful applications of 
definite integration is to the case of the circular integrals 
considered in the commencement of Chapter III. 

We begin with the simple ease of 


sin”!i!&!. 


If in the equation (Art. 56) 


cos X sm**"'!!! n - I • «_! j 
’'xdx = + mil'-^xdx 

n n _ 


■we take o and - for limits, the term 
2 

for "botli limits, and we have 


cos X 


vanislies 




xdx=- ^ ^sia.”‘'^xdx. 

n 0 


Now, if n he an integer, the definite integral can he 
easily obtained ; its form, however, depends on whether the 
index n is even or odd. 

(i). Suppose the index even, and represented by 2m, 
then 


Similarly, 


sia^xdx Bin'’" ^xdx. 

n 2m . 0 


^ m-n ‘”^‘^xdx = ~ mx^”^xdx ; 


and by successive apphoation of the formula, we get 


2.4.6..*. 2m *2* 
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(2). Suppose tlie index odd, and represented by zm + i, 


tben 




zm 


zm 4 - 


F- 

- SI 

iJo 




Hence, it is easily seen that 




, A 


zm 


3.5.7.... (2m + i)* 
Again, it is evident from (31), Art. 32, Ibat 


( 6 ) 


GO^^^xdx 


6 

sin” X dXy 


and conseq^uently (5) and (6) hold when cos x is substituted 
for sino?. 

rr 

94. Investigatioii of* sin”*ij?0OB”irrfj2?. 

J 0 

Erom Art. 55, when m and n are positive, we have 


2 . _ — I 

sm”^'r eos”ir dx = 

n m + n 




and ^sin”*a7 cos” a? dx = 

m n 


oo8”f» dx. 


Hence, when one of the indices is an odd integer, the 
value of the definite* integral is easily found. 


* The result in this case follows also immediately from Art. 92, by making 
cos® a; = i? ; for this substitution transforms tbo intogral into 
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For, ■writing 2m + i instead of m, we have 


cos^iJ? dx '• 


2 m + « + Ijo 


sin^^’’^^? cos^i?? dx. 


Hence 


J sin®”*'*'^£t;cos^a;&; 

im{2m -2) .... 2 
(2m + n+ i){2m-hn- i) . . . . (n+ 3) 
2.4.6 ... (2m) 


sini?? QOB^xdx 


In like manner, 


(^ + i)(w + 3) . . . 2m + i)' 


coB^^x dx = 


2 (m + 


I f 2 . 

»»)Jo 


sin^^*i2?cos^”“^a?cfo. 


Hence 


sin^^ii? oos^^iT dx = 


1 . 3 . 5 . . . (2^ -• i) 
(2m + 2) ... (2m+ 2n) 


sin^”^i» dx 


= ^ • 3 » 5 ■ - (2^- i) . I . 3 . 5 . . . (2m-- 1) 7 r 
2.4.6 (2m + 2W) * 2’ ^ 

in which m and n are supposed both positive integers. 

Many elementary definite integrals are immediately re- 
ducible to one or other of the preceding forms. 

For example, on making x ^ tan 0 , we get 


dx p 

0(1 + xy '"Jo 


0 2 . 4 , 6 . , . (2W-~ 2) 2 


Similarly, hjx- a sin 0, 


ra ^ 

', 1 x^^{a^-xy 


dx transforms into 


siu^eOOB^^^Ode. 
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In like manner 


ca "HL 

I {lax-x^ydXy 


on making x = a{i - cos 0), becomes 

IT 

9 d 9 . 

The expressions for these integrals, when m and n are 
fractional in form, will be giyen in a subsequent Article. 

Examples. 


^ Bm 7 X Gos^ X dx. 

Ana 

4 * 


0 


3 . 5 . 7 . II 

ir 

^siu^a? cos^a; dx. 


0 

0 

. 30 . 40 

0 


9 . 19 . 29 

•39 - 49 ‘ 

TT 

1 X cos^”-! X dx. 


t . 2 . 3 . . 

(m-i) 

0 

w . (w + I) . 

. . l)’ 

• 1 

(i - x^Ydx. 

0 


2.4.6.., 

(2») 


3 -S- 7 --- 

(2n 4- i)* 

’1 x'^^dx 


I • 3 • 5 ■ • 

. (2^ — x) T 

o-v/l - ** 

99 

2.4. 6 . . 

. a 

'1 


2 . 4. . 6 . . , 

zn 

*0^/1 - *2 

99 

3 • S • 7 ■ - 

. ( 2 » + I) 


7. Deduce Wallis’s value for v by aid of the two preooding deJlmt© intogwll. 


wbeE nhm odd iuteger. 

9. I {2ax - dic, 

j 0 


2 . 4 , 6 . . , y) t 
3.5.7.... n 
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95 « ¥altte of j e-^' dx, wlieu ^ is a positive toteger. 

In Art. 63 we have seen tliat 

j* dx - - e"^ x^ + e^x^"^ dx. 

Again, the expression — vanishes when = o, and also 
e 

when 03 = 00 (Diff. Calo., Art. 94, Ex. 2). 


Hence 


aQK 

Jo 


e~^x^dx = n 


dx. 


Consequently | e^x^dx^ i .2 


(10) 


(II) 


Many other forms are immediately reducible to the pre- 
ceding definite integral. 

Eor example, if we make x = az'we get 


^az gW = . 


3 * 


(12) 


in which a is supposed to be positive. 

Again, to find | a?”* (logo?)"rfo?; let x = and the in- 
tegral becomes 

nOO 12^ n 

(- = (- i)“ 

Sinoe log » = - log (^, tliis resiolt may be written in tbe 
form 
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pOD 

The definite integral e-^ dx is sometimes known 

iCk T_^i. 1 1*0 •» . _ * 


as 


The Second* Eulerian Integral, and is fundamental in the 
theory of definite integrals. Being obviously a function 

“'1 “ a. 

It follows from (lo) that 


r(w + i) = {n). 

Also, when n is an integer we have 

r (n + i) = 1 . 2 . 3 . . . 

Again, when o) is less than unity, we have 
== I + i?? + a?® + a!® + &c; 


1 - X 


P dx 

logjK^-— = logx{i +® + a;= + ...) 


dx 


(by a well-known result in Trigonometry). 
In like manner we get 

'*log£^ IT* 


6 ’ 


Jo I 


+ X 


12 


(14) 

(15) 


^ ®l®“ieiitary properties of Gamma- 

h unctions will be given at the end of this Chapter. 


* Tie mtegral (, - considerea in.Art. 9., is sometimes caJled 
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Examples. 


1 

;; {log g) }’■<?.. 

Ans. 

1.2,3... 

=■ 1 

,00 


I . 2 . . . w 

J 

lo 

jj 

(log«)«+i 

3 * 1 




lo I - 

>» 



dx (log 

/ \ r I 


4 * 

•- — =-1.2.3.. 

Jo 1 -X 


+ • • •] 

5 . 1 

i^dx. /i + x\ 

J- 

Ans. 

4 


g6. and v he loth functions of and if v preserve the 
same sign while x varies from Xq to X, then we shall ham 

rx rx 

uvdx - XT \ vdx, 

J ^0 •/ i^/Q 

where XT is some quantity comprised between the greatest and the 
least values of u, betiveen the assigned limits. 

For, let A and B be tbe greatest and the least values of 
w, and we shall have, when v is positive, 

Av >m> Bv; 

when V is negative, 

Av < uv < Bv. 

Consequently, for all values of x between x^ and X the 
expression uvdx lies between and Bvdx^ and accord- 
ingly, if the sign of v does not change between the limits, 

'X rx i"X 

uvdx lies between -4 1 vdx and B\ vdx, 

which establishes the theorem proposed. 
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Cor. li f{x) and continuous for all values of® 

between tne finite limits ®o and X, then the integral 

[ f{x)dx 

will also have a finite value. 

Fo^ let A be the greatest value of f{x), and B the least, 
then f[x] dx evidently lies between the quantities 

F F 

A dx and B\ dxi 

F 

dx>B{X-x,) and < A(X - x^). 

97 - Taylor’s Tbeorem. — The method of definite inte- 
gration combined with that of integration by parts furnishes 
a simple proof of Taylor’s series. 

For, if in the eq[uation 


f{X + h)-f{X) 

we assume iJ? = X + A - 0, we get &; = - dz, and also 

J;ir F[^)dx - f[X + A - s) rfs ; 

•'0 

,/(X + h) -/(X) = fV(X + A - 

J 0 

Again, integrating by parts, we have 

J /{X + h-z)dz = zf (X+ A -2) + J 2/"(x + A - 2) dz. 
Hence, substituting the limits, we have 

£/(X +A -2) dz = hf{X) + f zf'iX + A - 2) dz. 

J 0 
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In like manner, 

j zf'(X+/i. - n)dz =^f'{X + h-z) +^jf"{X+h-z)dz, 
whioli gives 

|%/"(X + A-s) dz = ^f'(X) +|'‘^/"(Z + A- 3 )&; 


and so on. 

Accordingly, we have finally 


h 

/(Z + A) =/(Z) +^,r(Z) + +. 


. + 


- 


./(«-')(Z) 


rh »n-i 

+ (. 6 ) 

This is Taylor’s well-known expansion.* 

98. Meiaaiiider in. Taylor’s Thteorem expressed 
as a Belliiite Integral. — ^Let Bn, represent the remainder 
after n terms in Taylor’s series, then hy the preceding Article 
we have 

fJi' »n-\ 

i?„ = [/(«)(Z+A-.)^. (17) 

There is no difidotilty in deducing Lagrange’s form for 
the remainder from this result. 

Por, hy Art. 96, we have 



js”"’ d% 

2.3... (w- i) 


= TJ 


^ 

I . 2 . . . 


where TJ lies between the greatest and least values which 
li “ z) assumes while z varies between o and A. 


* The student vdll observe that it is essential for the validity of this proof 
(Art. 90), that the successive derived functions, should ho 

finite and continuous for all values of « between the limits X and Z + A. 
Compare Artioles 54 and 75, Calo. 
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-D- „ A.Tf vt; Di£E. Oalo. (since any value of 2 between 

h may be represented by ( i - 0) A, where 0 > o and < i ) ; 
■we have 

where 0 is some quantity between the limits zero and mity. 

go. Bernoulli’s Series.— If _ we apply the method oi 
integration by parts to the expression /(a;) we get 

I /(m) dx = xf{x)-^ xf{x)dx ; 

|^/(^) = -^/(^) " /(«) 

In like maimer, 

^ ^ i /ro (*) 


and so on. 

Hence, we get finally 

^yix)dx =f /(X) - ^^/(X) +^^r(X)-&0. . . . (i8) 

Compare Art 66, Difi. Oalo., where the result was obtained 
directly from Taylor’s expansion. 

100. jEJxceptional Cases in Befiaite Integrals. — 
In the foregoing discussion of definite integrals wo have sup- 
posed that the function /(d?), under the sign of integration, 
has a finite value for all values of x between the limits. We 
have also supposed that the limits are finite. Wo purpose now 
to give a short discussion of the exceptional cases.^ Tney may 


* The complete inYestigation of definite integrals in these exceptional oases 
is due to Cauchy. For a more general discussion the student is refeiTdd iO 
M. Moigno’s Calml Intkgral^ as also to those of M, Serret and M. Bertrand. 
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be classed as follows (i). When/C^!;) becomes infinite at 
one of tbe limits of integration. (2). When /(*) becomes 
infinite for one or more values of x between tne limits 01 
integration. (3). When one or botb of tbe limits become 
infinite. ^ 

In these cases, the integral ^^f{x)dx may still have a 

finite value, or it may be infinite, or indeterminate : depend- 
ing on the form of the function /(«) in each particular case. 
The following investigation will be found to comprise the 
cases which usually arise. 

loi. Case in wMcli/(a;) becomes infinite at one oS 
the liimits.— Suppose that / (*) is finite for all values of x 
between and X, but that it becomes infinite when « = X. 
The case that most commonly arises is where /[a?) is ot 

the form 7^^^, m which ^.{x) is finite for aU values 
(Jl ~ xy' 

between the limits, and n is a positive index. 

Let a be assumed so that ^{x) preserves the same sign 
between the limits a and X ; then 


^ \jj[x)dx 


'a 


\P[x) Ax 
{X - xf 


+ 


\p{x)dx 

ia{x-xy- 


The former of the integrals at the right-hand side is 
finite by Art. 96. The consideration of the latter resolves 
into two cases, according as n is less or greyer than unity. 

(i). Let n < I, and also let A and J? be the greatest 
and least values of 4 j{x) between the limits a and X : then, 
by Art. 96, the integral 

l^etween A L (X 

Moreover, since w < i, we have evidently 
-2: ax (X - a)'-^ 


■ £»)" 


f-* dx 


1 - n 


and consequently, in this case, the proposed integral has a 
finite value. 



i'6{) 


JL/O/C./t'C/Vt/ 


(2). Let » > I, and, as "before, suppose A and ^ the 
greatest and least Talues of ipifo) between a and X; then 


^ T p{x) dx ’between A 

,(x-^r 

Again, we have 


^ dx 


'X 

a 


{X-xJ 


and B 


r_ 

J.(x-^rr' 


C dx 

J (X^ 


{X-xY {n - i)(X - xf-'- 


Now 


becomes infinite ■when x = X, but has a 


(X-;»)“-^ 

finite Talne when x = a; consequently the definite integral 
proposed has an infinite -value in this case. 

When M = I, j ^ ~ becomes 

infinite when x = X ; and eonseq^uently in this case also the 
proposed integral becomes infinite. 

The iiiTestigation when f[x) becomes infinite for cr- 
follows from the preceding by interchanging the limits. 

102. Case where f{p}) becomes infinite between 
the liimits. — Suppose /(a?) becomes infinite when 
where a lies between the limits Xq and X; then since 



the inyestigation is reduced to two integrals, each of which 
may be treated as in the preceding Article. 

Hence, if we suppose f{x) = it follows, as in 

the last Article, that f(x)dx has a finite or an infinite 

j ^0 


Talne according as n is less or mi less than unity. 

The case in which /( jt) becomes infinite for two or more 
Talnes between the limits is treated in a similar manner. 



VCtse OJ Anjutbvuf^ 


For example, iE 

f{a^ = 00, f{a^) = CO, . . . /(«») = °°» 

where a„(h ■ ■ ■ He between the limits X and 5 then 

j^/(a:) f{x) d<o+Y^f(F) 

--".ol xJ^Se Xfeuppose the superior 

liinit i'to he infinite, and, as in the preceding discussion, let 

^ , V . .tx. i* 11 iTftlnaa 


y(,) be o(tt.e form where i. Silt, for 


of a?. 


As before, we have 

f /(ik) d^ = \ f{x)dx + [j {^) 

The intefliral between the finite Hmits x^ and a has a 
« wSe The mre.agaU<m of the oth«r mtegrd oon- 

“‘'(?f“Lef»™“S‘iletelbe the greoteet ralue of «.) 
between the Hmits a and oo, then 


is less than A 


r dx 
jm (*-«)“■ 


But 




a (x- a) 


I r _i ! ’ . 

)” n - I L(“ ~ 


The latter term becomes evanescent when = aocord- 

inely in this case the proposed integral has a finite value. 

^ In Hke manner it iscaW ^hat if « henof greats than 
imity, the definite integral 
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kas aa infinite value ; and consequently 

■“ i,{x]dx 
. « [x-af 

is also infinite, provided does not keoome evanescent for 
infinite values of x. 

Hence, tke definite integral 

I ip{x)dx 

has, in general, a finite or an infinite value according as n is 
greater or not greater than unity: 4>{x) being supposed finite, 
and iCj being greater than a. ^ tup 

If X become - oo, a similar investigation is apphcable; for 
on changing x into - x, we have 



in which the superior limit becomes oo. 

104. Principal and ©eneral Talues ot a Melinite 
Integral. — We shall conclude this discussion with a short 
account of Cauchy’s* method of investigation. 

Suppose/'(a:) to be infinite when x = a, where a lies be- 
tween the limits and X ; then the integral I / {x) dx is re- 

J»o 

garded as the limit towards which the sum 
[ f(x)dx 

Jzq tt+i/« 

approaches wheii £ heoomes evanescent ; jj, and v feeing any 
arbitrary constants. 


* This and the four following Articles taye been taken, witb some modidoa- 
tions, :6:0m Moigno’s CalculInUffral 
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This value depends on the nature of f{x), and maybe 
finite and determinate, or infinite, or indeterminate. 

If we suppose p = v, the limiting value of the preceding 
sum is called the principal value of the proposed integral ; 
while that given above is called its general value. 

For example, let us consider the integral — . 

J -Xq ^ 

limit 

.ive * J.^(, X} 

f- 


Here 


-^0 


log 




= l 0 £ 


Also, making a? = - s, 

^ _ P 

J-iCo ^ J‘ 

Accordingly, tke principal yalue of | ^ ^ is log ; while 


its general value is log 
n is perfectly arbib 
Again, let us take 


\(10 qJ 

The latter expres- 


sion is perfectly arbitrary and indeterminate. 

dx 


J-Xn X* 


dx' 


-Xq J 


But 


r 


dx 


I 

V£ 


X 


; and 


dx I 

J-aro 


I 


dx 

kv-'‘ 


limit 




I 

I 

I ’ 

VC 

z" 

^0- 


Consequently, both the principal and the general value of the 
integral are infinite in this case. 
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In like manner, 

dx ^ ^ I 

-T = limit of- 


j 2. 

2 Xj 


1 


x" « -^0 ^ / 

Hence the general value of the integral is infinite, while 

its principal value is 1 L\ 

zKx"^ X® I 

It may he observed that the principal value of 

dx 


j ^ is equal to 
‘'■^0 ^ J®0 ® 


orde^:le“ ^ 

For we have 

But 

0 JXq 

n.. 


£ 


(* 9 ) 


f{x)dx=^ \ "[fix) +f{-x)}dx. 

0 *'0 

Accordingly, if/(- x) = -f{x), we get 

r^o 

"" /(ij?) dx = o. 

hav^^^’ ii‘^(~‘*’) =/(*)> ’w-e 


r®o r®(| 

J ^ f{x)dx^z\^ f{x)dx. 


"^0 JO 

n i Mefinite Integral The difference 

between the general and the principal value of the integral 

reprSedty^® commencement of the preceding Articfe is 

Ca + ft.e 

f{x)dx, 

Ja + pe 

in which/(o) = oo, and s is evanescent. 
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Sueli an integral is called by Oanohy a singular definite 
integral^ in which, the limits differ by an infinitely small 
quantity. The preceding discussion shows that such an in- 
tegral may be either infinite or indeterminate, ^ ^ . n . 

io6. Infinite liimaits. — If the superior limit be infinite, 

1 

we regard f f {ce) dx as the limit of f y (^r) when s becomes 

evanescent. 

X 


Also 



dx = limit of 


^f{x)dx when e is evanescent. 

fx.e 


In the latter case the value of the definite integral when 
ju = V is, as before, called the principal value of 


f{x)dx. 


In this we assume thaty(ir) does not become infinite for 
any real value of x, 

107. Exanaiile. — Suppose to be a rational algebraic 

fraction, in which /(sr) is at least two degrees lower in than 
F{x), and suppose all the roots of F{x) =0 to be imaginary, 
it is required to find the value of 




dx. 


From the foregoing conditions it follows that cannot 

become infinite for any real value of x : accordingly the true 
value of the integral is the limit of 


I 



when £ vanishes. 
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To find tlds value, suppose decomposed l>j ilte me- 
thod of partial fractions, and let 

A- i _ A B eV- i 
^ and — 


X - a — “I X - a b^/ - i 
te the fractions corresponding to the pair of conjugate roots 
a + b^/- I and a - be / - i, of F{x) = o ; 
then the corresponding quadratic fraction is the sum of 

A - By^- I A + Be / ~ I 


j- . , 

X - a — be/— I cc ^ a + by — i 
2A {x- a) + zBb 


1. e. 


2 Bbdx 


{X - ay + 


Cvs 


- afi + 

zBbdx 
{x - afi + W 




X ~ a 


= 2TtB when « vanislieB. 


Also 


2A (x - a)dx 

(x -afi + b^ ~ » 


I 

2 A(x - a)dx _ jju' (i _ avsfi + 5®vV) 

“ (■* - (v“ (i + a^isfi + 


= 2 A log^, when « = o. 
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X 

T-T {zAix-a)^ 2B]dx 

ILe 


2 J.logr^ 5 :^ + 2ir JB. (20) 


Now, suppose Fix) to be of the degree in in. and let tbe 
values of A and JB, corresponding to the n pairs of imaginai'y 
roots, be denoted by • . . - 4 ^, and Si, S25 • • • S^, re- 
spectively ; then we have ^ 

* 

J = 2 (^1 + + . . . + A) log Q 

IM 

+ liriBi + S3 -h ... 4 - Sn). 


Again, since /(i») is of the degree 2^^ - 2 at most, we have 

Ai + A% + . • . + An = o. 


IFor, if we clear the eq^nation 

fip^ 2-4i (iT *“ <^i) •+ sSi&i ^ lA^l^X — On) 4~ iBn^n 

[X’-aif ^ ** [x-any-^by{ 

from fractions, the coefficient of a?'"-’- at the right-hand side is 
evidently 

2 (- 4.1 + Az + . . . + An ) ; 

which must be zero, as there is no corresponding term on the 

other side. ^ 

Accordingly we have, in this case, 

f“ ^ dx = 27r(^i + J?. + . . ■ + B^). {21) 


• It way be obsewa that wboa f(x) is but one degree lower than Fix), 

the pi-hicipal valm of j is sfUl of the form giveu m (21). 
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We proceed to appljtHs result to an important example. 

Talne when m and n are Positive 

Integers, and n > m. 

Let « be a root of re» + . . aad, by Art. 37, we ha™ 


A-Sy~,.^ a 

2^a^w-i 


, 2 m+i 

2n 


Agam, by the theory of equations, a is of the form 

(2.5:+ i)^ 

2n ■ + ^ 2 ^ > 

in which k is either zero or a positive integer less than n ; 


•• a“'»«=cos(2/i+ i)6». 


I sin { 2 k + i) 0, 


where 


0 = 


{2m + 


I TT 


2n 


TTfinncb 7> sm(2A+ i)0 

^ 9'Ccordiiigly we have 


To find this sum, let 

S = sin0 + sin30 + . . . + sin(2w- i)0; 
then ^ 

2fSsin0 = 2sin’“0+2sin0sin30 + . . . + 2 sin 0sm (2« - i)0 

= 1 - 00820+008 20-003 40+. . . + oos(2W- 2)0-OOS2«0 



r“ 

Value o/J ^ j ^ 
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Accordingly, we have 




I 


^^sm 


. ( 2 m+ i) tt' 


zn 


Hence, hj {ig), 

X^^dx I r Oiy^'^dx TT 


p X^^dx __ I p X^^dx _ TT I 

] „ 7T^ ° 2 J 1 + " 2» sii, 

zn 


( 22 ) 


We now proceed to consider the analogous integral 
r og‘‘«^dx ^ g^g before, are positive integers, 

Joi 

and n>m. ^ ^ 

r ^ 

109. Investigation of J ^ 

We commence hy showing that 

dx 

This is easily seen as follows : 

f ^ V dx , r ^ 

J„i-aJ^ "Joi 

Now, transform the latter integral, hy making x = -, and 
we get 


p dx 

1 

0 

1 

1! 

*■* 

dx 



ol-S* . 



, 0 ^ 


dx 


:= O. 


Again, proceeding to the integral 
r“ x^^^dx 
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T- S.Td at at * “■* ' "“'y “‘1 «t 

in the de“ m“a*n ^ 


gam 


:1S 


n{i-^y 

Consequentty, the part of the definite integral which com- 
spends to the real roots disappears. ^ 

i® method of Arts 107 

and 108 apphes to the fractions arising from th^^^ - “0^ 
of imagmary roots, and accordingly w i pairs 

. I - ai’'“ + • • • + -®«-i)> 

where 5 ,, hay© the same signification as before 

Again, smee the roots of - i = 0 are of the tom 


COS • 


Tctt 


- I sm 


hi 7 


it follows, as in Art. 108, that 




2 n 


[sin20 + 8in40 + .. . + sin2(«- i)0J, 


where fl_ + i)n- , „ 

Proceeding as in the former case, it is easily seen that 
sin 20 + sin 40 + ... + sin 2(w - i)0 
^ cos 0 — cos {271— l) 0 2771 + I 

— = cot TT. 


Hence 


2sin0 


r* ^ 


2n 


TT ,2m+l 
cot TT : 


n 


2n 
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Again, if we transform (22) and (23) loj making = s 
and a = — — — , we get 


2n 

_ TT 

„ I + 25 sinaTT^ 




= TT cot air. 


(24) 


The conditions imposed on m and n require that a should 

be positiYe and less than unity. _ , . , n ^ n 

MoreoYer, since tlie results in (24) kold for all integer 
values of m and n, provided n > m, we assume, by tJie law ol 
continuity, that they hold for all values of a, so long as it is 

positive and less than unity. , . 1 j* 

1 10. The definite integrals discussed in the two preceding 
Articles admit of several important transformations, 01 wnion 
we proceed to add a few. 

For example, on making = s" in (24), we get 


du 


air 


oi+e(» sin^TT 


du 
J 0 1 — 


= w cot ait. 


If i = r, these become 


r dll ^ Tt_ f _ 

J 0 I + W’’ . tt’ J 0 I 

“ rsin— 


du 


It . TT 

= — cot 


(25) 


where r is positive and greater than unity. 
Again 

f" x^dx _ f !d‘dx ^ [“ x”'dx 

Joi +«“’'Joi + 0 ^ ^ Ji- 


I + 


Now, if in the latter integral we make a; = -, we get 


p of'dx 

]iT+^ 


z'~^dz 

, xTT? 


'' x'~^dx ^ 
0 1 + cd* 


_ p af' + ar" 
“ Jo I +2!’' 


(? 6 ) 
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Moreoyer, from (22), when n is less than unity, we have 


Accordingly 


^ + 0?"" dx 

0 ce + x'^^ X 


In like manner, it is easily seen that 


^ x'^ - x'^ dx 7r , mr 

~~L IT — = tan — . 

^ X - x^ X 2 2 


It should he noted, that in these results n must he less than 
unity. 

Again, transform (28) and (29) hy making x = and 
nir = a, and we get / ^ 


.d%-- seep J ^ dz^- tanp (30) 


We add a few examples for illustration. 


Examples. 




J 0 + fl 2 ) {x^ + 


” 2 ah {a + h)* 


r dx 

J 0 I - 


r 2 

4. ^ where n lies "between + i and ~ i. ,, 
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f ^ ^ + ^ '«rliere « > «. 

« !e.m + 


! 

>• i 


^ ^TTX fi-TT* 

° -I- 


dx. 


mir 
2n cos — 

2n 

a h 

2 COS - COS -: 
2 2 

cos<f+ cos&‘ 
sin 5 


cos <a^ + cos h 

j Q e'n-x — 

It BloTjld le olDseryed, tliat in these we must have a + J < ^. 

8 . Hence, when i < *. prove that 

/ a «a\ 


»co 

^ix _L e-ix 2 

— cos axdx=^^^ 

0 

fftrx 4 - 6 ” 7 rx 


[“ 

qIx 

cos axdx^' 

Jo 

g 7 r» — 

i 

„ 

qIx 4 - 

sin am dx = 

Jo 

QTCX 4 - e-TTX 



“ S"" 


)o 

1-2 



Ices I 


f 4- 2 COS 6 

sm& 

+ 2 COS b 4- 

1 e« - 

2 + 2 cos ^ 


1 

uiiis. TT cot ttir — 


JO * 

i»-nv>..»n*i-iiinu of »cli»i*e Integi-als. — It is 

the sign of integration appbe -i* -fg integration are 

we au. 

^®”o^raoooimt of the importance of this principle we add an 
“Xpot ftfdonll^^^^^ mtegralin question, i.e. 

let 

u = 1 a)dx^ 

J a 

where a and h are independent of a. 

To and ~ let Aw denote the change in w arising from the 
.h„,ge i. ^ ; then, mce the We ax. imalteied, 
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Atl = 

j 

f a 

Am j 


A^"J 

a 


<p(x, a + Aa) — ^ (ce, a) 


Aa 


dx. 


Hence, on passing to tlie limit, ^ we have 
du _ (x, d) ^ 

7 ' "" I ^ (XCOm 

da Ja da 

_ Also, if we differentiate n times in succession, we ob- 
viously have 

r^d’‘^((e, a) , 
da” J„ da” 

The importance of this method will be best exhibited by a 
lew elementarj examples, 

1 12. Integrals deduced by mfrerentlatlon. — If 

tne equation 


I, 


e-^die = - 
0 a 


be differentiated n times with respect to a, wo get 

»CD 

sP’e-^dx = L- ^ - 3 ■ ■ - n 

J 0 » 

as in Art. 95. 

Again, from the equation 

r da> _a-i 

Jo + a 2 ai’ 

we get, after n differentiations with respect to a, 

dx 


[0^ + ay 
whidb agrees -with Art. 94. 


5 ^ * 3 ■ 5 ■ * > {^n i) I 
22.4.6.., zn ’ 


ia refoixed to Bertraria'a 
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if ^6 tsik© o ajid oo for linoxts in tli 6 intogxflls (23) 
and (24) of Art. 21, we get 

r" a f” . 7 ^ /• \ 

1 ^ e-“*cosOT!i>& = ^r^„ e-^smmxdx = ^^^^,. C31) 

Now, differentiate eaoli of tkese n times witli respect to a, 
and we get 

e~<-‘x-oo^rmcdx = (- 

_ I n .cos(?^ + i)0 

— n+r"> 

(a* + m^) * 


r“ . , |«.sin(w+i)0 

e-®’«“sm>wa;aic = 1= jrr"> 

° iff -i- nd') ® 


(32) 


where »w = « tan 0. (See Ex. 17, 18, Difl. Oalo., pp. 58, 59-) 
Next, from (24) we have 


r dx , 

I = 73- cot dTT. 

Jo I-i*? 

Accordingly, if we difEerentiate with, respect to a, we have 

r^ar-l X (^x TT* 

• .9. „ • 


log 

.0 I “ 


Brnrair 


Again, if the ©(ination 



he transformed, hy making y= ^ ^ it evidently gives 


dx i 

(a + hx)^^ ”” mlf'^ 

[10] 
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Now, differentiating with, respect to we have 

r I 

Jo {a + n{n + i)a^b^' 

If we proceed to differentiate m - i times with regard to 
a, we have 


af^^dx 1 . 2 . 3 . . . i) I 

^0 (<2 + hxY*^ n.(n+ i)(n + 2) . , . (n + m - i) * 

1 13. By aid of the preceding method the determinatioiiL 
of a definite integral can often be reduced to a known integral* 
"We shall illustrate this statement by one or two examples. 
Ex. I. To find 

f’^logfi + sin a coax) _ 

I " "" ax. 

J 0 cos X 

Denote the definite integral by and differentiate with 
respect to a ; then 


^ - r cos adx 
da J 0 I + sin a cos a? 


TT (by Art. 18). 


Hence, we get 

dx log (i + sin g cos x) 


r 


coax 


= 7ra. 


aloi^^th^^^^^ ^Idcd since the integral evidently vanishes 


Ex. 


2. 


In this case 
du 


' oc 

J 0 


^-ax 

X 


dx. 


du r' 
dm - J, 


cos mx dx = 




dm 
+m' 


= tan“’ 


'(5> 


No oonslaait is added since « vanishes with m. 
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Ex. 3. Next suppose 


•" log(i 

. I + 


dx. 


Here 


du f" zax^dx 


I 

a? - h- 


” zadm 
D TTWa? 


zadx 
I + a?'x^_ 


I (a \ ^ . 

~a^-h'^\b b{a + b)' 


... =flog(«+J)+ coast. 

h]a+b b 

To determine the constant : let a = o, and we ohviously 
have u = o. 

Consequently, the constant is ~ ^ log 


f” log (i + a^a?) j IT , 


a + h 
h 


The method adopted in this Article is plaidy; equivalent 
to a process of integration under the sign of integration. 
Before proceeding to this method we shall consider the case 
of differentiation when the limits a and b are Motions of 
the quantity with respect to which we differentiate. 

1 14 Bifferentlation where the T®" 

riable.-Let the indefinite “t^gral of the egression 
a)dx he denoted by Fix, «) ; then, by Art. 91, -we have 


fS 

; s= (ji{x, a)dX ■ 

ia 


.Fib, a)-Fia, a); 


db do 

[10 a] 
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_ dF{a, cl) 


dx 


da 


= -<p{a, a). 


Again, tatog the total differential coefficient of u re- 
garding a and b as functions of a, we have 

— = f , <iu db dm da 

do, Jo da db da da da 

Jo da (33) 

By repeating this process, the values of &o., can 

be obtained, if required. ^ ^ 

w = j a)dXf 

Sr87*\h^*® independent of a, it is obvious, as in 


J uda = Q ,p(x, a) da 


dx, 


dei^nwT limits in both oases, 

it vre denote the limits of a by a„ and a„ we get 


rudaMr^(^,a)da 

J“0 J«LJa<, 


dx, 


lao[l * = jo[ r (^4) 

This result is easily written in the form 
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These erpiessions axe called double definite integrals, 

TOllTSSre integrationB ™th Ksp.«t to two vmoUe., 

taken between limits. 

It may be observed that tbe expression. 

<p{x^d)dxda 

is bere taken as an abbreviation of 

1 TI 

in ^Hoh the definite i^te^al between the 

nosed to be first determined, and the result atterwaras 

inteerated with respect to a, between the hmts a,, and oi. 

fhe principle* established above maybe otherwise stated, 
thus : In the determination of the integral of the expression 

<p{x, (Ijdxda 

between the respective limits Xo, »i, and ao, ai, we may effect tlw 

tte geometrical «' 

^We^ow proceed to illustrate the importance of this 

™..r SI.- 1- 

Ex. I. Erom the equation 


we get 


I 


03*“^ dx = 


n ai da n f o.t\ 

-=iogy. 

ao 


I, .«.a « 

,««. ,01 M ttat <1. 

-■r.Tnr1flR here giyen are exempt from. Buch failure. 
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Hence 


Hence 


p ^ao-1 / X 

J„ log® 

Again, if we make ® = e-* in this equation, we get 

Jo — 7— 

Ex. 2. We have already seen that 
J e'“*cosm®cfe 


a* + w?’ 


[ [ e-'^dtA cos mxdx = f"' 

J 0 J Lo, J J j(2 + JJ2 


= ilog 


or 


r 


+ 

ax + fn‘ 

a} + mV’ 




oos«^®^?® = Ilog('f!LJl^'\ 


Ex. 3. Again, from the equation 

J" 0 




m 


we get 


e'^mimxdx^- _ 


f f "e^sin = 

•'“o J«„ a* + »»’“’ 




sm = tan''^ 


-i: 

CoiMare Ex. 2, Art. 113. 

« H we make ao = o and ai = 


obtain 


aq - 00 in the latter result, 

r“ smmx 
Jo X ^ 


IT 

2 


we 
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Valm o/j 
Ex. 4. To find the value of 

Denoting the proposed integral by h, and substituting 
ax for X, we obviously have 


I 

-i: 


e~^’‘’^adx = k; 




Hence 

But 


Hence 


I I e~'^'‘^^*^^adadx = h^ e'°^da = 
*'2 j„I+** 4 


= A = - a/tt. 
, 2 


le. 


(36) 


This definite integral is of considerable importance, and 
several others are readily deduced from it. 

1 17. Eor example, to find 


Here 


(A) « = 


e ’^’‘dx. 


du 

da 


dx 

e a—:. 


Again, let s = -, and we get 
»c 
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1 / ^=Jo' 

du 


e *Vs = u 


da 


= - 2 w ; hence u = 


To determine (7, let = o, and, hy the preceding example, 


u hecomes 

2 

Consequently 


i: 




= 




(37) 


Again, to find 

(B) w=|^e-“”*=cos25:Bib. 

Here 


dv, f‘ 
db~~^]o 


e‘“”*"oos zbxxdx. 


But, integrating by parts, we have 

2 [ sin zlxxdx = - + ± f 

a® a^] 


Hence 


sin ilxxdso = — 
0 a® 


e"®“®“oos zhxdxi 
COS ihxdx. 


— =:_i^ 


Henoe „ = (7g'7«. 

Also, when 5 = o, « becomes ^ ; 


-i: 


la 

g-aaa;»r COS 25a;rfil? == 

la 


( 38 ) 
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Again, if "we differentiate n times, -with respect to a, the 
equation 

i:- 


Jo 2 a/ a 


and afterwards make a = i, we get 

I . 3 . 5...(2w-j) y- 




( 0 ) f: 

Next, to find 

(D) 

We ok-viously have 


coBmxdx 
+ x^ 


Tcos 

Jo~ 


aW 

a = — 

Jo ^ 


+ X‘ 


-i:) 


COS mxdxda = 


.2 ’ 

" Goswxdx 
0 I ' 


But, hy (38), -we have 


2 COS mxdx = e" 

a 


Hence, loj (37)> 

r* cos 

Jo ~ 


ia^da 


r cos 
Jo ~ 


Gos mxdx 




ooQmxdx __ TT 
+ 2 


(39) 


Again, differentiating -with respect to m, we obtain 

xsmmxdx ^ (40) 


i: 


I + 
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- 1 
'■ i 


g-flf* 4 . 0-ax 


Q 

1 a;a-l + sra. dx 


xdx. 


I a 

Aits, -see--. 
4 2 


J 2 I X X 
when a > 0 and < r. 


1*1 gg + s-g - 2 ^g 
Jo 1—2 log g* 

IT 

f ^ log (l + COS 0 cos x) 

J 0 cos ri? 


f 

Jo I + 

r“ &maQdd 
J 0 etrO — d"ir0' 


\sm aTT/ 
r / TT* \ 

,, TT . 


. rv 
„ sm — 

TT® 2 

^ cos-^-- 


I - I 
4 ea + 1* 


118. The values of some important definite integrals can 
be easily deduced from formula (31), Art. 32. 

Tor example,* to find ^ • 32- 

TP 

I* log (sin d)d 9 . 

Here log (sin 0 ) dS = j* log (cos 0 ) dB. 

Hence, denoting either integral by u, we have 

IT 

2u = {log (sin B) + log (cos B ) } dB 
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= log (sin 2B)dQ - - log 2. 

Jo 2 

Again, if 2 = 20 , we have 

«• 

I 'log (sin 2B)dQ = - log (sin z)dz 

Jo 2 J 0 

V 

1 fz , I 

= - log (sin z)d% + - log (sin %)dz ; 

2 J 0 2 j ^ 

2 

but, since sin (tt - 2) = sin 2, 

TT 

f ^ • f ^ 

log (sin 2) (^2 = log (sin 2) dz, 

J IT Jo 

2 

Consequently 

JT n* 

|'log(sin 2 fl)c?fl = I log (sin ; 

IT 

^ log (sin 9 )d 0 = log (2) . 

Jo 2 

I 0 log (sin 0 )c? 0 . 

I 0 log (sin 0 ) ^?0 = I (tt - 0 ) log (sin 0 )(^ 0 ; 

I’" fllog (sin e)d9 = (sin^)^?6l = - j log (2 

1 19. Tlieorem of Frullanl. — To prove tliat 

r tw^*.*(o)iog( 5 ). 


Again, to find 


Here 


(41 


)• 
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Let u = 


dz ; substitute aof for z, and we get 


■I 


n> 

'a(j^(a(xi) - (j){o) 


dec. 


If we substitute b for a^ we get 






» n 

U ^{ax)dx ^ p(p(hx)dx 

Jo Jo ec 


- = 0(o) 


h 

(adx , V , b f . 

- = ^ o)log-. (42) 

Ti X a 


Hence f ^ _ f ^ (ojw 

Jo X jh ^ y\ J & 

a 

If we suppose A = oo, ’ive get 


/5\ 

dx= ^(o)log - , 


(43) 


(44) 


provided 


p 

u 




dx^o when ^ = oo. 


Per example, let ^(z) = 00s a;, and, since the integral 


p COS bx 
J!l 


dx 


evidently vanishes when A = 00, we have 


i: 


cos ax - cos AiV , , 5 

^ <Ar = log-. 
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Mlani’s theorem plainly fails when 
definite limit when x heoomes infimtely great._ The fomuiae 
can he exhibited, howeyer, in this ease m a simple shape, as 
was shown hy Mr. E. B. EUiott. 

Eor, in (42) let h = ah, and it becomes 

|a <^{ax)d^ _ 1“ f[hx)^ ^ ^ (45) 


As-ain if <i.(oo) denote the definite value to wMoh <t>{ax) 
mdetait*. a.n 

mfinite we may substitute <t>{<x>) mstead of <p{hx) 
integral 

1 A X 


n 

i; 


~dx ; 


in which, case it heoomes 

a 

On rnnhing this substitution in (43) j vsre g®^ 

I" gx = |^( 00) - ^(o)j (46) 

Eor example, let (l>{ax) = tan-H««) then we have ^(o) = o, 
and ^(00) = “• 

Accordingly we have 

C" tan-' aa: - tan"' Sa* ^ ^ E f ^ = I log f 
„ X 2]tx 2 \bj 


. 7 /n* T9-, e TTia atudent Will find some remaxkaMe exten- 

^ Mucational Times, 187 5 . 1 ^® TnlAfirals bvMr. Elliott, 

Mr. Lendesdorf, intlie same Journal, i» 7 »- 
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iig a. Remainder in Ijagrange’s Sferies. — We next 
proceed to show that the remainder in Lagrange’s series 
(DifE, Calc., Art. 125) admits of being represented by a 
definite integral. This result, I believe, was first given by 
M. PopofiE (Comptes Rendus, 1861, pp, 795-8). 

The following proof, which at the same time afEords a 
demonstration of the series, of a simple character, is dne to 
M. ZolotareflE : — 

Let z ^ X + g (p(z) ; and consider the definite integral 


{g^(u) + X - u}^F'(u)du. 


LifEerentiating this with respect to x, we get, by (33)? 
Art. 1 14, 


but 


If in this we make ^ = i, we get 

s, = F{z)-F{x)-, 
Fiz)=F{x)+y,j,{x)F{x) + ^. 
In like manner, making n = 2, ve have 


2s, = p^<j,ix)}^F{x) + 2■, 


d 


‘ dx 1 . 2 dx 
Substituting in (48) it becomes 

F(z) =F(x)+^^(x)F(x) + -^^ 

I 1,2 dx 


{0(^)r + -i 


_ d^ 

2 dx^’ 


(47) 


(48) 


Again, 


[m^F'ix) 


I d^Si 

1.2 dx ^' 
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I 2 

T72 da? ' I - 2 .Ida? 


\[<^ix)YF'{x) 


d^s-i 


1.2.3 dx^ 


I . 2 


ws^i = (®) + 

/ 7 - 7 .W -1 I . 2 . . .^^ 


”7 .^^ I . 2 . . . ^^ 


Hence we get finally 


d^Sn 

TTTTTTn dx^ * 


qj ?/ ^ 

i?^(is) = JF(a?) + Y I 72 dx 


.(£ 


\{x)YF'{^)] 

I' {j/<t>{u) + x-ufF'{u)du. 


(49) 

■ rTTT^v^; jx ^ ■ 

Comequ.Bayth.r«a»i»L“S^8»’“'“«“**™>'“ 
”'■ W?Spro»«“%“S’ . gmeid <iU.». of Do&Bte 
IntegmlB «vst 

b'S= 

the «rfts "riw'l.f. to^STuBiit. of »! 

It would be manifestly p oTretcli of the results 

elementary treatise to giTOm^^ Enlerian 

w ■“ .:4E XigSr- 

Sr««£o% E^sSpi^^“^ “ ”“®‘“ 

^ CSoto If ae EolerUB 

Second, have been given already m Axt. 95- 
The First Enlerian Integral, viz., 


I' iK”*-i(i - <fo, 


ia evidently a funotion“of its two parameters, m and ; it is 
usually repesented by the notation B{m, n). 
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Thus, -we have by definition 
1 

- B{m, n) 

0 

.00 

e^o(P-^dx = r(j?). 

0 

The constants are supposed in all oases. 

It is evident that the result inequation (14), Art. 95, still 
holds when ^ is of fractional form. 

Hence, we have in all cases 

T{p+ i)=pT{p). (51) 

This may he regarded as the fundamental property of 
Gamma Functions, and by aid of it the calculations of all 
such functions can be reduced to those for which the para- 
meter^ is comprised between any two consecutive integers. 
For this purpose the values of r(p), or rather of log r{p)f 
have been tabulated by Legendre* to 1 2 decimal places, for 
aU values of p (between i and 2) to 3 decimal places. The 
student will find Tables to 6 decimal places at the end of this 
chapter. By aid of such Tables we can readily calculate the 
approximate values of all definite integrals which are re- 
ducible to Gamma Functions. 

It may be remarked that we have 

r(i) = i, r(o)=oo, r{-p]<=Qo, 

p being any integer. For negative values of p which are 
not integer the function has a finite value. 

Again, if we substitute zx instead of Xy where s is a con- 
stant with respect to a?, we obviously have 

(52) 


(50) 


* See TraiU des Fonotions EUiptiqueSf Tome 2, Int. Euler, chap. 16. 
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Expression for B {m, n) . 

■With respect to the First Eulerian Integral, we haye 
already seen (Art. 92) that 

j' (i - dx = - *)“■' ; 

B (m, w) = jB (^, m). 


Hence, the interohange of the constants m and does not 
alter the Yalue of the integral. 

Again, if we substitute ^ for a;, we get 

ri r” V’^^dy 

H»oe <-> 

We now proceed to express B (m, n) in terms of Gamma 
Functions. 

12 1 . To prove that 


B (m, n) = 


Tim) r(w) 
r(«»+«) ’ 


From equation (52) "we have 

r(OT)=j 

Hence 


r(OT) 




[i: 




■z(l+fl;) g*n+n-i^2 C^O?. 


0 LJo 
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But, if s (i 4 - 07 ; = y, we get 


if* , , T(m + n) 

- (TTig=l. ■ JTTT^' 

/ , , . , . f" x^~^dx 

r. r{m)r{n)^rim + n) \ 


Jo (I+O?! 


Accordingly, by (53), we have 

, r{m) r{n) 
B (m, n) = V' — 

^ ^ r (w? + ^) 

Again, if m = i - we get, by (24), 

, V V f" 


r 0?”' 

r{n) r(i~^) = J^ ^ 


+ 0? sm wtt 


If in this w = -, we get 


r(i) = y;;. 

This agrees with (36), for if we mate o?® = s, we gel 


= ' 


Again, if we suppose in the double integral 


II 


and y extended to all positive values, subject to the condi- 
tion that 07 + y is not greater than unity ; then, integrating 
with respect to y, between the limits o and i - a?, the 
integral becomes 

- r <^Hx - xYdx - - + 0 r ( . . 

.•• f [ a;”*"* dxdp = ^ ; (57) 

JJ ^ ^ r(w+^ 4 *i)’ 


in which x and y are always positive, and subject to the con- 
dition a? + y < I. 
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122. By aid of tlie relation in (54) a number of definite 
integrals are reducible to Gamma Bunotions. 

For instance, we have 


f y”^-^dy 
.(I +2/r 


p y”'-'-dy r f'-di 
‘'"’0(1 + 2')”*"" +2/) 


,OT+?i* 


Now, substituting - for y in tbe last integral, we get 

tC 

f” y”'-'^dy _ _f^d!x 

. 1 (i + yY^ ~ J 0 (i 


Hence 


+ a!)“«‘ 

f ' _ r(m) r(w) 

J 0 (i + ^ ~ T(m + n) ' 

b' 


Next, if we make a; = we get 


af^^dx 

oPTip* 


= a* 6“ 


y”‘~' ^dy , 

\m^n ^ 


0 {ay + h) 


f" y”^^dy _ T{m) r(w) 

Jo(ay + ^'P " 

Again,* let x = sin" 0 , and we get 

TT 

I ' a)’"-' ( I - dx= 2^ sitf”*-' B oos'”“^ 9 dO ; 

fl . „ r(m) r(n) 

••• j^sin*'»-‘ecos^»-‘e<^0= 

This result may also be written as follows : 

'P 


r r ^ 


O' 


(58) 


(59) 


(60) 


(61) 


* These results may he regarded as generalizations of the fonmilm pren m 
Arts, q ? 04. to -which the student can readily see that they are reducible -when 
tlie indicJes are integers. 
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If we make g' = i, we get 

TT 

IT 


siD?-^ede= 

0 2 


rl 


p + 1 


\' 


(62) 


Again, if ^ in ( 6 i) it becomes 


7^ 7^ == I 0 cos^"^ QdO = sia^"' 2 6 dO. 

^{P) Jo 2^-\o 


Let 2 O = z, aad we have 


26 dO 


r 


*^^zd 2 


Hence 


rf^)r 


p + 1 
2 


1 

2 

i> + I 




If we substitute 2 m for p, tbis becomes 

■v/ TT 


Again, make p = tan “0 in ( 59 ), and we get 
sin’’®-' e cos’®-' 0 d9 . r{m) r{n) 


i: 


0 {a sm ^0 + b eos^ 0 )^^ ” za”^ b^r(m + w)* 

123 . To find tlie Talue* of 

n - i> 


/l\ / 2 \ /^\ 

r ~ r -IF p) . . . r 

\nj \nj \nj 
n being any integer. 


n 


(63) 

(64) 


* This important theorem is due to Euler, by whom, as already noticed, the 
Gamma Exmetions were first investigated. 



166 


Value of 

Multiply the expression by itself, reversing the order of 
the factors, and we get its square under the form 

that is, by (55), 

_____ 

(n — i) TT* 


n 


. TT . 27r . 3^ 

sm — sin — sm — ... sin - 
n n n 'tv 

To calculate tliis expression, we have by the theory of 
equations 

I - 




TT \f 27r A ( (n-l)7r A 

I - 2£»C0S~ If I “2ir00S— .( I -2iJ?COS‘ — i-x I 

Making successively in this, x - j, and a; = - i, and re- 
placing the first member by its true value n, we get 


/ . TT 

= 12 sin — 
\ 2 n 


. 27rV / . (n - i)xY 

2 sm — ) ... 2 sin — : 

291 J \ 291 J 


TT Y 27r 

= ( 2 COS 2 COS - 

29lJ\ 291 


2 COS 


{n — I ) TT Y 


291 


whence, multiplying and extracting the square root, 

„ , . TT . 27r . “ i)7r 

n = 2””^sin — sin — ... sm . 

n 91 n 

Hence, it follows that 


n-l 

2 


UJ W" V « y wi • 


(65) 
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124 . To find the values of 


e““*cos bxx'^^dx, and 


e~®®sin hxx'^'-dx. 


If in ( 52 ) a - 6 v^- i be substituted* for % the equation 

rvm/ia 


becomes 


P 00 _____ 

I ^ 1{m) ^ r {m) {a + b^~ i)” 

{a-b v/~i}® {a^ + J 2 )*» 

Let «=(«= + pf cos 9, then 5 = + b^f sin 9, and the 

preceding result becomes 


c-“*(cos + ^- I sin hx)aP^^dx 


Vim) . ^ . — 

;; (cos 6 + v/- I sin 6)^^ 

{a^ + hf 

Vim) , _ . — . 

^ (cos ^0 -f v^- I sm m&). 

{p? + ly 

Hence, equating real and imaginary parts, we have 

6“'^^ COS hxx^^~^dx = 

. 0 


i: 


(a* + bj 
6"“® sin bxx‘^~^dx = - 

m 

{a?+b^f 


cosotO 


sin m9 


( 66 ) 


in which 9 = tan'^^-^. 

If we make a = o, 9 becomes and these formulae become 
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, , , V(m\ mir “>1 

cos dx = — cos — , 

0 2 I 

• 7 1 7 r* (m) . mir 1^ 

sin hx x^'^^ dx = - sin — J 


It may be observed that these latter integrals can be ar- 
rived at in another manner, as follows : — 

From (52) we have 




r {n) I = J cos h% x^'^dx dz. 

But, by (32), we have 


cos bz dz 


+ 0?^ ■ 


cos hzdz I r * 0?" c^o? 

2^* "" r(^)Jo 




in which n must be positive and < i. 
In like manner we find 


sin bz dz _ b^^ tt 

2** ~ r (t^) - nw 

^ 2 sin — 
2 


The results in (67) follow from these by aid of the relation 
contained in eq^uation (55). 
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I. j 




Jo (<f + ic) 
3. Prove that 


, , fm + I 

r(p + i)r 

Ans, — 

/ m+ i\ 

Tim)T(n) 

” ««(l+fl5)»wr(w+ ^2)* 


4 * 


p ^ dx TT 

f eo 3^ 

COS (^2:”) dz. 


T(n + l) cos 



bn 


5 - 


dx 

0 «\/ 1 — 


6 


BIB lx , 



X 



a 


TT 

2' 


123. Ifumerical Calculation or Gramma Func- 
tions. — The following Table gives the values of log T(p), 
to six decimal places, for all values of p between i and 2 
(taken to three decimal places). 

It may be observed that we have r(i) = r(2) = i, and 
that for all values ofji? between i and 2, r(jo) is positive and 
less than unity ; and hence the values of log F (p) are negative 
for all such values. Consequently, as in ordinary trigono- 
metrical logarithmic Tables, the Tabular logarithm is obtained 
by adding 10 to the natural logarithm. The method of 
calculating these Tables is too complicated for insertion in 
an elementary Treatise. 



Log r(?p). 


p 

0 

1 

2 

3 

4 

6 6 

7 

8 

9 

1. 00 

1.01 

1.02 
1.03 

1.04 

1.05 

1.06 

1.07 

1.08 

1.09 

1. 10 

1. 11 

1. 12 

1.13 

1.14 

1. 16 

1.17 

1. 18 

1.19 

1.20 

1. 21 

1.22 

1.23 

1.24 

1.26 

1.27 

1.28 

1.29 

1.30 

1.32 

1.33 

1-34 

1.35 

1.36 
1-37 

1.38 

1-39 

1.40 

1.41 

1.42 
1-43 

1.44 

1.45 

1.46 

1.47 

1.48 

1.49 

9.997529 

5128 

2796 

0533 

9.988338 

6209 

4145 

2147 

0212 

9-978341 

6531 

4783 

3096 

1469 

9.969901 

8390 

6939 

SS44 

4205 

2922 

1695 

0521 

9.959401 

8335 

7321 

6359 

3449 

4589 

3780 

3020 

2310 

1648 

1035 

0470 

9.949951 

94SO 

9054 

8676 

8342 

7808 

7608 

74 Si 

7338 

7262. 

7240 

7254 

7310 

7407 

9750 

7285 

4892 

2567 

0311 

8122 

6000 

3943 

1951 

0022 

8157 

6354 

4612 

2931 

1309 

9747 

8243 

6797 

5408 

4075 

2797 

X 575 

0407 

9292 

8231 

7223 

6267 

5360 

4506 

3702 

2947 

2242 

1585 

0977 

0416 

9902 

9435 

90x5 

8640 

8311 

8026 
7786 
759 ° 
7438 
7329 
7263 
7239 
7258 
' 7317 

7419 

9500 

7043 

4656 

2338 

0089 

7907 

S 79 X 

374X 

1755 

9833 

7974 

6177 

2766 

1150 

9594 

8096 

6655 

5272 
3944 

2672 

1456 

0293 

9x84 

8128 

7x25 

6173 1 

5273 
4423 

3624 

2874 

2174 

1522 

0918 

0^62 

9853 

9391 

8975 

8605 

8280 

8000 

7765 

7573 

7425 

732X 

7259 

7239 

7262 

7326 

7431 

925 X 
6801 
4421 
2110 
9868 
7692 

5583 

3539 

1560 

9644 

7791 

(jOOO 

4271 

2602 

0992 

5442 

7949 

6514 

5*37 

3815 

2548 

1337 

0180 

9076 

8025 

7027 

6081 

5185 

4341 

3547 

2802 

2106 

X 459 

0861 

0309 

9805 

9348 

8936 

8571 

8250 

7975 

7744 

7556 

7413 

7312 

7255 

7334 

7444 

9003 

6560 

4187 

1883 

9647 

7478 

5378 

3338 

1365 

9456 

7610 

5825 

4101 

2438 

083s 

9290 

7803 

6374 

5002 

3686 

2425 

1219 

0067 

8968 

7923 

6930 

5989 

5099 

4259 

3470 

2730 

2040 

X 397 

0803 

0257 

9757 

8537 

8221 

7950 

7723 

7540 

7401 

7305 

7251 

7240 

7271 

7343 
. 7457 

8755 

6320 

3953 

1656 

9427 

7265 

5169 

3138 

1172 

9269 

7428 

5650 

3932 

2275 

0677 

9139 

7658 

6234 

4868 

3 SS 7 

2302 

IIOI 

9955 

8861 

7821 

6834 

5898 

5013 

4178 

3394 

2659 

1973 

1336 

0747 

0205 

9710 

9262 

8859 

8503 

8192 

7925 

7703 

7524 

7389 

7298 

7248 

7242 

7277 

7353 
747 X 

6080 

372 X 

1430 

9208 

7052 

4963 

2939 

0978 

9082 

7248 

5475 

3764 

2113 

0521 

8988 

75X3 

6095 

4734 

3429 

2179 

0984 

9843 

8755 

7720 

6738 

5807 

4927 

4097 

3318 

2588 

1007 

1*75 

0690 

ai 53 

9063 

9219 

8822 

8470 

8163 

790X 

7683 

7509 

7378 

7291 

7246 

7243 

7282 

7363 

748s 

8263 

5841 

3489 

1 20s 
8989 
6841 

4758 

2740 

0786 

8900 

7068 

530X 

3596 

1951 

036s 

8838 

7369 

5957 

4601 

3302 

2057 

0867 

9732 

8649 

7620 

6642 

5716 

4842 

4017 

3243 

2518 

1842 

1214 

0634 

0102 

9617 

9178 

8785 

8437 

813s 

7877 

7664 

7494 

7368 

7284 

7244 

7245 

7289 

7373 

7499 

8017 

5602 

3257 

0981 

S772 

6629 

4553 

2541 

0594 

§710 

6888 

5128 

3429 

X790 

0210 

8688 

7225 

5818 

4469 

3*75 

1936 

075* 

9621 

8544 

7520 

6547 

5627 

4757 

3938 

3168 

2448 

1777 

1154 

0579 

0051 

957 X 

§'36 

8748 

8405 

8107 

7854 

7645 

7479 

7357 

7278 

7242 

7248 

7295 

7384 

75x4 

7773 

5363 

302(: 

077= 

SsS'l 

641c 

434 ^ 

234^ 

040- 

852] 

670( 

495 i 

326: 

i 62 < 

oosi 

853 < 

708: 

568 

433 

304 ' 

181 

063 

843 

742 

645 

553 

467 

38s 

30s 

23; 

173 

IOC 

05^ 

OOC 

95 - 

90 « 

87^ 

80: 

76 
74 
73 
72 
72 
72 
72 
72 
. 7 i 
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Log r(^;). 


p 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

i-So 

9 - 947 S 4 S 

7724 

7943 

8201 

7561 

7744 

7577 

7764 

7594 

7785 

7612 

7806 

7629 

7828 

7647 

7850 

7666 

7873 

7685 

7896 

7704 

7919 

1. 51 

1.52 

1.53 

1-54 

1-55 

1.56 

1.58 

1.59 

7967 

7991 

8016 

8041 

8067 

8093 

8120 

8146 

8174 

8229 

8258 

8287 

8316 

8346 


8406 

8437 

8468 

8^00 

8532 

8564 

8597 

8630 

8664 

8098 

8732 

8767 

8802 

8837 

8873 

8910 

8^6 

89S3 

9021 

9059 

9097 

9135 

9174 

9214 

9254 

9294 

9334 

9375 

9417 

9458 

9500 

9543 

9586 

9629 

9672 

9716 

8761 

9806 

9851 

9896 

9942 

9989 

0035 

9.950082 

0130 

0177 

0225 

0274 

0323 

0372 

0422 

0472 

0522 

0573 

0624 

0676 

0728 

0780 

0833 

0886 

0939 

0993 

1047 

T 60 

1102 

1157 

1212 

1268 

1324 

1380 

1437 

1494 

1552 

1610 

1*61 

1668 

1727 

1786 

184s 

1905 

1963 

2025 

2086 

2 X 47 

2209 

1.62 

2271 

2333 

2396 

2459 

2522 

2586 

2650 

2715 

2780 

284s 

1.63 

1.64 

1.65 

2911 

2977 

3043 

3110 

3177 

3244 

3312 

3380 

3449 

3517 

3587 

3656 

3726 

3797 

3867 

3938 

4010 

4081 

4154 

4226 

4299 

4372 

4446 

4519 

4594 

4668 

4743 

4819 

4894 

4970 

1.66 

5047 

5124 

5201 

5278 

5356 

5434 

5513 

5592 

5671 

? 74 ° 

1.67 

5830 

S 9 II 

5991 

6072 

9154 

6235 

6317 

6400 

6482 

6566 

1.68 

6649 

6733 

6817 

6901 

6986 

7072 

7157 

7243 

7322 

7416 

1.69 

75°3 

7590 

7678 

7766 

7854 

7943 

8032 

8X22 

8211 

830: 

1.70 

8391 

8482 

8573 

8664 

8756 

8848 


9034 

9127 

9220 

1. 71 

9314 

9409 

9502 

9598 

9893 

9788 

9884 

9980 

0077 

OI74 

1.72 

9.960271 

0369 

0467 

0565 

0664 

0763 

0862 

0961 

io6r 

1162 

1.73 

1262 

1363 

1464 

1566 

1668 

1770 

1873 

1976 

2079 

2X8^ 

1.74 

2287 

2391 

2496 

2601 

2706 

2812 

2918 

3024 

3131 

3238 

I- 7 S 

3345 

3453 

3561 

3669 

3778 

3887 

3996 

4105 

4215 

4326 

1.76 

1.77 

4436 

5561 

4547 

5673 

4859 

5789 

4770 

5904 

4882 

6019 

4994 

6135 

5107 

6251 

$220 

6367 

5333 

6484 

5447 

6600 

1.78 

6718 

6835 

6953 

7071 

7189 

7308 

7427 

7547 

7066 

7787 

1.79 

7907 

8023 

8149 

8270 

8392 

8514 

8636 

8759 

8882 

9005 

1.80 

9129 

9253 

9377 

9501 

9626 

9751 

9877 

0008 

0129 

0255 

1.81 

9-970383 

0509 

0637 

0765 

0893 

1021 

1150 

1279 

1408 

1538 

1.82 

1668 

1798 

1929 

2060 

2191 

2322 

2454 

2586 

2719 

2852 

1.83 

2985 

3118 

3252 

3386 

3520 

3655 

3790 

3925 

4061 

4197 

1.84 

4333 

4470 

4606 

4744 

4881 

5019 

5157 

5295 

5434 

6838 

5573 

1.85 

5712 

5852 

5992 

6x32 

6273 

G414 

6555 

6697 

6980 

1.86 

7123 

7266 

7408 

7552 

7696 

7840 

7984 

8128 

8273 

9 ^ 8 ? 

1.87 

8564 

8710 

8856 

9002 

9149 

9296 

9443 

9 S 9 X 

9739 

1.88 

9.980036 

9184 

0333 

0483 

0633 

0783 

0933 

1084 

1234 

1386 

1.89 

1537 

1689 

1841 

1994 

2147 

2299 

2453 

2607 

2761 

2915 

I. go 

3069 

3224 

3379 

3535 

3690 

3846 

4003 

4159 

4316 


1.91 

4631 

4789 

4947 

5105 

5264 

5423 

5582 

5742 

5902 

1.92 

6223 

6383 

6544 

6706 

6867 

7029 

7192 

7354 

7517 

7680 

I 93 

7844 

8007 

8171 

8336 

8500 

866s 

8830 

8996 

9161 

9327 

1.94 

9494 

9660 

9827 

9995 

6162 

0330 

0498 

od66 

0835 

1004 

1-95 

9.991173 

1343 

1512 

1683 

1853 

2024 

2195 

2366 

2537 

2709 

1.96 

2881 

3054 

3227 

3399 

3573 

3746 

3920 

4094 

4269 

^29 

4443 

1.97 

4618 

4794 

4969 

5 14s 

5321 

5498 

5674 

5851 

6200 

1.98 


6562 

6740 

6919 

7098 

7277 

7457 

7637 

7817 

7997 

1.99 

8359 

8540 

8722 

8903 

9085 

9268 

9450 

9633 

98x6 
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Examples. 


1. Am. 2V"«. 

J 0 a-x’ 

2 . If f{x) =/(» + «) for all Talues of x, prove tliat 

i nct f ® 

f{x)dx = n 

"wliere w is an integer. 



fa dx 

)> 

TT. 

3- 

JO a/ ax - x"^ 





j) 

-TT 

4- 

J 1 a; »* - I 


3* 


pi 


TT 

5* 

1 sin-^ X dx. 

9i 

I. 

2 


J 0 



6. 

fi dx 

3) 

TT 

J 0 ( I -h a) I + 2 a; - a:* 


4\/ 2 


r * yv/» 7i2 T-koino* ■noRitiv©. 


IT 

7* 

+ 2 bx + ox^ 


y/ 


8. Prove that 


12 . 


C ^ where ^ = 2 (y^ + 6 ). 

Jo <» + 20 iC* + car 2 Y ah 


r _ 

Jo 1 + 


dx 


cos 0 cos a; 

rt dx 
Jo I + cos 0 cos X 

rr 

dx 


f* : 

]q sin* a; 


+ J*cos*a: 
dx 


(<t2sia*a? + ^*cos2a;)* 


Ans. 


sind* 


sin0* 


” 2ab' 
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Definite Integrals. 




. TT^aS ^2 

Aizs. — 7- + — . 

i6 4 


J +i dx 

-1 {a — hx)*y I - 


~ ^ 3 * 


a (a? - a) (yS - a?) 


r c+Vo® - (f/2 4. ^ 2 ^ ^ 


7 . Show that 


^-dx or o, according as a > or < ^ ; and 


that when a=:h the value of the integral is 

4 


„ ^ . I , fl^vab 


19. tan®a?i?a?. 
Jo 


3^7 

' T sin a? dx 


0 I + cos^a; 


i(log2_i). 


•JT , , I 

„ - + tan-1 
4 .y/ 2 


21. If every infinitesimal element of the side e of any triangle he divided 
hy its distance from the opposite angle ( 7 , and the sum taien, show that its 
value is 


?^cot^ 


22. Being given the base of a triangle ; if the sum of every element of the 
base multiplied by the square of the distance from the vertex be constant, i^ow 
that the locus of the vertex is a circle. 


fa cos3 0 sin 0 dd 

Jo I + cos 30 ' 


. I tan"Jtf 
Ans. — . 


2 cos 3 0 sinddS 


f2 cos' 
^ J 0 V £ 


log (g + aXi + tf®) 



Examples, 

25. Deduce the expausious for siiiii/ aud cos a; from Bernoulli’s series. 

26. Show that tlie iutegral 

( r!5”(log2;)*»d2? 


can he immediately evaluated hy the method of Art. 1 1 1, when m is an integer. 

‘ Jo + 2 

28. Bind the value of 

j ^ log (I - 2a cos X + a^) dXf 

distinguishing between the cases where a is > or < i . 

Ans, a <1, its value is 0. 

,, a>iy its value is ztt log 

29. If / (2;) can he expanded in a series of the form 

ao + cii cos X + a2 cos 2X + . . . + cos + ... , 

show that any coefficient after oo can he exhibited in the form of a definite 
integral. 


IS. an^- \'^f{x)QO^nxdx. 

IT J 0 


30. Find the analogous theorem when /(a;) can he expanded m a series of 
sines of multiples of x ; and apply the method to prove the relation 


( sin 'ix sm 

sin (17 ^ — + — ; 




when X lies between + tt. 

31. Prove the relation 


Jo/;/ sind 

32. Express the definite integral 


1 0 A / siin fl ^ 


J Oy/i — ic^sin^d 

in the form of a series, k being < r. 
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Befinife Integrals. 


33 - 

f F lop: (i + cos a cos te) dx 

Jo cos 2: 


34 - 

{ce-axQO^ bxdx, where a > 0, 

Jo 

rt®~ J® 

’’ {a» + 6 Y' 

35 - 

r® tan-^aajtan-^iQii;^^ 

Jo 


36. 

TT 

j^log (a’CO 3®0 + jS^sin^d)^?^. 

„ Jrlog-^. 

37 * 

Cl, /a-\-bsmd\ dd , 

J 0 ^ sin 0/ sin 0’ ^ 


38* 

dx 

J 0 (i _ nfif 

TT 

” ? 

39 * 

dx 

■Tr 

1 

(I - nT'f 

** TT 

^ sm - 
n 

40. 

fir aoBrxdx 

xa*" 

Jo r — 2a cos a; + ft®* 

*’ !-»»■ 

41. 

Find the sum of the series 



n n n 

n 

-L 


+ i® ' 4-2® ?t® + 3® 

* ’ 2?l®’ 

when n is increased indefinitely. 

TMs is evidently represented by the definite integral 


dx X 

J 0 1 + a;®’ ~ 4 ‘ 


42. 

Find the limit of the sum 



I . I I 

I 


<y/ ^2 _ j2 y/ ^3 _ 2^ y / ^3 „ 

y/n® - - I)®* 

when n 

= 00. 



2 ’ 



Examples. 


175 


43 . Prove that 

IT 

COS”® 003 nx dx = = 

and hence, deduce the values of the integrals 

- f v 

j“ cos 2 »»»a;cos( 2 w+ i)xdx, and J ^ cos'J»«^i cos 

when m and n are integers. 


44. j 

log(i - 2a cos e + a^) coa nddd, when a^ < J. 

1 1) 

Aois 




45 - 1 

1 cos — 

1 -00 2 

>> 

46. 1 

1 0 I + 

j j 

47. Prove the following equation : 



■TTfli” 

n * 


I. 


dd 


__ _ 1 (i - 2« COS 0 + a^y^-'^dd. 

!\n (i _ J Q ^ 


1 0 (I - 2 t? COS 0 + ci'^y^ (i - 

48. Prove the more general equation 

fTT sin"»0<?0 I f’*' 

7^ ” (i - a^)2«-«*"0o (I “ 


sin»”0 dd 


J 0 (i "- 2 flj cos 0 + (i 


(i -- 2a cos $ + a^) 




in which m + i is positive. 


ocj ^ 
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OHAPTEE YII. 

AREAS OE PLANE CURVES. 

126. Areas oJT Curves. — The simplest method of regarding 
the area of a curve is to suppose it referred to rectangular 
axes of co-ordinates; then, the area included between the 
curve, the axis of jt, and the two ordinates corresponding to the 
values oso and Xi of x, is represented by the definite integral 

•*‘1 

ydx, 

Eor, let the area in question be represented by the space 
ABVTy and suppose BV divided into n equal intervals, and 
the corresponding ordinates drawn, 
as in the accompanying figure. 

Then the area of the portion 
BMNQ is less than the rectangle 
pMMQ^ and greater than PMNq, 

Hence the entire area AB VT is 
less than the sum of the rectangles 
represented hjpMNQ, and greater 
than the sum of the rectangles 
PMNg ; but the difference be- 
tween these latter sums is the sum 
of the rectangles Pp Qq, or (since the rectangles have equal 
bases) the rectangle under and the difference between 
TV and AB, Now, by supposing the number n increased 
indefinitely, MN can be made indefinitely small, and hence 
the rectangle MJV (TV - AB) also becomes infinitely small. 
Consequently the difference between the area ABVT and 
the sum of the rectangles PMNq becomes evanescent at the 
same time. 



Kg. I. 
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If now the co-ordinates of P be denoted by x and y, and MN 
by Aii?, it follows that the area AJ^ FT is the limiting value^ 
of S(^ Aa?) when the increment Aa; becomes infinitely small ; 

r^i 

or area ABVT = ydx ; where a?i = OV, Xo= OB, 

Ja-o 

It should be observed that this result requires that ?/ 
continue finite, and of the same sign, between the limits 
of integration. 

If y change its sign between the limits, i.e. if the curve 
cut the axis of a;, the preceding definite integral represents 
the difference of the areas at opposite sides of the axis of x. 

In such cases it is preferable to consider each area sepa- 
rately, by dividing the integral into two parts, separated by 
the value of x for which y vanishes. 

The preceding mode of proof obviously applies also to 
the case where the co-ordinate axes are oblique ; in which 
case the area is represented by 

sin«j ^ ydxy 

where w represents the angle between the axes. 

In applying these formulae the value of y is found in 
terms of x by means of the equation of the curve : thus, 
if y ^f(x) be this equation, the area is represented by 

I 

taken between suitable limits. 

Conversely, the value of any definite integral, such as 

^J{x)dx, 

may be represented geometrically by the area of a definite 
portion of the curve represented by the equation 

y =/{<«)■ 

* This demonstration is suhstantiaUy that given by Newton (see Frincipia, 
Lib. I., Sect. I., Lemma 2) ; and is the geometrical representation of the result 
established in Art. 90. . , . 

The modification in the proof when the elements of nF are considered 
unequal, but each infinitely small, is easily seen. It may be remarked that the 
result here given is but a particular case of the general principle laid down in 
Arts. 38, 39, JOif. Cak, _ 

[laj 
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Areas of Plane Curves, 

On account of tliis property the process of integration was 
called, Ibj Newton and the early writers on the Calcnlns, 
the method of quadratures. 

Again, it is plain that the area between the curve, the 
axis of y, and two ordinates to that axis, is represented by 

xdy, 

taken between the proper limits : the co-ordinate axes being 
supposed rectangular. 

We proceed to illustrate this method of determining 
areas by a few applications, commencing with the simplest 
examples. 

127. The Circle. — Taking the equation of a circle in 
the form 

+ y^ we get y ^ ^ cd - 
and the area is represented by 

taken between proper limits. 

For instance, to find the area of 
the portion represented by APJDJS 
in the accompanying figure. Let 
= a cos 0, then the area in ques- 
tion plainly is represented by 

r® (i^ 

^ Odd = (« ■” sina cos a) ; where a ^ I BOA. 

This result is also evident from geometry ; for the area 
BPAE is the difference between BP AC and BOE^ or is 

a^a a^Bma cos a 

2 2 

The area of the quadrant AGP is got by making a “ ^ ; 

ira^ 

and accordingly is — : kence tke entire area of tiie oirole 
4 

os n-a®. 
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128. Thie Ellipse. — ^From the ec[uation of the ellipse 

m? 'if' j. ^ y 

_+|= I, we get 2/ = 

and thie element of area is 

h ^ 

~ 0? — a?dx\ 

b * 

but tHs is - times tbe area of tbe corresponding element of 
a 

the circle whose radius is a : consequently the area of any 

portion of the ellipse is ^ times that of the corresponding part 

of the circle. This is also evident from geometry. 

The area of the entire ellipse is irah. 

A gnin, if the equation of an ellipse be given in the form 

A!k‘ + By^ = 0 , its area is evidently ■ • 

As an application of oblique axes, let it he proposed 
to find the area of the segment 
of an ellipse cut off hy any chord 

Diy. 

Draw the diameter AA\ con- 
jugate to the chord, and BB' 
parallel to it. Then, C being 
me centre, let 

CA^^a\ CB'^b%AGB'^w, 

2 2 

and the equation of the ellipse is ^ = i ; hence the area 

DjilBf is represented by 



V 


where 


I OA- 

•v/ a'* - = db' sin w (a - sm a cos a), 

as 

CE 


cos a = 


CA'’ 


A gni'n, a' v sinw = ab, by an elementary property of the 
ellii )se, a and h being the semiaxes. ^ 

Hence the area of the segment in question is 

al (a - sin a cos a). 

[laa] 
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Areas of Flane Our^ces. 


This result can also be deduced immediately from the 
circle by the method of orthogonal projection. 

It may be observed that if we denote the area of an elliptic 
sector, measured from the axis major to a point whose co- 
ordinates are x, y, by 8, we may write 

X 28 V . 28 . 

- = cos —r = cos a, -r = sin — = sm a, 

a ab 0 ah 


129. Thie Parabola. — Taking the ^ 
equation of the parabola in the form 

y’^ = we get y = 

Hence the area of the portion APJSf is 

Consequently, the area of the seg- 
ment PAP', cut ofE hy a chord perpen- 
dicular to the axis, is f of the rectangle 
PMM'F. 

It is easily seen that a similar relation holds for the seg- 
ment cut o£E by any chord. 

More generally, let the equation of the curve he y = a*", 
where n is positive. 


2 2 

x^dx, or - i.e. — xy, 
3 3 


M 


// 






[' p' 


Kg 4- 



Here 


I ydx = a 


x^dx = 


ax^' 


+ const. 


n 1 

If the area be counted from the origin, the constant 
vanishes, and the expression for the area becomes 


xv 

or 

w + I n + I 

Hence, the area is in a constant ratio to the rectangle 
under the co-ordinates. A corresponding result holds for 
oblique axes. The discussion, when n is negative, is left to 
the student. 

Exampxe. 

Express th.© area of a segment of a parabola cut off by any focal obord in 
terms of the length of the chord, and jp, the parameter of the parabola. 

6 • 


Ans, 
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130 Tlie Hyperbola.— The simplest form of tlie 
equation of a hyperbola is where the asymptotes are taken 
for co-ordinate axes; in this case its equation is oi the torm 


xy - 


Hence, denoting the angle between the asymptotes by <0, 
the area between the curve and an asymptote is denoted by 

& sin w j or <? sin w log 

where ch and a!„ are the abscissffi of the limiting points. 

If the curve he referred to its axes, its equation is 

y* _ T . 

and tlie element of area ydx teoomes 

- - a^dx. 

a 

Hence the area is represented by 
a/x^ - d?dx^ 

taken between proper limits. 

Also, integrating by parts, we have 

f y— f x^dx 

- a^dx = !» -v/a: - a - —=== . 

J J ■s/d? - a* 

Adding, and dividing by 2, we get 

f ^ x^/ a^-a^ a® r dx 

x^/x^-d?' ^ , /“i — Tv 

« log (x-bYx^-a^). 



2 
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Areas of Plane Curves. 


Accordingly, if wo suppose tit© area counted from the 
summit A, we have 

h 


y ah , 

- — log 

2a 2 


^ + V a’‘ j 


= ^_l^og 
2 2 ° 


a h 


Again, since the triangle GPN - it follows that 


sector AGP = — log 


a b 


For a geometrical method of finding the area of a hyper- 
bolic sector, see Salmon’s Conics, Art. 395. 

130 (^). HypertooUc Sine and Cosiine. — If 8 repre- 
sent the sector AGP, the final eq[uation of the preceding 
Article becomes 

at. h !A 


which may also be written 


<» V ^ 

« + X = ’ 
a 0 

introducing a single letter v to denote the quantity 
- (x y\ 28 

Hence, by the equation of the hyperbola, we get 
a b~ 

Thus, in analogy with the last result of Art. 128, calling the 
following functions the hyperbolic cosine and hypenjoKo 
sine of v, and for brevity writing them cosh v, and sinh 

+ 6“^ = 2 cosht?, e"" - = 2 sinh«7, 

the co-ordinates of any point on the curve are 

28 


(2) 


X - .28 

- = cosh^j = cosh—, 
a ay 


= sinh V = sinh 


ah* 



The Catenary. 
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"We might have treated the matter differently hy intro- 
ducing the angle ^ defined hy the e(^nation <c = a see and 
therefore y = h tan ^ (for the geometric meaning of this 
transformation, see Salmon’s Conics, Art. 232) ; whence (i) 
may he written* 

28 , , /tt rf>\ 

— = « = log tan - + — : 
ab ^ \4 2J 

and we see that the hyperholic cosine of a real quantity is the 
secant, and the hyperholic sine the tangent of the same real 
angle. Also, since 

we can obviously extend the names of the other trigonometrical 
functions likewise. Again, putting in (2) for v, - i, or 
iu, they become, hy Art. 8, 

cos u = cosh iu, * sin M = sinh iu. 

131. The Catenary.— If an inelastic string of uniform 

density’he allowed to hang freely from two fixed points, the 
curve which it assumes is called the Catenary. 

Its equation can be easily arrived \ 
at from elementary mechanics, as fol- a\ 

lows ; — . , ,, 

Let Fhe the lowest point on the 
curve ; then any portion VP of the 
string must he in equilibrium under 
the action of the tensioiis at its ex- 
tremities, and its own weight, TV. Fig. 6. 

Let A he the tension at F; r that 
at P, which acts along PB, the tangent at P; iPBM 
Then, hy the property of the triangle of force, we have 

W:A = PM : BM; 

TV = A tan (p. 



* men is related to « ty to equation, J is 
(EllivUo Mmetions, p. 56) calls the gudermauman of ®, after Professor fcrucle 
and ■writes tlie inverse equation <j> = gdv. 
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Again, if s be the length of VP, and a that of the portion 
of the string whose weight is A, we have, since the string is 
nniform, 

TV=A-; 

a 

s = ^ tan 0 . 

This is the intrinsio equation of the catenary. (Diff. 
Calc., Art. 242 (a).) 

Its equation in Cartesian co- , 


take VO = a, and draw OX in the 
horizontal direction, and assume 
OX and OY sls axes of co-ordi- 
nates. Let 

then 

:£ = tan^,, 



Y 

y 

/ 

V 




c 

* K 

r X' 


Hence 


dy _ dy ds ^ sin (p dx a 

' * d^ ds d(j} cos^ 0’ dp cos p' 

y = (Z sec 0, x = a log (sec p + tan 0). 


No constant is added to either integral, since y - a, and 
=* o, when 0 = o. 

From the latter equation we get 

X 

sec 0 + tan 0 = < 3 ® ; 


sec 0 - tan p = 


sec 0 + tan ( 


Hence, we have 

as 

2 SCO ^ = e“ + e' 2 tan f 
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Consequently, 


2 / = ^ ( 6 


a / : 
S^-U 


X _flC’ 

5® /y Ct 


In tlie notation of last Article these equations maj be 
written 

^ = cosh - and - = sinh-. 
a a a a 

Again, if NL he drawn perpendicular to the tangent at 
P, we have . 

NL = PN cos ^ NL = a. W 

Also FL = NLtm.(l>; PL = s=‘PV. (7) 

The area of any portion VPN 0 is 

i + .-f) & - ^ (J - «■)•■ (8) 

Accordingly, the area VPNO is double that of the triangle 
PNL. 

Examples. 

To find the area of the oYal of the parabola of the third degree with a 
doiiWe point / 

={x- a){x- If ■ / 

The area in question is represented hy ^ ^ 


' c J a 


X — adx. 


Let * - it = s®. and-we easily find the area* to ho • 

3. Find the whole area of the onrve <tV = - »)• ^ 

3. Find the whole area between the oissoid a.-® = y »(it-ii;) and its asymptote. 

* The student will find little difdoulty in preying that this area is 
times the rectangle which oircuwscrihes the oyal. haying its sides parallel to the 
co-ordinate axes. 


8 (i - af 
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Since iK - « = o is the equation of the asymptote the area in question is re- 
presented hy 

f « x^dx 
0 (a - x)i'‘ 

Let X = ^sin^a, and this becomes 


Qm^BdQi 
• 3 

hence the area in question is ~ ita^. 

O 

4. Find the area of the loop of the curve 
a^y'^ = + x). 

This curve has been considered in Art. 262, Diff, 
Calc. Its form is exhibited in the annexed figure ; and 
the area of the loop is plainly 

2 po 

1 ? x^\/ b + xdx. 

Let ^ + a? = and it is easily seen that the area 
in question is represented by 


8 , ji 

3 • S • 7 • 

5. Find the area between the witch of Agnesi 


and its asymptote. 


xy'^ = 4^2 {2a — x) 



fig. 9 . 

An$, 


132. In finding tlie wliole area of a closed onrye, such aa 
that represented in the figure, we 
suppose lines, PM, QM, &o., drawn 
parallel to the axis of y ; then, as- 
suming each of these lines to meet 
the curve in but two points, and 
making PM = y^, P'M = yiy the 
elementary area PQQ'P' is repre- 
sented by {yz - yi) &, and the en- 
tire* area by 

OB' 

{y% - yi) dx ; Mg. 10. 

OB 

in which OB, OB' are the limiting values of x. 



* This form still holds when the axis of x intersects tiba curve, for the ordi- 
nates below that axis have a negative sign, and (yz - |/i) dx ‘will still repwiMt 
the element of the area between two par^Olel ordinates. 
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Tor example, let it be proposed to find tke whole area of 
an ellipse given by the general equation 

ax^ + 2lixy + hy^ + 2gx + 2/3/ + c = o. 

Here, solving for y, we easily find 

- al) + 2 (hf- bg) x +r “ be. 

Also, tlie limiting values of scare tke roots of tke c[uadratio 
expression under tke radical sign. 

Accordingly, denoting these roots by a and p, and obsery- 
ing tkat - ab is negative for an ellipse, tke entire area is 
represented by 

0 *^01 

To find tkis, assume a; - o = 0 - a) sin '0 ; 
then j3-!C = O-a)cos"0, 

and we get ^ 


[ ^ v/(sc - a) ili- X) <h =20- «)“ sin^e cos= 6 dO 

. ... W-bgr^if-hoY^Z^ 

Again, O - hy 

Ab (af + bg'- + ch^ - 2fgh - aSf) 

= “ {^hy 

Hence tke area of tke ellipse is represented by 


n{af + bg'^ + ch^ - 2 fgh - abc) 

l^b - hy 

Tkis result can be verified without difficulty, by 

the value of tke rectangle under tke semiaxes of an 
elHpsef in terms of tke coefficients of its general efi^ation. 

¥t irwortky of observation tkat if we snppose a closed 
curve to be described by tke motion of a ^ ^ ^ 

tire perimeter, tke whole inclosed area iS rep-esented by J ydx, 
taken for every pint around the entire curve. 
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Thus, in the preceding figure, if we proceed from A to A' 
along the upper portion of the curve, the corresponding part 
of the integral f y da; represents the area APA'EB. 
in returning from to A along the lower part of the curve,’ 
the increment dx is negative, and the corresponding part 
oil ydx is also negative (assuming that the curve does not 
intersect the axis of x), and represents the area A'P'ABP 
taken with a negative sign. Consequently, the whole area of 
the closed curve is represented by the integral /yrf®, taken 
for all points on the curve. 

The student will find no difiSculty in showing that this 
proof is general, whatever be the form of the curve, and 
whatever the number of points in which it is met by the 
parallel ordinates. 

^ To avoid ambiguity, the preceding result may be stated as 
follows : — The area of any closed curve is represented by 



taken through the entire perimeter of the curve, the element of the 
curve being regarded as positive throughout. 

The preceding is on the hypothesis that the curve has no 
double point. If the curve cut itself, so as to form two loops, 

?/^ds, when taken round the entire 


it is easily seen that 


perimeter, represents the difference between the areas of the 
two loops. The corresponding result in the case of three or 
more loops can be readily determined. 

133. In many cases, instead of determining y in terms of 
X, we can express them both in terms of a single variable, 
and thus determine the area by expressing its element in 
terms of that variable. 

For instance, in the ellipse, if we make a; = a sin we 
get y = b cos and ydx becomes ab eos’*^ d<p, the integral of 
which gives the same result as before. 

In Tike manner, to find the area of the curve 



Let x = a sin®^, then y = b cos’^, and ydx becomes 
sab sin®^ oos‘^ d(j > : 
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hence the entire area of the curve is represented by 

TT 

izah I sin^^ cos>^^d<p = ^nab. 

Jo o 

Examples. 


I. Eind tlie wliole area of tlie evolate of tlie ellipse 




Ans. 


Sab 


2. Find tlie whole area of the curve 


^ \ 2mfl 


2 

t/\M 


Ans. 


1.3.5 ... (2W+ I) .1 3 >5 (2^^+ 0 

2.4.6 2 {m-hn+i) 


TTicb. 


134. The Cycloid. — In the cycloid, we have (Dilf. 
Calc., Art. 272), 

2! = a (0 - sin 0), y = a (i - cos 0) ; 
ydx = [ (i - cos Oydd = 40,^ f sin‘-d0. 


Taking 6 between o and ir, we get 37ra* for the entire 
area between the cycloid and its base. 

The area of the cycloid admits also of an elementary 
geometrical deduction, as follows : — 



It is obviously sufficient to find the area between the 
semicircle BPJD and the semi-cycloid BpA. To determine 
this, let points P and P' be taken on the semicircle such that 
arc BP = arc BP ' : draw MPp and M'Fp' perpendicular to 
BB. Take MN and M' N' of equal length, and draw 2 sq 
and iVY» also perpendicular to BB : then, by the fundamen- 
tal property of the cycloid, the line Pp = arc BP , and Fp 
= aro BF : Pp + Fp' = semicircle = ira. 
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Now, if the interval MN be regarded as indefinitely small 
the sum of the elementary areas PpqQ, andPy/O' is emial 
to tke^r^ta^le ^d,r Ifjfand of 

Again, if the entire figure be supposed divided in like 

circle and the cycloid is eq^ual to Tra multiplied bv the sum e-f 
the dements MJf , taken from P to the centre C, i e ^qual to n-a” 
Oonooduenay th. ,M, „ea of fh, 

in iS m”S»‘ * 

curTOiiA*^+ffL*"f^®^‘^r «®-'M-dlnates.— Suppose the 
i a^dft OP 00 n®;? co-ordinates, 0 being the 

PPQ becomes evanescent in com- 
parison with OPZ when P and Q 
are infinitely near points; conse- 
quently, in the limit the elemen- 
tary area OPQ = area OPi = — • 

2 ’ 

r and 0 being the polar co-ordi- 
nates of JP. 

Hence the sectorial area A OP 
is represented by 



2ja 


Fig. 12. 




STointeHTp.^® ® corresponding to the limit- 

136. Area of Pedals of Ellipse and llTDerbola — 

ofThrCftthe P^eposed to find the area of the locus 
to ^ elHps? perpendicular from the centre on a tangent 

Writing the equation of the elHpse in the form-, + t 
the equation of the locus in question is obviously * 
r® = o®cos®0 4- 5“ sin*0. 
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Hence its area is 


■ coa’‘0d0 4 - Bin^0d0 = 


+ a^-li- 
y 4. 


sin 0 COS 0. 


The entire area of the loons is 


IS 


- (a‘ + P). 

The equation of the corresponding locus for the hyperbola 

cos® 0-6® sin® 0. 

In finding its area, since r must he real, we must have 
^®cos®0 - 6® sin® 0 positive : accordingly, the limits for 0 are c 

and tan“^^. 

Integrating between these limits, and multiplying by 4> 
we get for the entire area 

ad 4- - 6^) tan"-^ 

In this case, if we had at once integrated between 0 = o 

TT 

and 0 = 27 r, we should have found for the area (a’‘ - P) 

This anomaly would arise from our having integrated 
through an interval for which r® is negative, and for which, 
therefore, the corresponding part of the curve is imaginary. 

The expression for the area of the pedal of an ellipse with 
respect to any origin wOl he given in a subsequent Article. 

Examples. 

I. Show that the entice area of the liemiiiscate 
= a^cos 20 


is a*. 


2 . In the hyperbolic spiral 


r6 = a, 


prove ttat the area hoxtndea hy any two radii veotores ia proportional to the 
Sflerence hetweea their lengths. 


3 . Find the area of a loop of the enrye 

y* != cos n0. 


Jns, 
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4. Find ae aiea of ae loop of ae FoKum of Descartes, 'srhose equation is 

Transforming to polar co-ordinates, we have 

^ _ 3d? cos e sin d 
BiD ?0 + cos^d* 

Again, the limiting values of 0 are o and ~ * 

2 ' 

sr 

. f a sm^Ocos^ede 

“ 2 J, (sin 30 H- cos 3 d)*- 
Let tan 61 = and this expression becomes 


gd 

2 


u^du 
0 (I + w3}2 


fr_ 

> Jo (I 


3 d?® 

2 


5. To find the area of the Lima^on 

r = d? cos 0 + 

Here we must distin^ish between two cases. 

(1) . Let b > a. In this case the curve consists of one loop, and its area is 

I . / «2\ 

-J^ (« cos 0 + 5)2^0= U2 + ~j7r. 

■Wien « = a, ae ourre teconiea a Caidioid, and tie area 

(2) . Let b < a. The curve in this case 

has two loops, as in the figure (see Liff. ^ 

Calc., Art. 269), the outer loop correspond- 
ing to 

r = d? cos 0 + 

the inner to 

y s= d? cos 0 - 5. 

To find the area of the inner loop, we 
take 9 between the limits o and a, where 

» = ooa->(^),- 


and the entire area is 

I (d? COS0 - i)2if0 

= j^{d?2 cos®0 - 2ab cos 9 + b"^) d 9 
\ <2® 

- + J2ja + - Binac03o-2it2sina 
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It is easily seen that the sum of the areas of the two loops is obtained hy in- 
tegrating between, the limits o and 2ir, and accordingly is 



as in the former case. 

137. Area of a Closed Carve toy Polar Co-or«- 
aates.— In finding the whole area of a closed onrye by 
polar co-ordinates we distinguish between two cases. When 
the origin 0 is outside, we sup- 
pose tangents OT, OT', drawn 
from. 0, and vectors OP, OQ, &o., 
drawn to cut the curve ; then, if 
these lines intersect it in hut two 
points each, the element of area 
PfqQ is the difference between 
the areas POQ and pOq ; or, in 
the limit, is 
OP = n. Op = n. 

Hence, the expression 

-rf)dQ, Kg. 14. 

taken between the limits correspondiug to the tangents OT 
and OT', represents the entire included area. 

If the origin lie iuside the curve, its whole area is in ge- 
neral represented hy J (»*i“ + ri) dd, taken between the limits 

6 = 0 , and 6 = tt . , - ,1 . .r 

We pkg.n illustrate these results by applying them to the 

circle 

- 2 rc cos 6 + d‘ = or. 

If the origin be outside, we have og, andri + rj = 2c cos 6, 
and r,n = c" - a’’; ri-n = 2^/0 ^ - snfd. 

Hence (n’‘ - r^^'jdO = 4c cos mi^OdO; and the 

limiting values of 9 are + 

Hence the whole area is 

20 [ COS 6 c? - <? sin® 6 d6. 

rial 
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Let c sinO = a sin and this integral transforms into 


2a^ * oos^fp d(p = Trd‘ 

IT 


== «TT-/y.2 


Again, if the origin be inside, we have e < a, and 
“ (n^ + cos 20 ; 


(riHrg' 


<^0 = I (a^ + cos 26) dd = rf. 


The method given above may be applied to find the aa^ea 
included between two branches of the same spiral ctirve* As 
an example, let us consider the spiral of Archimedes, 


138. The Spiral of ArchLlmedes, 

this curve isr = a6, 
and its form, for 
fmluesoiO, 


-The equation of 


is represented in 
the accompanying 
figure, in which 0 
is the pole and OA 
the line from which 
9 is measured. Let 
any line drawn 
tlmoughO meet the 
different branches 
of the spiral in 
pointsP, Q, ^,&c.: 
then, if dP=r, and 
z P OA = 0 , we have, 
from the equation 
of the curve. 



Fig. 15. 


OP-aB, OQ = a{B+ 2 tt), Oi 2 = «(0 + 4^), &<j. 


the prime vefto 0^.^ ^ symmetricaJly situated ^tlx reject to 
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Hence PQ, = QB = &c., = aarr = c (suppose) ; i. e. tlie 
intercepts between any two consecutive branches of the spiral 
are of constant length. 

Again, let OQ = n, OR = n + c, and the area between 
the two corresponding branches is 

= c ~ dd. 

Now, suppose MN and mn represent the limiting lines, 
and let 0 and a be the corresponding values of 0; then the 
area nNJKfyi will be e<iual to 

c [\ed9+- = - (J 3 - a) {aa + + c) 

Ja 2ja 2 

= t((B-a)iOM+ On). (q) 

If |3 _ a = IT, this gives for the area of the portion 
between two consecutive branches QE'Qf an^PF'B', inter- 
cepted by any right line PB' drawn through the pole, 

-BQ.QR', i.e. half the area of the ellipse whose semi-axes 
2 

are i?Q and BQ. 

139. Anotber Expression for Area. — The formula 
in 137 stni holds, obviously, when AB and ab repre- 

sent portions of different curves. 

It is also easily seen, as in Art. 132, that xf a pomt be 
supposed to move round any closed boundary, the included 

area is in all cases represented by taken round the 

entire boundary, whatever be its form ; the elementary angle 
d 9 being taken with its proper sign throughout. 

Again, if we transform to rectangular axes by the rela- 
tions x = r cos 6 , y =-r sin 6, we get 

, ^ y dO xdy- ydx 

tanu^— ; .*• — ^ — • 

X cos*0 £r 

r^dB = xdy - ydx ; 

[13 a] 


Hence 
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and the area swept out by the radius vector is represented by 
the integral 

-Uxdy - ydx), 




taken between suitable limits ; a result which can also be 
easily arrived at geometrically. 

140. Area of Elliptic Sector, 
rem. — ^It is of importance in 
Astronomy to be able to express 
the area AFP swept out by the 
focal radius vector of an ellipse. 

This can be arrived at by inte- 
gration from the polar eq[uation 
of the curve ; it is, however, 
more easily obtained geometri- 
cally. 



Fig. 16. 


Por, if the ordinate PJSf be produced to meet the auxiliary 
circle in Q, we have 


area AFP = ~ x area AFQ = ^ {ACQ - CFQ) 


^{u - e sinw), 


(10) 


where L ACQ. 

By aid of this result, the area of any elliptic sector can. bo 
expressed in terms of the focal distances of its extremities, 
and of the chord joining them. 

For (Fig. 17 ), let QFP re- 
present the sector, and let 
FP = p, FQ = p%PQ^d; then, 
denoting by u and u' the eccen- 
tric angles corresponding to 
P and Q, the area of the sector 
QPP, by ( I o) , is represented by 



ab 

2 


u-u' - ^(sinw « sinw') 



Lamberfs Theorem, 
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We proceed to show that this result can be written in 
the form 

(sin^-sinf)). (n) 

where ^ and are given by the equations 

For, assume that ^ and are determined hy the equations 

u - u' = ^ e (sin m - sin = sin ^ - sin 0'. («) 

The latter gives 

. u-u' u + u' . ^ 

esm oos- =sin — - — cos — - , 

2 2 2 ^ 

, , n + <ti +<!>' 

or by the former, e cos — - — = cos - . 

Again, since the co-ordinates of P and Q are a cos 
b pin and G> cos 6 sin u\ respectively, we have 

8® = (cos n - cos u'Y + ¥ (sin - sin u'Y 

u - u' 


s= 4 sin^ 


^ 4a* sin* 


2 
w - 


sin- 


u + u ,0 .u + 

' + 6* cos* 


,u + u 


0 


^2 2 


8 = 2«6in ^ — — sin ^ = « (cos - oos (j>). {b) 

2 2 

Again, from the ellipse, we have 

p = a{i - eooBu), p' = a(i - 6 C 08 t^), ^ 

u + u' u — u 


p + p' = 2a--c^6(cosi^ + oos^^')== 2.a-2ae 


00s- 


-cos- 


. 2a - 2a OOB 


1 cos = 20 -a (oos 0 + oos f ) . (o) 
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Hgiicg, adding and subtracting (5) and (c), wg got 

P + ^ . , (h 

= 2 (i ~ cos ^) = 4 sm® 

^ 2 

— - = 2 (i - COS0') = 4sm*^, 

^ 2 

wMoIi proves tliG theorem in question. 

Consequently, the area* of any focal sector of an ellipse can 
de expressed in terms of the focal distances of its extremities, of 
the chord which joins them, and of the axes of the curve, 

• i4i« We next proceed to an elementary principle which 

IS sometimes useful in determining areas, viz. : 

The area of any portion of the curve represented ly the 


n? i)-‘ 

is ah times the area of the corresponding portion of the cune 
F{<s, y) = e. 

This result is obvious, for the former equation is trans- 
formed into the latter, by the assumption - = »',- = ■!/• and 
nence ydx becomes ahfdaf ; 


■I 


ydx = ah 


ijdx'. 


the mtegrds_ being taken through corresponding limits — 
result -wmoh is also easily shown by projection. 

Thus, for example, the area of the ellipse — h- — = i 


^ ’ “®Slecting the disturbing action of the othei bodies of 4e 



199 


Area of a Pedal Curve. 
llat of the oixole ; and the area of the hyperbola 

= 1 


1 © equilateral h3q)erhola a? - = i. 

let it be proposed to find the area of the curve 

fa? ^Y_ ^ 

tr?' 


>armed equation is 


(!?■ + iff = 



i 


<30-ordinates, 

a'“eo£®0 J“sin®9 

^2 _ L ^ 

"wliole area of this (Art. 136) is 


2 ^7 


ixeiitly the whole area of the proposed curve is 



r 1)0 remarked that the equations 

-pf-, -'l = y) = 

\a a) 

R^Tnilar ouTves, and their corresponding linear 
ls are as (i\ i. Consequently the areas of sinulax 
© as the squares of their dimensions ; as is also 

:om geometry. . , 

*k.*-ea of a Pedal Curve. — ^If from any point 
iixlars he dravsm to the tangents to any curve, the 
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locus of their feet is a new curve, called the pedal of the 
original (Diff. Oalo., Art. 187). 

If p and b) be the polar co- 
ordinates of iV, the foot of the 
perpendicular from the origin 0, 
then the polar element of area of 
the locus described by N is plainly 

and the sectorial area of any 
2 

portion is accordingly representedby Jb'ig 18. 

7 



taken between proper limits. 

There is another expression for the area of a closed pedal 
curve which is sometimes useful. 

Let 81 denote the whole area of the pedal, and 8 that of 
the original curve ; then the area included between the two 
curves is ultimately equal to the sum of the elements repre- 
sented by NTN' in the figure. 

Henee 8 ,^ 8 + -^NTN' = ^ j PN^dm. (12) 

Again, by the preceding. 


Si 


1 

2 


ON^db>. 


Accordingly, by addition, 


2fi'x = S + - 
2 




(*3) 


It is easily seen that equation (12) admits of being stated 
in the following form : — 

The whole area of the pedal of any closed curve is equal to 
the sum of the areas of the curve and of the pedal of its evoluie : 
both pedals having the same origin. 

For, PiV' is equal in length to the perpendicular from 0 

on the normal at P : and hence -PN^doi represents the ele» 

2 



Steiner^ s Theorem on Areas of JPedal Curves. 201 

ment of area of the locus described by the foot of this perpen- 
dicular, i.©. of the pedal of the evolute of the original curve. 

For example, it follows from Art. 136 that the area oj 

the pedal of the evolute of an ellipse is - (a - the centre 
being origin. 

143. JiLi-ca of l”edal of Kllipse for any Origin. — 

Suppose O to he the pedal 
origin, and OM^ OM' perpen- 
diculars OB. two parallel tan- 
gents to tlie ellipse ; draw CN A 
the perpendicular from the 
centre O ; let OM = pi^ OM' 

= aiV= p, 00 lOCA 

= a, /.ACM = w ; then 

Pig. 19. 

Pi = MD - OD -p - ccos(a) - a), 

=j^ + CCOS (o) - a). 

Again, the whole area of the pedal is 

•^1 {Pi + C^OOS®(w - a))c?a> 

= I p^d(i) + 0^ j COS^(a> - a) (^(0 = '^{f + C^). (14) 

That is, the area of the pedal with respect to 0 as origin 
exceeds tihe area of its pedal with respect to 0 by half the 
area of the circle whose radius is 0(7. ^ 

If the origin 0 lie outside the ellipse, the pedal consists 
of two loops intersecting at 0 and lying one inside the other; 
and in that case the expression in (14) represents the sum of 
the areas of the two loops, as can be easily seen. 

The result established above is a particular case of a 
general theorem of Steiner, which we next proceed to 
consider. 

144. Sfteiiier’s Tlieoreitt on Areas of Fedal Curves. 

Suppose A to be the whole area of the pedal of any closed 
curve with respect to any internal origin 0, and A the area 
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of its pedal with respect to another origin (f ; then, if p and 
y be the lengths of the perpendiculars from 0 and O' on a 
tangent to the curve, we have 

2 Jo 2 jo 

Also, adopting the notation of the last article, 

y -p - ccos(cu - a) =p - i??oos(o - y sinrti; 

where y represent the co-ordinates of O' with respect to 
rectangular axes drawn through 0. Hence wo got 


A' 


~ X 


(xoosco + ysina))^rfai 

) 

rr TStt 

p 008 (ocla) - y p sin w (foj. 


But 


TT rZTT rZTT 

G0S^(odco = 'jr, sin*w(3?a> = TT, sinwooscia » O. 
Jo Jo 


’’1} 


'2ir 


Also, for a given curve, | jpeosw dco and | p sin wdto axe 

f and 

(15) 


constants when 0 is given. Denoting their values by g and 
/i, we have 


A' - A = - (x^ + 1 /) - gx - hy. 


This equation shows that if 0 be fixed, the hem of the 
origin O', for which the area of the pedal of a closed mn$ m 
constant, is a circle.^ The centre of this circle is the mm% 
whatever be the given area, and all the circles got by varying 
the pedal area are concentric. 


* It can be seen, mtbout difficulty, from the demonstration given tbOT#, 
that when the curve is not closed, tbe locus of tbe origin for pedals of equal am 
is a conic • a theorem due to Prof. Eaabe, of Zurich. See JmmmL 

vol. L, p. 193. 

The student will find a discussion of these theorems By Prof, lliwt in th# 
Transactions of the Moyal Society, 1863 , ^ which he has inveatigated ik% 
spending relations connecting the volumes of the pedals of surfaces. 



A.reas of Roulettes, 

Hthe origia 0 te supposed taken f 

circle, the constants g pd ^ ^ the 

“i.? f rr 

r -rr’ S' 

Lr«^»“ : Hit 

area of a Hmacon is irU + -\ as found in Art. 136 , Ex. 5- 
TA-? Areas of Roulettes on Rectilinear 

d“ to° Si», 

whioli may he stated as follows . 

Whpy, ft closed curve rolls on a right line, the area between 

the area of the i>edal of the rolling curve, _ this pedal being taken 
with respect to the generating point as origin. 

To prove this, suppose 0 to he the desorihing point in any 



* *D 

di£g pot, e- Iho co rro.pooaiag poiat of .oataot, and d 

. See OrM> Journf ro\. x.i. ^he co^espontog 
oonaectmg the lengths of the area ^between the roulette, the 
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a pomt on the curve such that PQ = PQ' ; then Q is the point 
which coincides with ^ in the new position of the rolling 
curve ; and, denoting the angle between the tangents at P 
and Q (the angle of oontingenee) by d(o, we have OPO' = du) 
since ■ro may regard the curve as turning round P at the in- 
stant (DifE. Calc., Art. 275). 

is infinitely small in comparison 
with QP, and consequently the elementary area OPQ'C/ is 
ultimately the sum of the areas POff and QCP, noglooting 
an area which is infinitely small in comparison with either of 
these areas. 


Again, if OP = r, we have POC/ = and area QO'P 
= QOP in the limit. 

- Also the sum of the elements QOP in an entire revolu- 
tion IS equal to the area {8) of the rolling curve. Oonse- 
quentlj the entire area of the roulette described by 0 is 

seen (13) that this is double the area of 
^ ^ curve vnth respect to the point 0 : which 
establishes our proposition. ^ 

Apin, from Art. 144, it follows that there is one point in 
any closed curve for which the entire area of the correspond- 
ing roulette is a mimmum. Also, the area of the nSte 
desenbed hy any other point exceeds that of the minimum 

Por instance, if a circle roll on a right line its oentrA 
senbes a parallel line, and the area between these lines after 
a complete revolution s equal to the rectangle the 

Consequently, for a point on the circumference the area 
prelate or ^rtateryoloid 
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Again, if an ellipse roll on a right line, the mea of the 
,li desorihed hy any point can be immediately obtained. 

I'or example, the pedal of an elhpse with respect to a locus 
bhe circle described on its axis major. Hence, if an elhpse 
I upon a right line, the area of the roulette described by its 
us in a compute revolution is double the area of the auxiliary 
eU. Also, the area of the roulette described by the centre 
the ellipse is equal to the sum of the circles descried on 
s axes of the ellipse as diameters, and is less than the area 
the roulette described by any other point. 

146 Oeneral Case of Area of Roulette.— 11 the 
rve, instead of rolling on a right Hne, roll on another 
rve, it is easily seen that the method of proof gwen “i the 
3t article stUl holds ; provided we take, instead of do>, the 
m of the angles of contingence of the two curves at the 

'^^’ce the element of area OFO' is in this ease 


here p and p are the radii of curvature at P of the rolling 
id fixed curves, respectively. 

Hence it follows that the area between the roulette, the 
xed curve, and the two extreme normals, after a complete 
evolution, is represented by 


If a closed curve roll on a curve identical with itself, 
laving corresponding points always in contact, the formula 
or the area generated heoomes 


8 + 

In this case the area generated is four times that of the 
jorresponding pedal; a result wHoh appears at once geome- 
xioaUy by drawing a figure. 
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Examples. 

I. If ^ l3e the area of a loop of the curve = a”* cos mdj and Ai the area 
of its pedal with respect to the polar origin, prove that 



It is easily seen, as in Diff. Calc., Art. 190, that the angle between the radius 
vector and the perpendicular on the tangent is mO ; and .*. cw = {m + i)0 

Hence, by Art. 142, 

2A1 = A ± ^ J r'^dd = {m + 2) A. 

2. If a circle of radius b roU on a circle of radius a, and if A denote the 
area, after a complete revolution, between the fixed circle, the roulette described 
by any point, and the extreme normals; and if A' be the area of the pedal of 
the circle with respect to the generating point, prove that 

Aa Mb 2 {a b)A\ 

where B is the area of the rolling circle. 

3» Apply this result to find the area included between the fixed circle and the 
arc of an epicycloid extending from one cusp to the next. 

147. Holditcb’is Theorem.*— If a line CO' of a given 
length move -with its extre- 
mities on two fixed closed 
curves, to find, in terms of 
the areas of the two fixed 
curves, an expression for the 
whole area of the curve gene- 
rated, in a complete revolu- 
tion, by any given point P 
situated on the moving line. 

Let CP = c, PC' = c', and suppose [xi^ yi), {x^ y), and 
(^2, ^2) to be the co-ordinates of the points (7, P, and C'^ re- 
spectively, with reference to any rectangular axes. 

* This simple and elegant theorem appeared, in a modified form, as the 
Prize Question, by Mr. Holditch, under the name of “Petrarch,” in the Lady’s 
and Gentleman’s Diary for the year 1858. The first proof given above is due to 
Mr. Woolhouse, and contains his extension of Mr. Holditch’ s theorem. 



Fig. 21. 
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Then, if 9 be the angle made by CO' with the axis of y, 
we have evidently 

= a; - c sin 0, y, = y - c cos 6, 

Xi = x + c' sm 9, yi = y + o' cos 9. 


Hence we have 

yidxi = ydxi - c cos 9 {dx + yd9) + d‘oo8^9d9 ; 
y,dx, = ydx + c' cos9(dx + yde) + c'^ 008^9d9. 

Multiplying the former equation by o', and the latter by c, 
and adding, we get 

dyidxi + cy^dxi = (c + d) ydx + {c + o') cc' cos' 9 d9 ; 
c'lyidxx + clyidxi = (c + c')lydx + (c + c')cc'J cos' 

If we suppose the rod to make a complete revolufaon, so 
as to return to its original position, and if we denote hy (C-), 
(O') (P) the areas of the curves described by the pomts 
0, O', and P, respectively, we shall have (since in this case 
the angle 9 revolves through zir) 


e'{C) +c{C') =[o + c')(P) + 7r(c + c')cc', 


or 


c'jO) + c{0') 


c + c 


= (P) + Tree'. 


(i6) 


This determines the area (P) in terms of the areas (0), 
to oro' move on to some iionlical 

closed eurre, having a tracing point P at the distances c and 
c' from its ends, the area comprised letween the two curves is 

More'glnerally, if the extremities 0, 0' move on curves 
of equal area, we have, as before, 

(0) - (P) = ffcc'- 

Should the extremities, instead 
back to their former positions, then (0) - o, (0 ) , 
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. /p') _ _ The negative sign implies that the area is 

descrihed in a direction contrary to that in which the rod re- 

Again, if the rod returns to its original position after 
n revolutions, the limits for 0 become o and zn^t, and eq.na- 
tion(i 6 ) becomes 

c'{G)-¥c{C\ ^ 8) 

c + c' 

If {C) = {€'), this gives 

{G) - (P) = nircc'. (19) 

If the line oscillate back to its former position, without 
a revolution, we have w = o, and (19) becomes 

{G) = (P). 

Hence, in this case, if two points describe curves of equal 
area, then any point on the line joining these points describes 

a curve of tte same area. , . i • ix. 

Tke theorem in (i 6 ) can also be proved simply in another 

manner, as follows : . - , 

Let 0 denote the point of intersection of the moving line 
CG' with its infinitely near position ; that is to say, the point 
of contact with its envelope ; and let OP = r. Adopting the 
same notation as before, let ( 0 ) represent the area of the en- 
velope, and it is easily seen that 


rJjT 

(O) - (0) =iJ^(OO)^c?0=i 1^ {c-ryd9, 

r2ir 

(O') - (0) = ij (OOO'<f0 = iJ^ (c' + rydd, 

(P) - (0) = i I {0Pyd9 = i j ; 
hence 

d{C) +c{G')-{o + c'){P) =-i-J ^ {c'{c-ry+c{(f+ry-{c+oy}d9 
= ed (c + o') TT, 


as before. 
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A remarkable extension of Holditck’s tbeorem ■was given 
by Mr. B. B. Elliott, in tbe Messenger of Mathematics, 
Bebruary, 1878. 

Mr. Elliott supposed tbe length of tbe moving line C7 O to 
vary, but that it is in aU positions divided in tbe constant 
ratio m : » in a point P. 

Then, if G travel round tbe perimeter of any closed area 
{C), and (7' move simultaneously round another area {C'), tbe 
t'wo motions being (juite independent and subject to no re” 
striotions -whatever, except that both are continuous, having 
no abrupt passage from one position to another finitely differ- 
ing from it, then P -will travel simultaneously round tbe 
perimeter of another closed area (P). 

Adopting tbe same notation as before, we have 

(m + n)x = mxi + nxi, (m+n)'!/ = my\ + ny ^ ; 


{m + nYydx - {myi + ny^{mdxi + ndXi) 


= m^yidxi + rdyidXi + mn {y^dx,, + yydx^ 


= (m + w) {my I dxy + ny%dxi) - mn [y^- y,) d (x^ -r,). 


Integrating for a complete circuit, and dividing by (m + n), 
we have 

{m+n)(F) =m(C) + n{C') “ ^ {yi-y^d{xt-x^. (20) 

This result is stated as follows by Mr. Blbott : — 

Through any fixed point in the plane of a closed area 8 
let radii veotores be drawn to all points in its perimeter, and let 
chords AB, parallel and equal to the radii veotores, be placed 
■with one extremity A in each case in the perimeter of a closed 
area (A), and the other P on that of another (P) ; then, if 
the points A, P, travel respectively aU round the perimeters, 
and do not in either case return to their first positions from 
■the same sides as 'that towards which they left them ; and, if 

[ 14 ] 
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( 0) represent tlie area described ty a point always dividing 
m the constant ratio m : n, then the areas {A), {B), (C), (S) 
are connected by the following relation : 


( 0 ) 


m(A) +n{B) 
m + n 


mn 


(m + n) 


rA^)- 


(2l) 


This follows immediately from ( 20 ) by altering the nota- 
^^°^Areas described in opposite directions of rotation must be 

taken with opposite signs. , . 

For particular modifications in this result, as also tor its 
extension to surfaces, the student is referred to Mr. Elliott’s 
paper ; as also to Mr. Leudesdorf’s papers in the same 

Journa Kempe’s Theorem. — We next proceed to the 
consideration of a singularly elegant theorem* discovered by 
Mr. Kempe, and which may be stated as follows : — 

If one plane sliding upon another start from any position, 
move in any manner, and return to its original position after 
T paVi’ng one or more complete revolutions ; then every point 
in the moving area describes a closed curve, and t/ie locus, in 
the moving plane, of pioints 'which descrthe e^ual o'! cas is a circle , 
a'nd by varying the area we get a system of concentric circles for 
loci 

This result can be readily de- 
duced from Holditch’s theorem, for 
if we suppose A, B, C, to be three 
points which generate eq^ual areas ; it 
can easily be seen that any fourth 
point, B, which generates the same 
area, lies on the circle circum- 
scribing ABC. 

Let AB and CD intersect in P, 
then, let (P) represent the area 
described by the point P, as before ; 
and w the number of revolutions made before AB returns 
to its original position : then we have, by (i9)> denoting by 



^ Momnger of MatlemalicSj July, 1878, 
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(<7) tlie common area described by eaob of tbe points 

A, B, C, B, 

(0) ~ {P)=n7rAP.PJB, 
and, by same theorem, 

{C)-{P) = nirOP.PD; 

hence 

AP .PB^ CP.PI); 

consequently -4, B, C, D, lie on the circumference of the 
same circle. 

Again, let 0 be the centre of this circle, and join OP and 
OAf then the preceding equation gives 

{0) - (P) = ;^7r(04^- OP'). 

Hence all points which describe an area equal to that of 
( P) lie on a circle, having 0 for centre, and OP for radius, 
which establishes the second part of the theorem. 

For the effect of two or more loops in the area described 
by a moving point see Art. 132. 

148. Areas toy Approximatioii. — In many cases it is 
necessary to approximate to the value of the area included 
within a closed contour. The usual method is by drawing a 
convenient number of parallel ordinates at equal intervals ; 
then, when a rough approximation is suflicient, we may 
regard the area of the curve as that of the polygon got by 
joining the points of intersection of the parallel ordinates 
with the curve. Hence, if h be the common distance between 
the ordinates, and if 


yoj l/i, y%y & 0 ., yn, 


represent the system of parallel ordinates, the area of the 
polygon, since it consists of a number of trapeziums of equal 
breadth, is plainly represented by 

h I ^ — + 2/1 + ^2 + • 

[14 a] 
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Hence the rule : add together the halves of the extreme 
ordinates, and the whole of the intermediate ordinates, and 
multiply’ the result hy the common interval. _ 

When a nearer approximation is required, the method 
next in simplicity supposes the curve to consist _ of a number 
of paraholic arcs ; each parabola having its axis parallel to 
the equidistant ordinates, and being determined hy three of 

those ordinates. . , ,i 

To find the area of the parabola passing through the 
points whose ordinates are y^, j/i, 2/2 ; lety = a + ^x + yx^ be 
the equation of the parabola, and, for simplicity, assume the 
origin at the foot of the intermediate ordinate y„ then we 
have 

y„ = a-^h^- yW, 2/i = a, 2/2 = a + /3/i + yH ■ 

AgniTij the area between the first and third ordinate is 

{a -\- ( 3 x + + 7 — J. 

But ^jo + y2= 2^1 + : hence the area in question is 

- \y<, + 42/1 + y\- 

Now, if we suppose the number of intervals n to be even, 
and add the different parabolic areas, we get, as an approxi- 
mation to the area, the expression 


h 

3 


{yo+ + 4(^1 +2^3 + 


& 0 . + yn^i) + 2 ( 2^2 4 - ^4 + & 0 . + } . 


Hence the rule : add together the first and last ordinateSf 
twice every second intermediate ordinate^ and four times each 
remaining ordinate ; and multi^ply hy one-third of the common 


interval. 

We get a closer approximation by supposing the number 
of equal intervals a multiple of 3, and regarding the curve 
as a series of parabolae of the third degree, each being 
determined by four equidistant ordinates. To find the area 
corresponding to one of these paraboho curves, let 2^0, yu y^> Pi 
be four equidistant ordinates, and for convenience assume 
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tlie origin midway between yi and yz ; then if the equation 
of the parabolic curve be 

y = a + [3x + yx^ + 

and the common interval on the axis of iv he denoted by aA, 
we have 

2/0 = « - 3 i 3 A + 97 ^ •" 270^% 

2/1 = a + 7/2-’* ■“ 

2/3 = a + (B/i + 7/^^ + SA®, 

2/3 = a + 3i3A + 97^" + 

Hence yo + 2/3 = 2 (a + 97AO, + ^3 = 2 (a + -yA"). 

Again, the paraWlio area between j/o and t/s is 

P {a + ^x + jx^ + = 3A(2a + 67A®). 

J 

Substituting in this the values of a and 7 obtained from 
the two preceding equations, the expression for the area 
becomes 

— [yo + yz + z{yy + y^)]- 
4 

If the corresponding expressions be added together, we 
easily arrive at the following rule :* Add together the 
and last ordinates, twice every third intermediate ordinate, and 
thrice each remaining ordinate ; and multiply by fths of the 

common interval. , n i j. xi. 

It is readily seen that these rules also apply to the ap- 
proximation to any closed area, by drawing a system of lines, 
parallel and eqtddistant, and adopting the intercepts made by 
the curve instead of the ordinates, in each rule. 

Since every definite integr al may be represented by a 

* THs and the preceding are commonly called “ Simpson’s rules ’’ for cal- 
culating areas ; they were however previously 

Methol Mff; Prop. 6, scholium) as a particular applioataon of the method of 
iiitemolation. By tailing seven equidistant ordinates, Mr. Weddle (ChmS. and 
j)ub^Math. yourJ, 1854), ohtained the following simple and important rale to 
findine the area; — ToAve times the sum of tJte even ordinates add the middle ordi- 
nate mdall the odd ordinates, midtiply the sum hy three-tmtU oftUeomrnm 
interval and the product will be the required area, a,pproximMy. Ihe proot, 
wHch 13 too long for insertion here, will he foimd in Mn Weddle s m^oir; 
and also, with appUoations, in Boole’s Calculus of Finite Differences. The student 
is reteed to Bertrand’s Calc. Int., 1 . i, ch. sii., for more general and accinate 
nietliods of approximation by Cotes and Gauss. 
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curviliii6&r arGSij tliG ni©th.od.s giv6u fi'bovG ftr© applics^l)!© to 
tlie approximate determination of any suoli integral. 

In practice the accuracy of these methods is increased hy 
increasing the number of intervals. 

149. rianlmeters. — Several mechanical contrivances 
have been introduced for the purpose of practically estimating 
the area inclosed within any curved boundary. Such instru- 
ments are called Planimeters. The simplest and most elegant 
is that of Professor Amsler of Schaffhausen. It consists of 
two arms jointed together so as to move in perfect freedom in 
one plane. A point at the extremity of one arm is made a 
fixed centre round which the mstrument turns ; and a wheel 
is fixed to, and turns on the other arm as an axis, and records 
by its revolution the area of the figure traced out by a point 
on this arm. Prom its construction it is plain that the re- 
volving wheel registers only the motion which is perpendi- 
cular to the moving arm on which it revolves. 

In the practical application of the instrument it is neces- 
sary that the two arms, GA and AP, should return to their 
original position after the tracing point B has been moved 
round the entire boundary of the required area. 

"We shall commence by showing that the length registered 
by the wheel while B has moved round the entire closed area 
is independent of the wheel’s position on the moving aim ; 
i.e. is the same as if the wheel be supposed placed at the joint. 

To prove this, suppose P to represent the point on the 
arm at which the centre of the 
revolving wheel is situated. Let 
A'B' represent a new position of 
AB very near to AB, and P' the 
corresponding position of thcs 
point P. Draw PiVperpendioular 
to A'Jff ; then PJV represents the 
length registered by the whoc'l 
while the arm moves from AB to 
the infinitely near position A'P. 

Next, draw AiV' perpendicular, 
and AL parallel, to A!]f . 

Let PJV= ds', AN' = ds,AP=c, 

PAL = 4 ; then PN=PL + AN', 
or ds' = ds + 0 dip. 



Tig- n- 
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Now, if we suppose AB after a complete circuit of the 
curve to return to its original position, we have obviously 
S {(1^) = o ; and therefore S {da') = S i.e. the whole length 
registered by the revolving wheel at P is the same as if it 
were placed at A. 

Next, let X and y be the co-ordinates of B with respect to 
rectangular axes drawn through (7, and let AO ^ a, AB = by 
L ACX = 0 ; and suppose ^ the angle which BA produced 
makes with the axis of x ; then we shall have 

X = a oos 6 + b GQS (py y = a sin 0 + 6 sin p. 

Hence xdy - ydx a^dd + b^dp + ah cos {9 - p) d{d + <p). 
Also ds = AN' = A A' sin A A'N = a d9 cos {6 - (j>). 


But 6 + (j) == 26 - {6 - (p) ; 

ah cos [9 - ^)d{9 ^ p) 

= 2 ah oos(0 - p)d6 - ab cos(0 - p) d {6 - p) 

= ibds - ab cos {9 - p) d{6 - p). 

Consequently 

xdy — ydx = a^d9 b'^dp-^ zbds - ab cos [9 - p) d {9 - p)» 
But, by Art. 139, the area traced oufc by P in a complete 
revolution is represented by ^ f {xdy - ydx) taken around the 


entire curve. . . 

Also, since AO and AB return to their original positions, 
the integrals of the terms a^ d9ylf' dp and ab cos {9 -p)d {9- p) 
disappear ; and hence the area in question is equal to b8y where 
8 denotes the entire length registered by the revolving wheel. 

On account of the importance *<3f the principle of this in- 
straraent, tlie following proof, for Bj. 
wMoh. I am indebted to Prof. Ball, 
based on elementary geometrical 
principles, is also added. 

Let 0, Jt, jB represent, as before, 
the positions of tbe fixed centre, the 
joint, and the tracing point, respec- 
tively ; and suppose M to represent 
the position of the roller, or revolv- 
ing wheel ; then draw OP and ItS 
perpendionlar to AB. 



Kg. 24* 
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Let AO=^a, AB = b, AM = I, BC^r. 

Now, if the instrument he rotated about C through an 
angle 9 without altering the angle CAB, it is easily seen 
that the circumference of the roller is rotated through an arc 
represented by 


Pi? . 0 = U 




Again, if the instrument be rotated about S through a 

small angle the roller does not revolve. ^ . 

Hence a curve can be drawn through B, f 
such that, if the tracing point B he , 
moved along it, the roller will not 
revolve. ^ 

Now, let Xfx, XV be the two adjacent I j 

circles described with C as centre, and V 
suppose aa and /3j3' two adjacent non^ \ 
rolling GUiYes, such as just stated: and ^ ^ 

suppose the tracing point B to move 
round the indefinitely small area aa'j3j3 : then the arc through 
which the roller has turned is represented by 


^2 p _ r 


2b J 


rSr^e .aa/3'0 

= — - — = area or — 
b b 

since a]3 = rS6; and Sr = aa sin j3. 

Now suppose the instrument works correctly for the area 
W'aa, then it will work correctly for the area AX'J3'^ ; for, 
start from a to X, X^ a', then the area a\Xa must be regis- 
tered, since the roller does not turn in moving from a' to a; 
proceed then from a' to /3', j3, a, then, by what has been just 
proved, the area a'|3'^a will be added. Hence the instrument 
will work correctly for the strip XX'/u'/i. 

Again, suppose the instrument works correctly for the 
area Xjwp, then it will work correctly for XVp ; for suppose 
we start from X to p, p, and back to X : then start from X to 
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fi, fi, y and X ; the two journeys from X to fi and ^ to X 
will neutralize each other, and it follows that if the instrument 
works correctly for the area AjUjO, it will work correctly for 
the area XV/o : hence, if the instrument works correctly for 
any portion of the area, however small, it works correctly for 
the entire area. 

The student will find a description of Amsler’s Planimeter, 
with another mode of demonstration, in a communication by 
Mr. P. J. Bramwell, O.E., to the British Association. — See 
Eeport, 1872, pp. 401-41 2. 
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r. Find tlie whole area between, the curve 

= a- 

and its asymptotes. 

2. Find the whole area of the curve 

= x/^ (a® - a?®). 

3. Find the whole area of the curve 

-V+ (r) = I- 


Ans, 2t ab, 

— 

” y 




4. Find the whole area includod between the folium of Descartes 

ic* + y® - = o 

and its asymptote. Ans. — . 

5. In the logarithmic curve y = «*, prove that the area between the axis of 
X and any two ordinates is proportional to the difEerence between the ordinates. 

6. Fmd the area of a loop of the curve 

r = a 00s nO, Ans. — . 

n 

7 Find the area of a loop of the curve 

r = a cos ^ sin nQ, 

The eq[uation of the curve may be written in the form 
r = \/ a* 4- cos {nO + a), 

where tan a = - ~ : and conseq.uently its area can be found from the preceding 

a 

example. 

8. Find the area of a loop of the curve 




r® « a® cos n$ 4- sin n 9 ^ 


Am 


>/a^ + 
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9, Find tlie area of tlie tractrix. 

Tlie characteristio property of tlie tractrix is that the iatercept on a tangent 
to the curve between its point of contact and a fixed right line is constant. 

Denoting the constant by a, and taking the origin 0 at the point for which 
the tangent OA is perpendicular 

to the axis, we have, F being ^ 

any point on the curve 

PT=«, PiV=y, 
ax ^ a^ — y^ 



ydx - — a?- — y^dy. 

Hence the element of the area of 
the tractrix is eq^ual to that of 

a circle of radius a. , « . « •j. i -u 

It follows immediately that the whole area between the four infimte branches 
of the tractrix is equal to This example furnishes an instance of oemg 
able to determine the area of a curve^ from a geometrical property ot the curve, 
without a previous determination of its equation. , , . , 

If the e(|uation of the tractrix be required, it can be derived from its dilier- 

ential equation 


dx = - 


dy 


from which we get 


/ , « + 

a; -f v = a log 


That tte equation of the traotrii depends on 
Neiirton. See\i3 Second Epistle to Oldenburg (Oct. 1676). Tto wm, I 
helieve, the first example of the determination of the eq,imtion of a onrre by 
fcto^alion ; or, what at the time was called the mverse method of tmgmU. 

10 If each, focal radius rector of an ellipse he produced a constant length 0, 
show that the area between the curve so formed and the ellipse is ■no [zb + 0), 
h being the semi-axis minor of the ellipse. 

II. Find the area of a loop of the curve r» = a" cos 


Ans. 




. '(=) ' 

II If a riehtline carrying three tracing points . 4 , 0 , movemanym^er 
in . nlane returning to its original position after mating a complete revo^faon ; 
and 5 (J.) (B), (Cl^represent the entire areas of the closed curves desonhed hy 
the points ’ 1 , B, C, respectively, prove that 

JBOx[A) + CAx [B) + ABx [ 0 ) + re .AB . BO. CA-=o, 
in which the lines AB, BC, &c., are taken with their proper signs ; i.e., 
AS = - BA, &o. 
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13. JB, Gf D, are four points rigidly connected together, and moving in 
any Tvay in a plane ; if they describe closed curves, of areas {A), (i?), {€), (i>), 
respectively ; and if sc, y, z, be the areolar co-ordinates of D referred to the 
triangle AJBG, prove that 

(l))^x{A)^y{B)-\-z(C)- 7 ^t\ 

where t is the length of the tangent from D to the circle circumscribed to the 
triangle Messenger of Mathematics, 1%']% 

This follows immediately • for let P be the point of intersection of the lines 
AB and GD, then, by (18), we get a relation between {A), (P), and (P) ; and 
also between {C), (P), and (P). If P be ehminated between these equations we 
get the required result. 

14. Show that a corresponding equation connects the areas of the pedals of 
any given closed curve with respect to four points A, B, C, JD, taken respectively 
as pedal origin Mr, Leudesdorf. 

15. If a curve be referred to its radius vector r and the perpendicular p on 
the tangent, prove that its area is represented by 

1 r pr dr 

2 J y/ y2 _ pZ 

1 6. A chord of constant length (c) moves about within a parabola, and 
tangents are drawn at its extremities ; find the total area between the parabola 
and the locus of intersection of the tangents 


17. Prom the centre of an ellipse a tangent is drawn to a semicircle 
described on an ordinate to the axis major ; prove that the polar equation of the 
locus of the point of contact is 

^ h- {a^ + ^2) tan^ $ ’ 
and that the whole area of the locus is 

TT 

18. Apply the three methods of approximation of Art 148 to the calculation 

1 ^ dx 1 

, adopting — as the common 

0 14 "^ 12 

interval in each case Ans, (i), .693669. (2), .693266. (3), ,693224, 

The /-eal value of the integral being log 2, or .693147, to the same number 
of decimal places. 

19. Prove that the sectorial area bounded by two focal vectors r and f' of a 
parabola is represented by 



(r ■\-r' •\-c\ 

r -1 

f'r + / - 

1*1 

3 r 

1 2 J 

1 1 

1 2 ) 

' 1 


where c is the chord of the arc, and a the semiparameter of the parabola. 
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20. SIlow that the ■whole area of the inverse of the ellipse ^ = i is 

W' 

represented by 


( I I 


l\ 

/a2 

/ a* iSn 2 1*2 + 'J2 + 

\ a® 

W 

by 

U Jvl 


where a, jS, are the co-ordinates of the origin of inversion, and ^ is the radius of 
the circle of inversion. 

31. A given arc of a plane curve turns through a given angle roiuid a fixed 
point in its plane ; what is the area described ? 

22. Given the base of a triangle, prove that the polar eq^uation of the locus 
of its vertex, when the vertical angle is double one of its base angles is 

«(2 cos 20 + I) 

T — — ^ •. 

2 cos 0 


Hence show that the entire area of the loop of the curve is 3^ v 3 ^ 

4 

23. 0 is a point within a closed oval curve, P any point on the curve, QPQ" 
a straight line drawn in a given direction such that QP = T(^ = PO ; prove that 
as P moves round the curve, Q, Q', trace out two closed loops the sum of whose 
areas is twice ■the area of the origmal curve. Camb. Trip. Bxam., 1874. 

34, Prove that the area of the pedal of the oardioid r = a (i - cos 0) taken 
with respect to an internal point at the distance c from the pole is 

^ (5»3 - 2«c + 2 c2). [Ibid., 1876.) 

0 


25. The co-ordinates of a point are expressed as follows : 


03 + i’ 


30^“ . 

^ 03 + I ’ 


find the equation of the curve described by ■the point, and the area of 'the portion 
of the plane inclosed thereby. 
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OIIAPTEE VIII. 

LENGTHS OE CUEVES. 

150. Ijengtli of Curves referred to Meetaugular Axes. 
Tlie usual mode of considering the length of a curve is by 
treating it as the limit of a polygon when each of its sides is 
infinitely small. If the curve be referred to rectangular axes 
of co-ordinates, the length of the cho rd joining the points 
(r, y) and (cc + dec, dy) is dx^ + dy'^^, and, consequently, if 
B represent the length of the cu rve mea sured from a fixed 
point on it, we shall have ds- dx^ + dif, or, integrating, 



taken between suitable limits. 

The value of ^ in terms of x is to be got from the equa- 

CIJQ 

tion of the curve, and thus the finding of s is reducible to a 
question of integration. 

The determination of the length of an arc of a curve is 
called its rectification. 

It is evident that if y be taken for the independent variable 
we shall have 



Again, when x and y are given functions of a single va- 
riable we have 



In each case the form of the equation of the curve deter- 
mines which of these formulse should bo employed. 



The Catenary. 
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The curves whose lengths can be obtained in finite terms 
(compare Art. 2) are very limited in number. W e proceed to 
consider some of the simplest cases. 

15 1. The Parabola. — ^Writing the eq[uation of the 

, dx y 

parabola in the form = zmx, we get ^ = — • 


Hence 


m] 


+ m“dy. 


The value of this integral can be obtained from that of 
the area of a hyperbola (Art. 130), by substituting y for x, 
and for - 
Thus we have 

, = ^ ^ loJy^r/H^X ( 2 ) 

zm 2 ° V ! 

the arc being measured from the vertex of the curve. 

152. The Catenary. — The equation of the catenary 
(Art. 131), is I 


Hence 


y^lU^e-A 


= If J 

dx 2 \ 


ds I df\^ I / J 

= I T -I ^ 





1 C - I f -- 

: — 6 ° dx + - e “ dx 

2 2 


Pig. 27 • 

+ const. 


If s be measured from the vertex F, we have 


s = -le'‘-e 


the same result as already arrived at in Art. 13 1. 

Again, since FL = PV, and NL is constant, it follows that 
the catenary is the evolute of the traotrix (see Ex. 9, p. 219). 



I 
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i5,V Weml-cnblcal Parabola.- 

ourvo is of llio form = as®. 


-The equation of this 


houco 


V' 


*•3 


(ix 

qx\h 




2 \(l 


dx 


1 ('" 5 ) 


dx 


27 


I + 2 f\ + const. 
4 a/ 


It* i.lu^ ar(^ 1)0 moasxirod from, tlie vertox, we get 


f, 

27 \ 


I 1“ 




4a 


■i- 


The a(^tni-onl)ieal parabola is the first carve whose length 
was clotca’iuinod. This rosxalt was discovered by William 
Noil, in 1660. 

154. of lilvoluteB. — ^It may be noted 

that tho rectification of the somi-cubioal parabola is an 
iintncnliato (?onB(K|uenoo of itsboingtho evolnte of the or(hba.ary 
narabola (h(hx I)iff, Oalc., Art* 239). In like manner the 
Icngfli of any curve can bo found if it be the evolnte of a 
known curve^ from the property that any portion of the are 
of the evolnte is the diifcrenco between the two corresponding 
radii of ctirvattiro of the onrvo of which it is the evolnte* 

For cxam|)le, wo got by this moans the lengths of the 
ejefioid, the (epicycloid and the hypocycloid. 

Again, sinoo the ocpiaiion of tlio evolnte of an ellipse is 


(/)y)i » {a^ - i®)l, 


-d(a® sin^^ + /3® ooB^). 


tlu' huigth of any arc of this curve can he at once found. 

fifiiis (‘an also be readily got otherwise ; for, writing tibie 
e(|nation in the fom 

imd making x ■ a wo got y -= j3 oos®^, and 
ds ^ ■« 3 ein ^ oos^(«® sin®^ + /3® oos®^>)irf^ 

3 (a* sin®^ !• P® oofl®^)4 
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Hence 


o? — 


If tlie arc be measured from the point a; = o, y = /3, we 
get tbe constant 

- 8® , (a* sin’ A + 8’ cos’^)* - 8® 

- 

If a ” ^5 the expression for ds becomes 3 a sin 0 cob (jidcp ; 
hence we get s = | a sin’^, tbe arc being measured from tbe 
same point as above. 

Examples. 

I. Find the length of the logarithmio ctixve y = ca*. 

, , dx b . , I 

Here log y = i»log« + log 0 ; where 6 


_ f _ 




m JL y2\i _ I, 

= ( 5 ® + s/2)i + b log ^ . 

2. Find the length of the tractrix. 

Here, hy definition (see fig. 26), we have PT= f? ; 

■w , ds a- 
sin PPiV = hence 3- = - 7 ; 


J 2^ 


y 4* const. 


If the arc he measured from the vertex A, we get 


arc AJ ^ ! 


= »log(^). 


3. Find in what cases the cmves represented hy are reotifiahlo. 

Here we have 


[ 16 ] 
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. . , n 

Sul)stitutmg 0 for 


2m 

and making i + iic ” = 2^, tMs tocomes 





TMs expression is immediately integrakle wken — is a positive integer. 


Hence H —=r, we see that ourres of the form V = rectifiable. 

A-gain, if — ke a negative integer, tke expression under tke integral sign 

becomes rational, and can accordingly be integrated. This leads to the form 
y'ir = Accordingly, all curves comprised in the eq^uation —■ iu”* aro 

rectifiable, m bemg any integer. (Compare Art. 62). 

155. The Ellipse.— The simplest expression for the arc 
of an ellipse is obtained by taking a; = a sin -whence 

y = J cos (j), and <fe = {a^ coa^<j> + V' sin'“^)i ; 


s = j {a^ cos®^ + 6® 

It is often more convenient to write this in the form 


S = ffl (i 


c® sin“^)W^, 


(3) 


e being the eccentricity of the ellipse. 

It may be observed that ^ is the complement of the eccew- 
trie angle belonging to the point {x,y). 

The length of an elUptio quadrant is represented by the 
definite integral 



- 5 X 0 .^ <j>)id<p. 


We postpone the further consideration of elliptic arcs to 
a subsequent part of the Chapter. 

156. Rectification In Polar Co-ordinates. — Itt^ 
curve be referred to polar co-ordinates we plainly have (Difl. 
Calc., Art. i8o) = dr^ + r^dff ^ ; hence we get 



or s = 





(4) 


Rectification in Polar Co-ordinates, 
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For example, tlie lengtli of the spiral of Archimedes, r = aO^ 
is giyen hj the equation 



(r® 4- a^^dr. 


Comparing this with the formula (2) for the parabola, it 
follows that the length of any arc of the spiral, measured 
from its pole, is equal to that of a parabola measured from its 
vertex. 


Examples. 

1. Cardioid, r = a{i + cos 6). 

Here ^ « sin 0, and hence 

dd 

0 6 

s = ^ J { (I 4- cos 0)2 + sin20}5^?0 = 2 a / cos -dd = 4 a sin j + constant. 

The constant becomes zero if we measure s from the point for which 0 = o. 

2 . Logarithmic spiral, r = aO. 

Here, if 5 = r~> 

* log a’ 

= ^; 5=f^(i4 h'^)^dr = (i + 62)i _ ^o), 

dr J ro 

Accordingly, the len^h of any arc is proportional to the difference between 
the vectors of its extremities ; a result wHch also foUows immediately from the 
property that the curve outs its radius vector at a constant angle. 

3. = a”* coBmd. 

dr 

Tahing the logaxithmio differentials, we get^ = - tan mB ; 

ds ^ 

= secw0. 
rdd 

Hence * “ ® J 

Or, ■writing ^ for rnSj 

-1 

a r *** 

* = -j(cos^) 

This 18 readily integrated when ^ is an integer (see Art. 56). 



AiAiO 


■WhateTer be the yalue of m,, we caa express the complete length of a loop of 

the corre in Gamma Functions. For if we integrate between o and we ob- 

Tiously get tlie length of half the loop. 

Hence the length of the loop (Ait. 122) is 



157. Fonnnla of liCgendre on Rectification.— 

Anotlier formula* of consideralle utility iu rectifieatioi^jH- 
I0W8 immediately from the result obtained in Art. 192, JJiit. 
Calc. IFor, if this result be written in the form 


^ = jp, we get s — i = J fdtx>. (s) 

dui 


Consequently, the total increment of s - # between any two 
points on a curve is equal to taken between the same 
two points. ^ 

Eor example, in the parabola we have p = and 


hence . 

s - f = a ( — = a log tan ( j + ^ ) + const. 

J COS a> \4 2 y 

If we measure tlie arc from tlie vertex of the curve, and 
observe that i = -^5 this gives 




a sin<i> 

COS^O) 


+ a log tan 


(5 



The student can without difficulty identify this result with 
that given in Art. 151. 


* This theorem is due to Legendre. See Traitk d$s JPomtiona BlUpUqma^ 
tome ii., p. 588* 
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Fagnani^B Theorem, 

It stould bo obsorvod tliat wh.6ii tbio curv6 is closodj its 
whole length is, in general, represented by 

27r 

pditi, 

0 

Equation (5) furnishes a simple method of expressing the 
intrinsic equation of a curve, when we are given its equation 
in terms of j? and w. 

For, lip =/(w) we have 

s = g + |i) <-70, = /'(<-) + dto, (6) 

taken between suitable limits. 

158. Application to Ellipse. FagnanPs Theorem. 

In the ellipse we have 

= c? COSTCO + 6® sin®6>. 

Hence, measuring the arc 
from the vertex - 4 , and observ- 
ing that in this case Pi 7 is to be 
taken with a negative sign, we 
have 

arc AP + PN = | [d?’ cos®(*> + sin^w)^ dfa>, 

where a = 21-4 1 

But, in Art. 155, we have found that if ^ be measured 
from the vertex P, the arc is represented by 

I (a® cos^^ + d<l>. 

Consequently, if we make L PCQ- a = l ACFfy and dr^ 
QJf perpendicular to the axis major meeting the curve inP , 
we shall have 

arc PP' = arc AP + PN^ 
or, taking away the common arc PP ' , 

PP^Ar^ Pif. 



( 7 ) 
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TMs remarkable result is known as Fagnani’s Theorem*, 
and shows that we can in an indefinite number of ways find 
two arcs of an ellipse whose difference is expressible by a right 
line. 

We add a few properties connecting the points P and P' 
in this construction. 


Examples. 

1. If {x, y) and y*) be tlie co-ordinates of P and P', respeotiyely , prove 
tbe following : — 

(i). F2<r= — , (i). IN=rN', ( 3 ). OFT. ON' = OA . OB, 

a 

(4). (7P2 + OZV's = CA^ + (7P2 = (7P'2 + cm. 

2. Divide an elliptic quadrant into two parts whose difference shall be equal 
to the difference of the semiaxes. 

This takes place when P and P' coincide ; m which case ON = ab^ and 
PiV= a-b. 

We shall designate the point so determined on the elliptic quadrant as Fag- 
nani’s point. 

3. Show that if a tangent be drawn at Fagnani’s point, the intercepts 
between its point of contact and its points of intersection with the axes are 
respectively equal in length to the semi-axes of the ellipse. 

4. If the lines PW and T'm be produced to meet, show that they intersect 
on the confocal hyperbola which passes through the points of intersection of the 
tangents to the ellipse at its vertices. Show also that this hyperbola cuts the 
ellipse in Fagnani’s point. 


* Fagnani, QiornaU Letter ati d* Italia, 1716, reprinted in 'im Prodmioni 
Matematiohe, 1750. It may be noted that if we integrate the equation of Art. 
1 16, Liff. Gale., taking the angle G as obtuse, and adopting zero for the lowest 
limit in each integral, we obtam 

^ \/i - I - A;* sm^i db 

= J ^ 1 ^/e^ain^cdo + A;® sin a sin 5 sin e, 

where A: is defined by the equation sin (7= A? sin f, and a, b, c are connected by 
the relation 


cos c = cos « cos 5 - sinflf sin J \/ 1 - Aj* sin^c. 

This equation furnishes a relation between three elliptic arcs, from which 
Fagnani’s theorem can be readily deduced, as well as many other theorems con- 
nected with such arcs. See Legendre, Fono. Blhp . , tome i., ch. 9. 
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The equation of FN is 

ar sin 0 + y cos 0 = sin'^e + cos-0, 

and that of P'iV'' is „ • n 

a; cos 0 ysm0 _ ^ 


If we eliminate 0, we get 


^2 2^2 


^ a - h. 


which represents the hyperbola in question. 

159. Xlie Hypertoola.— In tlie hyperbola we liave 
jP® = a® cos* w - &* sin* to. 

Hence, measuring the arc from the vertex A of the cnrve, 
we find, since w is measured below the axis, 

pjy _ AP = I («* cos* <0 - &* sin* (o) 4 t?w, 

where o = ^ ACN. 

Ah we proceed along the hyperbola 
the perpendicular p diminishes, and 
vanishes when the tangent becomes 
the asymptote. . ... 

Moreover, as the limit of to in this 

case becomes tan~* |, it follows that the 

difference between the asymptote and 
the infinite hyperbolio arc, measured 
from the vertex, is represented by the 
definite integral 

a 

* (a* cos* <0-6* sin* 

Exakplbs. 

,.If«>i.proTethat ^ 

is represented ty an eUiptio are, and the senriaxes of the effipse aa:e the 
greatest and least values of (« + 4 cos tfp. 

2. If a <i, prove that 

J (a + ^ COS d<^ 

is represented hy the difference between a right line and a hyperhoUo are. 
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i6o. lianden’s Tlieorem on a Hyperbolic Arc. — 

We next proceed to establish an important theorem, due to 
Landen namely, that any arc of a hyperbola can he expressed 
m terms of the arcs of two ellipses. 

This can be easily seen as follows : — In any triangle, 
adopting the usual notation, we have 


c - a cosjB + h cos A, 


Now, representing by C the external angle at the vertex 
C, we have C ^ A ^ B, and hence 

cdC = cos jB + S cos A) dA + {a cosB + 6 cos A) dB, 

Consequently, supposing the sides a and h constant, and 
the remaining parts variable, we have 

^cdC = j a QosBdA + 1 5 cos^«?J5 + la sm5 + const., 
or 


\y ’Vzah cos CdO^ 

+ 2a sin B + const, 


- ¥sm^A dA+^^/b^ - a^sia^B dB 

■ (9) 


Now, if we suppose a? > 5 , J - h'^ sin^A dA represents 
(Art. 155) the arc of an ellipse, of axis major 2a and eocen- 
trioity Also ^^ 5 * - a* aia^B dB represents (Art. 159) the 
difference between a right line and the arc of a hyperbola, 
whose axis major is 6 and eccentricity 

Again, a‘ + i^ + zah cos 0 = J(a - 5 )®sin“— + (a + 6)® cos*—, 

’2 2 


* Landen, PMlosojpMcaZ Transactions, 1775 ; also, Mathematical Memoirs, 
1780. 
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and conseq[tientl 7 the integral 


•+ + 2ab COB CdC 


represents an arc of the ellipse whose semiaxes are d b and 

a-b. 

Hence, Landen’s theorem follows immediately. 

It should be noted that the limiting values of A, B and 
C are connected by the relations 


a sin J5 = b sin-4, and C - A + B. 


Again, if we suppose the angled to increase from o to tt, 
the external angle G will increase at the same time from 
o to TT, while B will commence by increasing from o to^ a, 

^nd afterwards diminish from a to o (^where a = sin 


\ € 

Moreover, in the latter stage b cos A is negative, and dB also 
negative, conseq[u.ently the term b cos A dB is positive through- 
out the entire integration ; and the total value of 


y 6" - dB is represented by 2 y - a" sin'*^ dB. 

c 

Hence, substituting ^ for and integrating between tbe 
limits indicated, we get, after dividiag by 2 , 


ir 

j^{(a + 6)®sin^0 + {a - by QOB^(j)]^ d^ 

w 

= I® (a* _ sinM) idA + - a® mi^B) idB. ( i o) 

Accordingly, the difference between the length of the asymp- 
tote and of the infinite arc of a hyperbola is equal to the differ^ 
ence between two elliptic quadrants. This result is also due to 

next proceed to two important tbeorems, wbicb may 
be regarded as extensions of Fagnani’s tbeorem. 
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1 6 1 . Theorem* of Hr. Crraves. — If from any point 
P on the exterior of two confocal ellipses, tangents PT and 
PT' be drawn to the in- 
terior, then the difference 
{PT+Pr^TT') between 
the sum of the tangents 
and the arc between their 
points of contact is con- 
stant. 

For, draw the tangents 
Q8 and QS' from a point 
Q, regarded as infinitely 
near to P, and drop the 
perpendiculars PiV and 3o- 

QN' ; then, since the conics are confocal, we have 

^ PQi\^= I QPIT'; PiV^' = 

Also, PT^ TR-hP]!^^ m + PS + T8+ 8N 

^ TS+8Q-- QN. 

In like manner 

pr = PN' + 8'Q - rs'; 

PT + pr =Q8+ Q8^ +T8-- T'S^ 
or PT + pr - Tr ^Q8-^ Q8' - 8S\ 

Hence, PT + PT' - TT' does not change in passing to 
the consecutive point Q ; which proves that PT + PT' - TT' 
has a constant value. 



* Tlds elegant theoxem was arriyed at by Dr. Graves, now Bishop of Limerick, 
for the more general case of spherical conics, from the reciprocal theorem, viz. : — 
If two spherical conics have the same cyclic arcs, then any arc touching the 
inner will cut from the outer a segment of constant area. (See Graves* tramsla- 
tion of Chasles on Cones anA Spherical Conics^ p. 77, Dublin, 1841.) 

It should be remarked that the theorems of this and of the following mtiole 
were investigated independently by M. Chasles. The student will find in the 
Comptes EenduSf * 844 ? a number of beautiful applications by that great 
geometrician of these theorems, as well to properties of confocal conics, as also 
to the addition of elliptic functions of the first species. 
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This value can be readily expressed by taking tbe point 
at one of tbe extremities 
of tlie minor axis of the 
exterior ellipse. Let D be 
the point of contact of tbe 
tangent drawn from jB', and 
drop DM, and DN perpen- 
dicular to CM and CD, 
respectively. 

Let CA = «, CD <= b, 

GA'=a', CM=b', e tbe eccen- 
tricity of interior ellipse. 

Then, by Art. 155, tbe length of arc 

BD = a^{i 



Kg. S"* 


where 

Again, 


coso = 


DM _ 0 N_ CD _b 


hence 


CD ' CD ~ CD' b" 

MD^ = + DJV* = {V -b cos a)* + sin“a 


FD = - 6" = a' sina. 


Consequently we have 

FD - DD = a' sina - a|^(i - e‘‘sin’‘<(,)id4>, 
Hence, in general, 

PT + PT' - TT' = 2a' sin a - 20 j (i - sin® df. 


(") 


a = COS’ 


.-1 




where 
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/ # p 



.1 ' 




Fig. 32. 


The analogous theorem, due to Professor Mac Oullagli, 
may be stated as follows : — 

^ 162 . Theorem.— If tangents PT, PT be drawn to an 
ellipse from any point on a con- 
focal hyperbola-, then the differ- 
ence of the tangents is equal to 
the difference of the arcs 
KT. 

The proof is left to the student, 
and is nearly identical with that 
given for the previous theorem. 

This result still holds when 
the tangents are drawn from a 
point on an ellipse to a confocal 
hyperbola, provided that the tan- 
gents both touch the same branch 
of the hyperbola ; as can be seen 
without difficulty. 

As an application'*' we shall prove another theorem of 
Landen; viz., that the difference leiween the length of the 
asym;piote and of the infinite branch of 
a hyperbola can be expressed in terms 
of an arc of the hyperbola. 

For, let the tangent at A meet 
the asymptote in D, and suppose a 
confocal ellipse drawn through D. 

Then, regarding DT as a tangent to 
the hyperbola, it follows, by the 
theorem just established, that the 
difference between BT and KT is 
equal to the difference between BA 
and AK. 

Consequently the difference be- 
tween the asymptote CT and the 
hyperbolic branch AT equal to 
BA + J)(7 - zKA. Consequently the 
required difference is expressible in 



Fig^ 33 » 


terms of given lines and of the hyperbolic arc AE. 

to Dr. Ingram for tMs application of Professor M‘Cullagli’s 
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We next proceed to consider two important curves wliose 
rectification depends on that of the ellipse. 

163. Thie — From the equation of the lima9on^ 


and hence 


r = ^ cos 0 + J, we get ^ sin 0, 
ds = (a® + 6* + 2ah cos fl)M0 ; 


n 


{a + Vf cos^ (a- ly sm^^|^c?0. 


Accordingly, the rectification of the liina9on depends on 
that of the ellipse whose semiaxes are + 5 and a -b. 

164. Tlie £pitroclioid and Uypotrocltoid. — The 

epitroohoid is represented by the equations (see Diff. Oalc., 
Art, 284) 

07 + 5 ) cos 0 - c cos 0, 


y - {a h) miB - c sin 0. 


Hence 


dx 

W 

dy 


|i 


sm 0 - V sin —7— 0L 
0 b 


^9- (•+»)[ 

Squaring and adding we get 


cos 0 - j cos -y~ 0| 


(ds'^ _ A 


a + bV" 


b^ - 2bc cos * 


s = . 


<2 4-5 


II 


- 2bo cos 


aO)^ 


dd. 


2b^ 


Hence, substituting — for 0 , we get 
a 


^ J {(J + cy sin®^ + (& - cy cos’^^j^c?^. 
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Consequently tlie length, of an arc of the epitroohoid is equal 
to that of an ellipse. 

The corresponding form for the hypotrochoid is obtained 
hy changing the sign of b. 

165. Steiner’s Tlieorem on Mectifieatloii of 
Monlettes. — If any curve roll on a right line, the length 
of the arc of the roulette described hy any point is equal 
to that of the corresponding arc of the pedal, taken with 
respect to the generating point as origin. 

For (see fig. 20, Art. 145), the element 00 ^ of the roulette 
is equal to OFdoj. 


Again, to find the element of the pedal 
at iV' and iV"' are right, the 
quadrilateral NN'TO is inseri- n' 
bahle in a circle, and consequently 7u 
NN\=OT sin NON\ But, in ^ 
the limit, NN' becomes the ele- A V 
ment of the pedal, and Orbecomes % Y\ 
OP : hence the element of pedal 
is OPdu) ; consequently the ele- ^ 

ment of the pedal is equal to the 
corresponding element of the F 
roulette; .*. &c. 


Since the angles 
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^ We proceed to point out a few elementary examples of this 
principle. In the first place it follows that the length of an 
arc of the cycloid is the same as that of the cardioid ; and 
the length of the trochoid as that of the lima9on. Again, if 
an ellipse roll on a right line, the length of the roulette 
described^ by either focus is equal to the corresponding arc of 
the auxiliary circle. 

Moreover, it is easily seen, as in Art. 146, that, if one 
curve roll on another, the elements ds and ds\ of the roulette, 
and of the corresponding pedal are connected hy the relation 


ds = 


In the case of one circle rolling on another, this relation 
shows that the arcs of epicycloids and of epitrochoids are 
proportional to the arcs of cardioids and of limacons, which 
agrees with the results established already. 
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1 66. Oval of Bescartes. — ^We next proceed to the 
rectification of the Ovals of Descartes, some properties of 
which curves we have given in chapter xx., Diff. Calc. 

The curve is de- 
fined as the loons of 
a point whose dis- 
tances, r and /,from 
two fixed points are 
connected hy the 
eq[uation 

mr + It' = 

where 1 ^ d are 
constants. 

For convenience 
we shall write the 
equation in the form 

mr-vlr'-nc, ( 12 ) 

where c is the dis- 
tance between the 
fixed points. 

The polar equation of the curve is easily got. For, let jF 
and Fi be the fixed points, and iFiFP = 0, then we have 
_ ^2 4. ^2 _ 2rc cos 0 ; 

also from (12), 

p^/2 ^ _ m7')\ 

hence the polar equation of the locus is readily seen to be 



r - 2rC’ 


mn - P cos 6 -P 


nf - P 


+ 


wr 


I' 


= o. 


(13) 


For simplicity we shall write this in the form 

- 2 rCt +(7 = 0 . ( 14 ) 


Solving this equation for r, we get 

+ ovFP^ = Q + v'^^-C, FP=a- C. 

It can te seen withont difficulty that, so long as ?, m, n are 
real and unequal, the curve consists of two ovals, one lying 
inside the other, as in the figure. 
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Again we get from (14), by differentiation 

do, 

(r - Sl)d/r = rSl'dB, where Q' = ; 

v/q” + Q'“-C' 


^ _ Q' 

rdd r - Q, 


Q,' 1 ds 

; hence 


Vq^-c 


yo,^- G 


Or ds = + ± + Q'» - C'-fO, (15) 

ya^-0 

the upper sign corresponding to the outer oval, and the lower 
to the inner. 

Hence the difference between the two corresponding 
elementary arcs is equal to 


2 's/Q,^ + Q'’® - OdO, or, 2 + 2ab cos 6 + P- CdO, 

(writing Cl in the form a + 5 cos 0 ) ; this plainly represents 
the element of an ellipse. Consequently, the difference 
between two corresponding arcs of the ovals can be repre- 
sented by the arc of an ellipse. This remarkable theorem is 
due to Mr. W. Eoberts (Liouville, 1847, p. 1 95). Some years 
after its publication it was shown by Professor Q-enooohi 
(Tortolini, 1864, p. 97), that the arc* of a Cartesian is ex- 
pressible in terms of three elliptic arcs. 

In order to establish this result we commence by proving 
one or two elementary properties of the curve. 

Suppose a circle described through F, Fi, and P ; and let 
FQ be the normal at P to the oval, meeting the circle in Q, 
and join FQ and FiQ ; then let L FPQ = w, and PPQ = w' ; 

and since ^ ^ = o, we have I sin w' = m sin oi-; 

ds ds 

FQ : PiQ = l:m. 


• For tte proof of llija theorem given in the text I am indebted to Mr. 
Panton. 
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Also, since mr + ¥ = nc ; and (by Ptolemy’s tbeorem) 

FP . FiQ + FP ,FQ = FF^ . PQ, 

we have 

l m n ‘ 

. Hence, denoting the common value of these fractions by 
we have 

jPQ = lu^ FiQ = mu, PQ = nu. 

Again 

dr of a/ Qi^ — C 

- c -v/q" + si'^-c 

Hence the first term in the expression for ds in (15) is 
equal to 

Qdd 0 mn - P cos B 
coBw m? — P cosw 

Again, let L FPFi == ip, lFFiG = (p, 

and we have the two foEowing relations between the angles 
9, fp, Ip: 

p = 9 + ip, sin fl + OT sin ^ = m sini//. (16) 

Hence 

dp-d6 = dip, loosOdO + mooBpdp = n coapdip-, 

(mn - P cos 6)dd =‘m{n + looaf)dp - n(m+ I ooa p)dp, 
or 

mn - P ooa 9, n n + looap j m + looapj ^ ^ 

d9 = m ^dp-n — — dp. (ly) 

oos oj cos cu cos <»} 

Again, from the triangle FFQ, we have 

r oos ft) = FQ + FQ ooap = (n + I cos p)ir, 

^ ^ oos p - = ..y'p + tip + zln oos p. 


oos Ui) 
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In the same manner it can be shown that 


m 


= ~ = ^2 ^ 2 i^ cos 


cos (U 


Hence we have 



me 

Jcos (Jj 

rrP - P 


ne 


- P 


+ 2 lm cos i[jdip. (i8) 


Each of these latter integrals is represented hy the arc of an 
ellipse, and, accordingly, the arc of a Cartesian Oval is 
expressible in the required manner. 

It should be noted that the limiting values of 6, (j>, and^ 
are connected by the relations given in (i6). 

Again, it can be shown without difficulty that the uxes of 
the ellipses are the lines {ABy CJD)^ (-4(7, jSi)), and {AD, BO)^ 
respectively : a result also given by Signor G-e nooohi. Fir st, 

with respect to the ellipse whose element is - (7^0, 

it is plain that its axes are the greatest and leas t values of 
2 ^ CP + - (7, or of 2 v ^ (P + y + 2 ah cos 0-0; but these 
are 2 y{a ^ bf - C and 2 ^{a - hf - (7, which are plainly 
the same as the greatest and least values of JPPi ; and, con- 
sequently, are AB and CD, 

Again, from the equation mr -i- If = nc, we get 

mFJB + l(FJB + 6)= m ; FJB = 

In like manner, 

m 


Again, since we get the points on the outer oval by 
changing the sign of I, we have 


FA^ 


[n + l)c 


FD^ 


{n - l)c ^ 
m-l 
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and, oonseq^uently, 

AD 


zne 


AC = 


m-t 
zmc {n -H 1 ) 


J?0 = 


zne 
I rrH 


zmc(n- l)^ 


■but these are readily seen to be the values for the axes of the 

ellipses in ( 1 8). • , ^ i i 

It should be noted that if we substitute in (15J the values 
for a and &, the expression for the element ds becomes of the 
following symmetrical form : 


ds=^ ■ 


me 


^P ^n^^z In cos ^ d(j> yP-^m'+ 2 Im cosi^ d<i> 


^ - 2mn cos (19) 

rr? - P 

We shall conclude the Chapter with a brief account of 
the rectification of curves of double curvature. 

167. Kectificatiott of Corves of BouWe Curvature. 
If the points in a curve be not situated in the same plane, the 
curve is said to be on© of double curvature. The expression 
for its length is obtained in an analogous manner to that 
adopted for plane curves ; for, if we refer the curve to a 
system of rectangular axes in space, and denote the co-ordi- 
nates of two consecutive points by {os, y, z), [x-^-dx, y^-dy,Z'\^ 
we get for the element of length, ds, the value 

ds = ^dod + dy^ + d^. 

The curve is commonly supposed to be determined^ by the 
intersection of two cylindrical surfaces, whose equations are 
of the form 

f(^,y) =0, «) =0. 


From these equations, if ^ and ^ be determined, the formula 
of rectification is 



(20) 
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When s is taken as the independent variable, this formula 


becomes 



tbe limits being in each case determined by tbe conditions of 

tbe question. ^ ,, 

The simplest example is that of the helix, or the curve 
formed by the thread of a screw. From its mode oi generation 
it is easily seen that the helix is represented by two equations 
of the form 

a! = aoosf|\ y = asin(^iy 


Hence 


dx 

d% 

ds 



dy a 


or s 








the arc being measured from the point in which the helix 

meets the plane oi xy. x • n 

This result can also be readily established geometncaily. 


Exa.mples. 

I. Find the length of the curve whose eq.uations are 


‘ 20 * 


— 

'60^' 




the arc being measured from the origin. . 4 !at* ca- 

This is a case of a system of curves which are readily rectified , for, m ge 

neral, whenever 

U/ 


we have 


( 


daf 




dy^ dz^ ^ 


d^^dx-^ dzy or 5 =a a; + 0 + conat. 


and therefore 
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Tims, if y =f{x) te one of the equations of a curye, -we get — = f(x), and 

dx ^ 


hence, if a second equation he determined from the equation 

rwj*, 




the length of the ciirve is represented hj x + z-\- const. ; the value of the con- 
stant being determined hy the conditions of the problem. 

For instance, if y = a sin a;, we get /'(a;) - a cos a;, and 

dza^ ^2 . 

^=“COS''a;; 2: = — (a; + cosa; sma;). 

Hence the length of the curve of intersection of the cylindrical surfaces 

y = a sin a?, 2: = — (a; + cos a; sin a;) 

4 

is 25 + a; ; the length being measured from the origin. 

2, y=2\/fl!a?-a;, z — x-^ s = x + y ^ z. 

3. ^ p a? = ~ («<* + a «), the length being measured from the point 


of intersection of the curve with the plane of xy. 


Ans. s = 


{a^ + 

a 


(a;2 - 
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Examples. 

1. Find tlie length, of any arc of the catenary 

^ - lea + e rt I , 

and show that the area between the curve, the axis of a;, and the ordinates at 
two points on the curve, is eq[ual to a times the length of the arc terminated hy 
those points. 

2. In any curve prove that s = f ■—===, and hence find the length of a 
parabolic arc. 

3. Show that the integral [— r====rr may be represented hy an arc of 
a circle, and find the limitmg v^ues of x for its possibility. 


f la''^ ~ , 


4. Show that the length of an elliptic arc is represented by | 

where a is the semiaxis major, and e the eccentricity. 

5. Express the length of an elliptic q[uadrant in a series of ascending powers 
of its eccentricity. 


6. Prove that the integral of 




-/(»“- i8") (a*-**) 


can be represented by an arc of the ellipse whoso semiaxes axe a and )8, 

7. Show that the rectification of the sinusoid y = sin a? is the same as that 
of an ellipse. 

8. Prove that the whole length of the first negative pedal of an olHpse, taken 
with respect to a focus, is equal to the circumference of the circle desorioed on 
the axis minor as diameter. 

9. Show that the length of an arc of the curve r ^ sin nS is equal to that 
of an arc of the ellipse whose semiaxes are a and na, 

10. If, from the equation of a curve referred to rectangular co-ordinates, we 
form an equation in polar co-ordinates, by taking and rd9 « dx^ then tie 
len^hs of the corresponding arcs of the two curves are eq^ual, and the area I y dx 
of me former curve is equal to the coiresponding sectorial area of the latter. 

11. Prove that the difference between the lengths of the two loops of the 
limaqon r = a cos d + i is equal to : a being greater than b» 

12. Being given three points A, JB, 0 on the circumference of an ellipse, 
show that we can always find, at either side of ( 7 , a fourth point i) such thattbo 
difference between AJB and CJ) shall be equal to a right line. 



Examples. 


247 


13. If a circle be described toucbing two tangents to an ellipse^ and also 
toucbing tbe ellipse, prove that the point of contact with the ellipse divides the 
elliptic arc between the points of contact of the tangents into two parts, whose 
difference is eq^ual to the difference of the lengths of the tangents (Chasles, 
Compt$s EenduSy 1843). 

14. Prove that the entire length of any closed curve is represented by 
j taken round the entire curve ; p being the radius of curvature at any 

point, and p the length of the perpendicular from any fixed point on the tangent. 

(5® + I . rt ^ ds 1 - 

------ be the eq_uation of a curve, prove that “ = ^ — 7, and 


15 . liev 
hence rectify the curve. 

16. Calculate approximately, by the tables of Art. 125, the whole length of 
a loop of the curve r cos -d. 

Here, by Ex. 3, Art. 156, the required length is 


5 

4 




13 9 

Hence, taking logarithms, and observing that -^ = 1.625, and -= 1.125, we 

get as the required approximation a x 3.29488. The figure of this curve is 
exhibited in Art. 268, Diff. Calc. 

17. In a Cartesian Oval whose two internal foci coincide, prove that the 
difference of the two arcs, intercepted by any two transversals from the exter- 
nal focus, is equal to a straight line which may be found. [The above cmve 
is the inverse of an ellipse from a focus.] — Professor Crofton, JSduc. Times^ 

Erom^|i3) Art. 166, it follows, making n — «^, that the equation of the 
limacjon, in fins case, is 


^2 ^ 2ro 


P cos 6 - 
____ 


4 c- = o. 


which is of the form 

r® + 2 r (a cos 0 ~ i 3 ) + (a - jS)^ = 0. 

Hence, by (15), the difference between two corresponding elementary arcs is 


4-\/ cos - dQ. 


Consequently, if Qi and 6 % be the values of 6 for the two transversals in 
question, we get the difference of the corresponding arcs 



. Also, it can be readily seen that the distance between the vertices of the 
Hma<}on is 4'\/a^ ; .*• 
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1 8. Stow that the length of an arc of the ellipse ^ = i xs reprcs 

by the integral 

I — _ 

(a^ cos^d -f sin®0)'2 

This result is easily seen, for we have ds=^p dd, and p = — ^ • • Sco 

pz > 

1$. Show, in like manner, that the length of a hyperbolic arc is repres( 


J (a^cos^d- 

20. Hence prove that the integral 

I dx 
{a — {a' 

is represented by an elliptic arc when ab' > ba'^ and by a hyperbolic arc ■v 
ab' < ba\ 

21. Prove that the differential of the arc of the curve found by cuttin 
the ratio n : i the normals to the cycloid ^ 

^ — a + b cos Uj X ss au -{• b sin u. 


is (a nby + i^nab sin’* - du. 

22. Each element of the periphery of an ellipse is divided by the dian 
parallel to it : find the sum of all the elementary quotients extended to the ci 

Ans. 

13. la the figure of Art. 158, if a = A AC2f', and ^ = z JSOy, prove 
tan a tan $ 


24. Eind the length, measured from the origin, of the curve 


y 

= a^(i ~ ( 2 «). 

Ans. s ss a log — . 

25. Eind the length, measured from = o, of the curve which is represe 

by the equations ^ 

a; = (2« - i) sin 4> - (a - b) sin^<^, 
y = (2^ — a) cos - (i - «) 

Am s = 4 (a 4 - ^)4> + I ( 4 f — sin coe < 

26. Prove that the sides of a polygon of maximum perimeter inscribed . 
come axe tangents to a confocal conic.— -Ohasles, Comptes Mndm^ 1845* 

27. To two arcs of an equilatoral hyperbola, whoso difference is rectifia 
correspond equal arcs of the lemniscate which is the pedal of the hyperl 
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28. The tangents at the extremities of two arcs of a conic, whose difference 
is rectifiable, form a quadrilateral, whose sides are tangents to the same circle. — 
Ibid. 

29. In an eqnilateral hyperbola proTe that 

rds = ^(tan 2d), 


and hence show that I rds taken between any two points on the curve is equal to 
the rectangle tinder the chord joining the points and the line connecting the 
middle point of the chord with the centre of the hyperbola. Mr. W. S . M‘ Cay. 

30. If 

z z — c® 


io = a 




ij - a 


1 4. J34 


be any point on a curve, show that the arc is the integral of 


a 


_ dz 

v^l + «*■ 


(M. Serret 


"WTiat curve do the equations represent ? 

31. Through any point in a plane two conics of a confocal system can be 
drawn. If the distance between the foci be 2c, and the transverse semi-axes of 
these conics be /x, p, prove the following expression for any arc of a curve 


dS ^ = (^2 — 


dp?’ 


dv> ) 
_ J/'ij 


32. Prove that the following relation is satisfied by the pL and v of any point 
on a tangent to the ellipse for which p. has the value jui : 

dpi dp 

(^2 _ c2) {p? ~ /li^) \/(c2 - 


33. The arc of the envelope of the right line a; sin a — cos a =/(a) is the 

integral of (/(a) + f" (a)) da. (Hermite, Cours d' Analyse.) 

34. The arc of the curve in which y* +• ^2 _ ^ax = 0 and z* - a;* + 25 a; = o 

intersect, if a® = x + 5 ®, is 


\/ 2 (<? — 5 ) dx 
a; (2 — ax) (2 - bx) 


{Ibid). 


35. Show that the arc of the curve — + ^ 


the form 


depends on an integral of 


^dz \/ ejs 4. js)* 4 — z)^, where i!; = ~ - 2. 

36. Show that reotifioation may, in general, be reduced to quadratures* as 
follows : — 

Produce each ordinate of the curve to be rectified until the whole length is in 
a constant ratio to the con-esponding normal divided by the old ordinate, then 
the locus of the extremity of the ordmate so produced is a curve whose area is in 
a constant ratio to the length of the ^ven curve. 

By this theorem Yan Iluraet rectified the semi-cubical parabola nearly simul- 
taneously with ‘W'nx. ISTeil. 
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VOLUMES AND SURFACES OF SOLIDS. 


1 68. — Tlie Prism and Cylinder. — The most 

simple solid is the cute, wMeh is accordingly the measure of 
all solids, as the square is that of all areas. Hence the 
finding the volume of a solid is called its cubature. Before 
proceeding to the application of the Integral Calculus to 
finding the volumes and surfaces of solids we propose to show 
how, in certain cases, such volumes and surfaces can he found 
from geometrical considerations. In the first place, tlio 
volume of a rectangular parallelepiped is measured hy the 
continued product of the three adjacent edges; and that of 
any parallelepiped hy the area of a face multiplied hy its 
distance from the opposite face. 

Again, the volume of a right prism is measured hy the 
product of its altitude into the area of its 


base. Eor example, the volume of the right ^ 

prism represented in the figure is mea- 
sured hy the area of the polygon AJB CDE, 
multiplied hy the altitude AA\ Again, 
since each lateral face, AB S' A' for ex- 
ample, is a rectangle, it follows that the 
sum of the areas of all the faces (exclusive 
of the two bases), i.e. the area of the sur- 
face of the prism, is equal to the rectangle 
under the altitude and the perimeter of JoT 

the polygon which forms its base. p. . 

This and the preceding result still hold ^ ’ 

in the limit, when the base, instead of a polygon, is a closed 
curve of any form, in which ease the surface generated m 
called a cylinder. Hence, if V denote the volume of the por- 
tion of a cylinder hounded hy two planes drawn perpendi- 
cular to its edges, h its height, and A the area of its base, wa 
get V = All. 
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Again, if S denote the superficial area of a cylinder, 
bounded as before, and S the length of the curve which forms 
its base, we have S = Sh. 

169. The ff»yraiMid and Cone. — If the angular points 
of a polygon be joined to any external point, the solid so 
formed is called a pyramid. Any section of a pyramid by a 
plane parallel to its base is a polygon similar to that 
which forms the base, and the ratio of their homologous 
sides is the same as that of the distances of the planes from 
the vertex of the pyramid. Hence it follows that pyramids 
standing on the same base, and whose vertices lie in a plane 
parallel to the base, are equal in volume. For, the sections 
made by any plane parallel to the base are equal in every 
respect ; and, consequently, if we suppose the pyramids 
divided into an indefinite number of slices by planes parallel 
to the base, the volumes of the corresponding slices will be 
the same for all the pyramids ; and hence the entire volumes 
are equal. 

Also, if two pyramids have equal altitudes, but stand on 
different polygonal bases, the volumes of the pyramids will 
be to each other in the same proportion as the areas of the 
polygonal bases. For, this proportion holds between the 
areas of the sections made by any plane parallel to the base ; 
and consequently between the slices made by two infinitely 
near planes. 

Again, the pyramid whose base is one of the faces of a 
cube, and whose vertex is at the centre of the cube, is 
the one-sixth part of the cube ; for the entire cube can be 
divided into six equal pyramids, one for each face. Hence, 
denoting the side of a cube by the volume of the pyramid 

in question is represented by ; i. e. by the product of the 

area of its base into one-third of its height. 

Now, if we vary the base, without altering the height, 
from what has been established above it follows that the 
volume of any pyramid is the area of its base multiplied by 
one-third of its height.* 


* This demonstration is taken from Clairaut’s Bltmem de Odom4tru. The 
fitndent is supposed familiar with the more ancient proof, from the property that 
a triangular prism can “bo divided into three pyramids of equal vohimo. 
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If the hase of the pyramid he any closed curve, the solid 
so formed is called a cone ; and we infer that the mlume of a 
cone is equal to one-third of the product of the area of its hme 
into its height. 

If the base of a pyramid be a regular polygon, and the 
vertex be equidistant from the angular points of the polygon, 
the pyramid is called a right pyramid. 

In this case eaeh/^xce of the pyramid is an isosceles triangle, 
whose area is the rectangle under the side of the polygon 
and half the perpendicular of the triangle. Hence the 
surface of the pyramid is equal to the rectangle under the 
semi-perimeter of the regular polygon and the perpendicular 
common to each face of the pyramid. 

Again, if we suppose the number of sides of the regular 
polygon to become infinite, the pyramid hecomes a right 
cone ; and we infer that the entire surface of a right cone is 
equal to the rectangle under the semi-circumference of its 
circular base and the length of an edge of the cone. 

Hence, if a be the semi-angle of the cone, I the length of 
an edge, and r the radius of its base, wo have r = /sin and 
the surface of the cone is represented by nV' sin a. 

If a right COM be divided by two planes ABG^ DBF. 
perpendicular to its axis, as in figure, the 
part intercepted by the planes is called a 
truncated cone. 

The surface of a truncated cone is 
easily expressed; for if OA = /, OZ) = l\ 
the required surface is tt sin a (P ~ 
or TT (/ - V) {I + I') sin. a, 

Nowj^if the circular section LMN'he 
drawn bisecting the distance between 
ABO and DBF, the circumference of the , 
circle LMIT is tt (/ -h I') sin a. Hence the ^ 
surface of the truncated cone is equal to 
the rectangle under the edge AD and the 
circumference of its mean section. 

170.^ Surface aud ITolume of a Sphere.— To find the 
— a sphere ; suppose a regular polygon in- 

diameter AB ; then each side of the polygon, PQ for 
example, -will describe a truncated cone. 



37. 
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Now, from the centre C draw CD perpendicular 
and construct, as in figure ; then, hy the preceding 
the surface generated hyPQ is 

equal to zir PQ . DI. 

Again, by similar triangles, 
we have DC: DI=PQ: MN-, /r\ 

PQ.DI= DC. MN. / K 

Accordingly, since the per- ! \ 

pendicular (71) is of same length f \ 

for each side of the polygon, the ^ min c 
surface generated by the entire Fig, 38 . 

polygon in a complete revo- 


to PQ, 
Article, 


lution is equal to zrr CD . AD = 471 P- cos where n repre- 
sents the number of sides of the polygon, and P the radius of 
the circle. 

If we suppose n to become infinite, the solid generated 
by the polygon becomes a sphere ; and we get for the 
entire surface of the sphere. Hence, the surface of a sphere 
is equal to four times the area of one of its great circles. 

Again, it is easy to find the surface generated by any 
number of sides of the polygon. Thus, for example, that 
generated by all the sides lying between the points A and Q 
is plainly equal to 271 CD . AN. 

Hence, in the limit, the surface generated in a complete 
revolution by the arc AQ is equal to ztt . AC . AN. Such a 
portion of a sphere is called a spherical cap. 

Again, suppose the points A and Q connected ; then, since 
AQ^ = AB . AN, it follows that the area of the spherical cap 
generated by the are AQ is equal to the area of the circle 
whose radius is the chord AQ. 

The volume of a sphere is readily found from its surface ; 
for we may regard the volume as consisting of an infinitely 
great number of pyramids, having their common vertex at 
the centre, and whose bases form the entire surface. But the 
volume of each pyramid is represented by the product of one- 
^ third of its height (i. e. the radius) by its base. Hence the 

I entire volume of the sphere is one-third of its radius multi- 

plied by its surface, i. e. — B,^, 
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Examples. 

culii' to cylinder be out by planes peipendi- 

suifaees are equal to area. *1^8 intercepted portions of the 

in the wXorto? of 2 ^ oircumsoribing cylinder 

tion TTimp rnani^a ^ that tlicir smfaces also are in the same propor- 
tion. iliobe results were discovered by Archimedes. ^ ^ 

1 7 1 . Surfaces of ReTolution— In the precedinswe 

^ hy the re^olution^f a 

axole around a diameter. In general, if any plane he sup- 

?n ^ fixed line situated in ft, every poift 

in the plane will describe a circle, and any curve lying in the 
plane wiU generate a surface. femme 

^ surface is called a staface of revolution ; and the 

8.er«,olulion tata pl.<», i» cdled 

mad? i® that the section of a surface of revolution 

S^ele. perpendicular to its axis is a 

If we suppose any solid of revolution to he cut hy a series 
of planes perpendicular to its axis, the volume of ^e solid 
any two such sections may he regarded 
S pSes '''' indefinite number of thin oyhn- 

suppose the generating curve to he referred to 
revolution being that of x, the 
to f ^e^.ated by a point {x, y) fs plainly ectual 

to mj , and the cylindrical plate standing on it, whose thick- 
ness is dx, IS represented hy irfdx. 

is bblT r * of revolution 

^ entire volume comprised between two sec- 
tions, correspondmg to the abseissoe a and S, is ohvionslv 
represented hy the definite integral ^ ODviously 
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In like manner, tlie volume of tlie surface generated by 
tbe revolution of a curve around the axis of y is represented 
by Trloo^dy, taken between suitable limits. 

Again, we may regard the surface generated by any 
element ds of tbe curve as being ultimately a portion of tbe 
surface of a truncated cone, as in Art. 170; and bence tbe 
surface generated by ds in a complete revolution round tbe 
axis of X is represented by 2wyds\ and accordingly tbe entire 
surface generated is represented by 


27r 



taken between proper limits. 

We proceed to apply these formulae to a few elementary 
examples. 

172. Vhe ^pbere. — Let a?’* -f y ^ be tbe equation of 
tbe generating circle ; then, substituting for 2/^ we get 

for tbe volume 


V - IT 


(a^ - x) dx - 


TT 



+ const. 


If we take o and a as limits, we get - for tbe volume of 

3 

tlie hemispliere ; tlie entire volnme of the sphere is 

as in Art. 170. ^ 

To find the volume of a spherical cap, let h be the length 
of the portion of the diameter out off hy the hounding plane, 
and we get for the corresponding volume 


(a“ - x‘) dx = IT A® (a - 

!<«-* \ 3 / 

Again, to find the superficial area, we have 


Hence, tbe surface of tbe zone contained between two 
parallel planes corresponding to tbe abscissae Xi and Xq is 


adx ^ 27 ra {xi — Xo ) ; 


27r 
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that is the product of the circumference of a great circle by 
the breadth of the zone. This agrees with Art. 1 70. 

173. Rigbt Cone. — If a denote, as before, the angle 
which the right line which generates a cone makes with its 
axis of revolution, we get = x tan a, taking the vertex of the 
cone as origin, and the axis of revolution as that of (v ; accord- 
ingly, the element of volume is tt tan^ao^dx. 

Hence, if h denote the height of the cone, we get its 
volume equal to 

Trtan^af dx = taB? a : 

Jo 3 

i.e. - X area of its base, as in Art. 169. 

3 

Again, to find its surface, we have ds = Beo a dx ; 


27 t J yds = 27 r tan a sec a 


xdx = Trh^ tana sec a ; 


which agrees with the result already obtained. 


Examples. 

I. The base of a cylinder is a circle whose area is equal to the surface of a 
sphere of radius 5 ft. ; being given that the volume of the cylinder is equal to 
the sum of the volumes of two spheres of radii 9 ft. and 16 ft., j6nd the hekht 
of the oylmder. 64J ft! 

is oiit out of a sphere of 10 ft. radius, by a cone the angle 
01 which IS 120® j find the radius of the sphere whose solid contents axe equal to 
those of the sector. ^ 

3. Two pnes have a common base, the radius of which is 12 ft. : the alti- 
tude of one IS 9 ft. ; and that of the other is 5 ft. ; find the radius of a sphere 
whose entire surface is equal to the sum of the areas of the cones. 

Ans. 2v^rrft. 

^ 174. Paraboloid oC ReYolutlon. — "Writing the equa- 
tion of a parabola in the form = zmx, we get for the 
volume of the solid generated by its revolution round the 
axis of X 


2nm J xdx = 7 rmx^ + const. == ™ + const. 

2 ^ 
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Hence, the volume of the surface generated by the revo- 
ution 01 the part of a parabola between its vertex and the 

point is represented by J i.e. is equal to half the 

volume of the circumscribing cylinder. 

Again, to find the surface of the paraboloid, we have 


pds dy=^{f + m^)lydy. 


Hence, the surface of the paraboloid, between the same 
limits as above, is represented by 


Spheroids of Revolution, — If we suppose an 
ellipse to revolve round its axis major, the surface generated 
by the revolving curve is called a prolate spheroid. If it re- 
volve round the axis minor the surface is called an olMe 
spheroid. 

^ The volume of a spheroid is easily obtained ; for, taking 
^ + •^ = I as the equation of the curve, we get, on substitut- 




(a“ x^)dx - — X (a^ - — ] + const. 


Hence the entire volume is ^ab\ In like manner, the vo- 

o 

lume of an oblate spheroid is obviously bed. 

176. Surface of Spheroid.— In the case of a prolate 
spheroid we have pioiaie 
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Hence, if CM = Xo, we get for S, the zone gene- 

rated m a complete revo- ® 

lution hy the arc PQ, 




he 




dx. 



Now, if we take GD = - 
e’ 

and consiruot an ellipse 
whose somiaxes are GD 
and CP, it is easily seen 
(Art. 129) that the elementary area between two conseontive 

ordinates of this ellipse is - 0^ dx. Hence it follows 

that the area of the zone generated by the are PQ is jr times 
the area of the portion P1Q1Q2P2 of this ellipse. 

_ Again, if AE^ be the tangent at the vertex of the original 
ellipse, we see that the entire surface of the spheroid is ajr 
X the ai'ca EOAEi ; but this is seen, without di£S.oulty, to be 

ab . , 

2-rO' -I 27r — Sin"*e. (l) 

In like manner, we got for the surface 5 " generated by the 
revolution of an ellipse round its minor axis 


8- 


xds = 2 TT 


1 , 


dy 


a‘e 

"v 


5 ‘ \4 


tr + 


dy. 


If this ho integrated, as in Art. 15 1, we get, after some 
obvious reductions, 

S = 7r~ f 1 - ¥)l + TT log -d . — 

If this be taken between the limits 0 and 6, and doubled, we 
get the entire surface of the ellipsoid 


1 + e 
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It IS readily seen, as in tlie former case, that the surface 
o± any zone of this ellipsoid is tt times the area of a corre- 
sponding portion of the hyperbola 


a;® 

^2 ^ = I 

bounded by lines drawn parallel to tbe axis of x. 

The area of the surface generated by the revolution of a 
hyperbola round either axis admits of a similar investigation. 


Examples. 

round volume of tte surface generated l)y the revolution of 

referring the cycloid to DA and 
DB as co-ordinate axes, we liave (see Diff. 

Calc., Art. 272) 

= + sin^), y = «(i + cos^), 

where z BCD = 

Hence 

dV^TTi/^dx = 7r«3(i + cos ; 

for the entire volume V, we got 

F'ss (i 4. cos <p)^d(p = i6ira^ | cos^-d^ 


a cycloid 



«s 3 27 r 1 %os® 0 dd, making ^ . 

Hence 

2. Find the whole surface generated in the same case. 


Here 


/S' = 2 x 1 2 / = 47r<af2 j* (i 4 . cos (^) cos ^d<l>; 


hence the entire surface is 
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3. Find the volnine and the snifaoe of the solid geneiated by the seeroht&zt 
of tlie tractnx rouad its aids. 

(r). Here we haye 

{d^ - ^dy ; 

hence tlie yolume generated hy 
the portion AF is 


TT f {(i^-y^)\ydy = ~ (^2 
Jy 3 

The Toliime generated hy the 

entire tractrix is — c^\ i. e half 
3 

the Yolnme of the sphere whose 
radius is OA. 

(2). The surface generated hy AF is 
2 T I = 2‘jr« j di 



V 


— - 




ST 






Fig. 41. 


(see Ex 2, Art. 154) 


=: 2'tsa{a “ y). 


Hence the entire surface generated is 2ita ^ ; i. e. half the surface of Ihe sphew 
of radius OA, 


4. Find the yolume, and also the snrfacej generated by the revdliitioii cf lhlf 
catenary around the axis of x. 



(2). Again, since 
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Consequently the surface generated by PF in a complete reyolution is ^ 
X tbe Tolume generated ; Le. -tt (^'s + aa;). ^ 

5. Ill ti© same cxirve to find tbe surface generated by its reTolution roimd 
tbe axis OK ^ ^ 

Here 


Again 


^ = 27 r j iva!s = j jceo dx + % ^ xe’^dx. 

f * - 5 r« ® 2 ! 2 . 

xe^ d(c = axe^ “ ^ J ^ ~ + <r). 


Also tbe value of 


tv o' a 

0 


dx 


is obtained by changing the sign of ^ in tbe last result. 
Hence 

f* -2 *2 

xe ^ d(c = — axe " — 

Jq 


S = 'ir lia^ ^ ax \ 


I- e 


•)j 


/ " 

-r fw " j — a'-* f fi« 

= 27r{d^ -f. ira --ay). 

177 . Annular Solids.-— If a y 

closed cnrye, which is symmetrical 
with respect to a right line, he made 
to revolve round a parallel line, then 
the superficial area generated in a 
complete revolution is equal to the 
product of the length of the naoving 
cmve into the oiroumferenoe of the 
circle whose radius is the distance 
between the parallel lines. 

This is easily proved: for let 
AFJBJP' h^ny curve, symmetrical with respect to AS, and 
OX to he the axis of revolution; and draw JPJf QM 
two mdefimtely near lines perpendicular to the axis. It is evi- 
dent that PQ = P Q . Again, let PJV‘«2/,P'i\r«/,PQ«P'Q^ 

r j elementary zones described 

oy and P Q in a complete revolution is represented by 

27 r {y + /) ds » ^nhds. 




-4^ 


“y 5 

E 

c 

' Q 
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Oonse(iaently the surface generated by the entire curve is 
2irbb, where 8 denotes the whole length of the curve. 

A similar theorem holds for the volume of the solid ge- 
nerai-ed : viz., the volume generated is equal to the product 
ot the area of the revolving curve into the circumference of 
llie saipe circle as before. 

For the volume of this solid is plainly represented by 

- y'^)dx, 

or by n-J [y - f) (y + = 277^1 {y - y') dx. 

But tbe area of the curve is represented by 

j (y - ?/) do : 

consequently, denoting this area by A, and the volume by V, 

wehave ^ \ 

V = 27rh X A, 


In these results the axis of revolution is supposed not 
to intersect the^ curve ; if it does, the expression zirb x A 
represents the difference between the volumes of the surfaces 
portions of the curve lying at opposite sides 
01 the axis of revolution ; as is readily seen. A similar alte^ 
ration must be made in the former theorem in this case. 

If a circle revolve round any external axis situated in ife 
plane, the surface generated is called a spherical ring. IVom 
the preceding it follows that the entire surface of such a ring 
is ; where a is the radius of the circle, and 5 the 
tanoe of its centre from the axis of revolution. 

In like manner the volume of the ring is 

It would be easy to add other apphoations of thsse 
theorems. 

178. Vlieoreins. — The results established in 

the preoedmg Article are but particular cases of two general: 

^ G*uldm, Cdniroharyica^ seu oeniro gravitchtis iriuM $p^$ieT%iM 
cmlinum. 1 035 , G tildin arrived at his principle by induetiou from a sraaEaiwa* 
ber 01 elementary cases, hut Ms attempt at a general demonstration wai an 
eminent lailure. See Montuola ITist. des Math*^ tom. ii. p. 34. Montncia 
sno^, tom. u. p. 92, that Guldm’s theorems can he established from sreonuN 
tncal considerations, ■without reooinse to the Calculus. ^ 
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propositions, usually called Gluldiu’s Theorems, but oris'mally 
enunciated by Pappus (see Walton’s Mechanical Problems, 
p. 42, third Edition) . They may be stated as follows 

(j)‘ . ple.ne curve revolve round any external axis, 
situated in its plane, the area of the surface generated is equal 
to the product of the perimeter of the revoking curve by the 
length of the path described, during the revolution, by the centre 
of gravity of that perimeter. 

(2). TJnder the same circumstances, the volume of the solid 
generated is equal to the product of the area of the generatinq 
curve into the path described by the centre of gravity of the re- 
volving area. 

To prove the former, let s denote the whole length of the 
co-ordinates of one of its points, x, y, those 
ot the centre of gravity of the curve; then, from the ded- 
nition of these latter, we have 

-yJl*., 


2Trys-=2Trlyds^ 

i. 0. the surface generated by revolution round the axis of (c is 
equal teethe product of the length of the generating curve, 
into 2 Try, the path described by the centre of gravity. 

To prove the second proposition ; let A denote the area 
of the generating curve, and dA the element of area corre- 
sponding to any point », y. Also let x, y he the co-ordinates 
of the centre of gravity of the area, then 

'2iydA Wydxdy , , 

y = —j— = — c*®# ioxdA ) ; 

2 wyA = ztt ilydxdy = y'^dx; 

where the integral is supposed taken for eveiy point round the 
perimeter of the curve : Vt, from Art. 171, the integral at 
the right-hand side represents the volume of the solid gene- 
rated ; hence the proposition in question follows. 

For example, the volume of the ring generated hy the 
revolution of an ellipse around any exterior line situated in 
its plane is at once zn'^abc, where a and b are the semiaxes 



uj K}uiiab\ 


of tvSon. 

It may be noted that these results stiU hold if we suppose 
Smd^l’ ^ complete revolution, to^Ln 

m^Mure of the angle of rotation, and in the former case we 


6ps = 6 j yds. 

But 0y is the length of the path described bv the ceutrA 

“VJ*"* “ “* “* ”*»• eentawt; 

hold^ manner the second proposition can be shown to 

rAf Godin’s theorems are still true if we suppose the 

rotation to take place around a number of different^axes in 
succession ; in which case the centre of eraX in JeT? 7 
describing a single circle, would describe f nur^ber o/ams of 

the s^ revolution separately, and therefore holds fo? 

™i£VZS the TOW of the 

leiSMiSS“ltS‘ 

179 Expression for Volume of anv iSoUd Tr,^ 



of a number of infinitely tbin oylindrioal plates. Thus, if we 
suppose a system of rectangular co-ordinate axes taken, and 
the cutting planes drawn parallel to that of ccy ; then, if 
represent the area of the section made by a plane drawn at 
the distance % from the origin, the entire volume is denoted 
by 

J Azd%^ 

taken between proper limits. 

The area Az is to be determined in each case as a function 
of % from the conditions of the bounding surface. 

For example, to find the volume of the portion of a cone 
cut off by any plane ; we take the origin at the vortex, and 
the axis of % perpendicular to the cutting plane ; then, if B 
denote the area of the base, and h the height of the cone, it 
is easily seen that we have 

Az\B-=^%^ \ or - 4 a == — ; 

1 

z^dz ^ - B X h; as in Art. 169. 

0 3 



If the cutting planes be parallel to that of yz, the volume 
is denoted hy jA^dx; where Ajc denotes the area of the sec- 
tion at the distance x from the origin. 

180. Tolume of KlUptie Paraboloid.— Let it be 

proposed to find the volume of the portion of the elliptic 
paraboloid 


out off by a plane drawn perpendicular to the axis of the sur- 
face. Here, considering z as constant, the area of the ellipse 

, , y, — 

— + ~ = 22, by Art. 128, is iirZA/pq, 

Hence, denoting by c the distance of the bounding plane 
from the vertex of the surface, we have 


F=27r\/jJ(7 Srfe s= TTC** 
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Thu result admits of being exhibited in another form ; for if 
flat, we have ^ 

-5 = 27rCy^5^. 

TOlSn^^ * eircnmscrihing cylinder, as in paraboloid of re- 
ellipsoid ***® Next, to find the volume of the 








b= (f~ ‘• 


- + ^'=i-f 
a^ c‘ 


the area of this ellipse is 


-(. -j).*, i.e.^,.,(',-l”).j. 


Hence, denoting the entire volume by F, we have 


=~Trabo. 


V = 2Tral) 


^ this case, if, as before, we take the cutting planes paraM 
plane of xy, the expression for the volume becomes 
sin w / A^dz, 

fcaS; » sXfSetr ““ 0* 

elUp»a »7Ay * “ 



267 


Case of Oblique Axes. 


Suppose BED'E' to represent tlie section made by tbe 
plane, and ABA'B' tbe parallel central section. Take OA^ 
OB, tbe axes of this section as axes of 
X and p respectively ; and tbe conju- 
gate diameter OC axis of z. 

Then tbe equation of tbe surface 
is 

where OA = a\ OB = V, 00 

It will now be convenient to transfer tbe origin to tbe 
point Q\ without altering tbe directions of tbe axes, when tbe 
equation of tbe surface becomes 

2 % 



The area Az of tbe section, by Art. 128 , is 




(3) 


hence, denoting C'N by h, tbe volume cut ofi by tbe plane 
BEiy is represented by 


or 


Tra'V sin w ch, 

Jo ^ / 


,,, . (P P 

rrao sin w -7 7. 


But, by a well-known theorem,* we have 
a^Vd sin w = ale, 


where a, b, e, are tbe principal semiaxes of tbe surface. 

Hence the expression for tbe volume V in question be- 
comes 


— irabc 


P 



(4) 


*' Salmon’s Geometry of Three JDimemions^ Art. 96. 
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O'N 

or, denoting by 


V = Trahch^ 


( 5 ) 


cut off is constant for all 
sj^ions for winch k has the same value. Again, since 

= I - A, the locus of iVis a simOar ellipsoid ; and we infer 

cmtToTthl from an ellipsoid, the lootes 

ellipsoid. ^ section is a similar and similarly situated 

for thi'eS?® The corresponding results 

£ paraboloid can be deduced from the nrecedina- 

the of aeriyatimf^fSf 

= pc, W = qc, 

and afterwards mahing c infinite ; observing that in this case 
the ratio ^ becomes unity. 

MaKng these substitutions in (4), it becomes 
V^-a yjqh? (^i _ or TT v<^, since d = «>. 

Again, the area of an elliptic section by (3) is 

V of /»'2 r rf 


csm a)\ d 


some of^f “ irfemd to a memoir “ On 

1874, by ^ofessor AUman ’ ^ Mathmatu:s, yune. 
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On making the same substitutions, this becomes for tbe 
paraboloid 


2wypg ^ 
sinoi 


Now, if we suppose a cylinder to stand on this section, 
the volume of the portion cut off by the parallel tangent 
plane to the paraboloid is obtained by multiplying the area 
of the section by A sin w ; and, consequently, is 

27r 

i. e. is double the corresponding volume of the paraboloid. 
This is an extension of the theorem of Art. 1 8o. 


Examples. 

1. ProTe tkat the yolmae of the segment cut from a paraboloid by any plane 
is I ths of that of the circumscribing cone standing on the section made by the 
plane as base. 

2. A cylinder intersects the plane of in an ellipse of semiaxes OA = 

OB = by and the plane of nsz in an ellipse of semiaxes OA = a, 00 = e; the 
edges of the cylinder being parallel to BC; find the volume of the portion of the 
cylinder boimded by the three co-ordinate planes. A ns. J abc. 

3. The axes of tvo eq^ual right cylinders intersect at right angles ; find the 

volume common to both. Ans, where a is the radius of either cylinder. 

This surface is called a Groin. 

184. Volume toy lloutole lutegration. — In the ap- 
plication of the preceding method of finding volumes the 
area represented by instead of being immediately known, 
requires in general a previous integration ; so that the deter- 
mination of the volume of a surface involves two successive 
integrations, and consequently V is expressed by a double 
integral. 

Thus, as the area lies in a plane parallel to that of y%y 
its value, as in Art. 126, may generally be represented by 
J zdijy taken between proper limits. Hence V may be repre- 
sented by 

lllzdyldx', 

or, adopting tlie usual notation, by 

l\zdydx, 

taken between limits determined by the data of the question. 
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The value of % is supposed given by a relation % - j/), 

by means of the equation of the bounding surface ; hence 

l%dy^lf{xy y)dy. 

In the determination of this integral we regard x> as 
constant (since all the points in the area have the 
value of if), and integrate with respect to y between its proper 
limits. 

Thus, if yi and denote the limiting values of ?/, the 
definite integral 

Vo 

becomes a function of x : this function, when integrated 
with respect to x between the proper limits, determines the 
volume in question. 

If Xi and xo denote the limits of x, V may be represented 
by the double integral 

'^1 f^i 

/(•^j y) 

We shall exemplify this by a figure, in which wo suppose 
the volume bounded by the plane of xy^ by a cylinder 
perpendicular to that plane, and 
also by any surface.* Let 
RPKQ represent the section of 
the cylinder by the plane of xy ; 
and suppose PMNQ, to be the 
section of the volume by a plane 
parallel to y% at the distance x 
from the origin. Let PL = yi, 

Qi = yo, then the area PMNQ 
is represented by the integral 


Fig. 45. 

* Tlie detenmnation of a volume of any form is virtually contained in this. 
For, if we suppose the surface circumscribed by a cylinder perpendicular to tho 
ptoe of the re<g[uired volume will become the difference between two 
rylumers, bounded by the upper and lower portions of the surface, respeotiT^y. 
See Bertrand, Calc, Int. § 447. ^ if ^ 
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TIlg values* of yi and yo in terms of x are obtained from 
the equation of the curve RPKQ, 

Again, suppose FMN'Q to represent the parallel section 
at the infinitesimal distance dx from IMNQ^ then the 
elementary volume between PMNQ and is repre- 

sented by 

px 

dx %dy, 
iVo 

Now, ii RT and KT be tangents to the bounding curve, 
drawn perpendicular to the axis of a?, and if OT ^Xx^ OT^^Xoy 
the entire volume is represented by 

r«x r^x 

zdy dx, 

J «*o J 2^0 

It should be observed that zdydx represents the volume 
of the parallelepiped whose height is s, and whose base is the 
infinitesimal rectangle having dx and dy as sides ; and conse- 
quently the volume may be regarded as the sum of all such 
parallelepipeds corresponding to every point within the area 
RPR'Q. 

It is also plain that we shall arrive at the same result 
whether we integrate first with respect to x, and afterwards 
with respect to y, or vice^versd ; i. e. whether we conceive the 
volume divided into slices parallel to the plane of xz, or to 
that of yz. 

We shall illustrate the preceding by an example.t 

Suppose RPR'Q to be the circle 

{x - ay + (y “ by = R\ 

and the bounding surface the hyperbolic paraboloid 

xy = cz; 

* In OUT investigation vre have assumed tliat the parallels intersect the 
curve in but two points each; the general case is omitted, as the solution in 
such cases can be rarely obtained, and also as the investigation is unsuited for 
an elementary treatise. 

t This and the next example are taken from Cauchy s Applications G 4 omi- 
triqms du Calcul Xnjinitisimaly p. 109. 





then we have 

yQ=h-^Ii^-{x-aY^ yi = J + V^jR* - (a? - ay^ 


and 


zdy = - 


Vx 


xydy= ^ - y„’) = ~ >/ B? - (« - «)“. 


Again, 


Xi = a + B, Xo-=a-R) 


.-. F = 


•v/A® - (a; - a)* isdir. 


Now let X ~ a = B, sin 0, and we get 
25i2^" 


r= 


cos^0(a + ^ sin0)«?0. 


But 


TT 

cos* ddO =-, [ cos* 0 sin dd9= o, 

2 J, 


.-. F = 


dbB? 


Again, ^ if for the cylindrical surface which has for its 
hase the circle we substitute a system of four planes x = Xo, 
® = ^> 2/ = ^oj 2/ = F, we get 


F = 


r xy_ 
*0 J^o 


dydx 


= ^,(^^-*o*)(F*-yo*) 

= (A - ^„) (F- y,) 

4C 


= (J-a!o)(F-yo) 


2i + ^2 + iSa + «4 


4 



iu 'wHoh. Zi, Z2, Z3, Z4, are the ordinates of the four comer 
points of the portion of the surface in question. 

Again, from the -well-known properties of the surface, in 
order to construct the hyperbolic paraboloid it is sufficient 
to trace the gauche quadrilateral whose summits are the 
extremities of the ordmates z,, Zj, Zs, z* ; then a right line 
moving on a pair of opposite sides of this quadrilateral, and 
comprised in a plane p^allel to the other pair, will generate 
the paraboloid in question. 

Hence we arrive at the following proposition : — 

Having traced a gauche quadrilateral on the four lateral 
faces oi a right prism standing on a rectangular base, if a 
right line move on two opposite sides of this quadrilateral 
and he parallel to the planes of the faces which contain the 
other two sides, then the volume cut from the prism hy the 
surface so generated is equal to the product of the area of 
the rectangular base of the prism by one-fourth of the sum 
of the edges of the prism between the vertices of the 
rectangle and those of the quadrilateral. 

.185. Doable Integration. — From the preceding Article 
it is readily seen that the double integral 


/(*, y)dt/dx 


can be represented geometrically by a volume ; and the deter- 
mination of the double integral, when the limits are given, is 
the same as the finding the volume of a solid with correspond- 
ing limits. 

For instance, the example in the preceding page is equi- 
valent to finding the value of the double integral 

^^xydxdy 

taken for all values of x and y subject to the condition 
{x - ay + (y - &)* - iJ'* < o ; 

and similarly in other oases. 

When the limits of x and y are constants, as in 


n b^ 

y)dydx, 

[ 18 ] 
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the double integral represents the volume cut by the surface 

2 =/{«>, y) 

from the parallelepiped whose base is the rectangle formed 
by the lines 

y -h, y = 

It is plain that in this case the order of integration is in- 
different, as already seen in Art. 1 15. 

186. It is sometimes more convenient to refer the curve 
BPKQ to polar co-ordinates, in which case we conceive th.0 
area divided into infinitesimal rectangles of the type rdrdB- 
The corresponding parallelepiped is represented by 
zrdrdO^ and the expression for V becomes 


r= 


'f 

zr dr dQ, 


taken between proper limits. 

For instance, if the bounding surface be a sphere, whose 
centre is the origin, we have 

s = 

and the equation becomes 


but 


F = 


- r^ r dr dd ; 


rdr = ^ (a^ - r®)^. 


Hence, if V denote the volume included between the 
sphere and the exterior surface of the cylinder, we shall have 

where we suppose each radius of the sphere to out tlie 
oyUnder in hut one point. 

Pot example, let the base of the cylinder be the pedal of 
an ellipse whose major axis coincides with a diameter of the 
sphere; then 

r® = cos? 6 + J* sin®0, 

F=|(a»- J’“)»Jsin“fl«!'0. 


and 
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TT 

If this he integrated hetween the limits o and ~ "we get 
the l-th of the entire volume ; hence the entire volume 

F= ^ 


Examples. 

1. A spliere is cut by a right cylinder, the radius of whose base is half that 
of the sphere, and one of whose edges passes through the centre of the sphere ; 
find the Yolmne common to both surfaces. 

being the radius of the sphere. 

3 9 

2 . If the base of the cylinder be the complete curve represented by the 
equation r = a cos n9j where n is any integer, find the volume of the solid be- 
tween the surface of the sphere and the external surface of the cylinder. 

187. It is readily seen, as in Art. 1 41, that the wlume in-^ 
eluded within the surface represented by the equation 


F 


^0^ y z\ 

? r 0) 


= o 


is ale X the volume of the surface 

F(x, y, z) = o. 

For, let - = /, T ® we shall have 

a ^ h c 

zdxdy ^ alc%^ dx' dy\ 

and ^ I zdxdy = abc dx' dy' y 

which proves the theorem. 

Hence, for example, the determination of the volume of 
an ellipsoid is reduced to that of a sphere. 

Again, if the point (a;, y, z) move along a plane, the cor- 
responding point {x\ y\ z') will describe another plane. From 
this property the expression for the volnme of an ellipsoidal 
cap (Art. 182) can be immediately deduced from that of a 
spherical cap (Art. 170). 

[18 a] 
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In like manner the Yolume included between a cone en-- 
veloping an ellipsoid and the surface of the ellipsoid is reducible to 
the corresponding volume for a sphere. 

1 88. Quadrature ou the Sphere. — We next propose 
to give a brief discussion of quadrature on a sphere, and 
commence with the results on the subject usually given in 
treatises on Spherical Trigonometry. In^ the first place, 
since the area of a lune is to that of the entire sphere as the 
angle of the lune to four right angles, the area of a luno of 
angle A is represented by 2B?A ; where R is the radius of 
the sphere, and A is expressed in circular measure. 

Again, the area of a spherical triangle ABC is expressed 
by {A + B + 0 - tt) \ for, the sum of the three lunes 
exceeds the hemisphere by twice the area of the triangle, as 
is easily seen from a figure. 

Hence, it readily follows that the area S of a spherical 
polygon of n sides is represented by 

S = E^[A + 5 + (7 + &o. - ~ 2)7r}; 

A^ B, Cy &0., being the angles of the polygon. 

This result admits of being expressed in terms of the 
sides of the polar polygon ; for, representing these sides by 
of, b\ o', &c., we have 

A - TT a\ B ~ Tt — b\ &o., 
and consequently 

S = i2^{27r-(a'+ J' + o' + &o.)}. 

Or, denoting the perimeter of the polar figure by 8 ^ 

^ + ES^27rR\ ( 6 ) 

This proof is perfectly general, and holds in the limit, 
when the polygon becomes any curve ; and, accordingly, the 
area bonded by any closed spherical curve is connected with 
the perimeter of its polar curve by the relation (6). 

Again, the ^ spherical area bounded by a lesser circle 
(Art. 170) admits of a simple expression. If p denote the 
chcular radius of the circle, or the arc from its pole to its 
circumference, the area in question is represented by 

2irR?{i - cos p) ; 
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for (see %. Art. 1 70 ) we have 

AN^AG- C27 = ii!(i -COS/)). 

This result also follows immediately as a simple case of 
equation ( 6 ). 

Again, the area hounded hy the lesser circle and hy two 
ares drawn to its pole is plainly represented by 

JR^a (l - COS p), 

where a is the circular measure of the angle between the arcs. 

We can now find an expression for the area bounded by 
any closed curve on a sphere; for 
the position of any point P on the 
surface can be expressed by means 
of the arc OF drawn to a fixed 
point, and of the angle FOX 
between this arc and a fixed are 
through 0 . ^ These are called the 
polar co-ordinates of the point, and 
are analogous to ordinary polar 
co-ordinates on a plane. 

Now, let OF = p, and FOX = w ; 
then any curve on the sphere maybe supposed to be expressed 
by a relation between p and ai. 

Again, suppose OQ to represent an infinitely near vector, 
and draw FF perpendicular to 0F\ then, neglecting in 
the limit the area PQiJ, the elementary area OFQ by the 
preceding is represented by 

P^(i - cos p)c?(U. 

Hence the area bounded by two vectors from 0 is 
expressed by the integral P^J* (i - cosp)(^u), taken between 
suitable limits. 

If the curve be closed, the entire superficial area becomes 




cos jo) dhi. 


The value of cos p in terms of €*> is to be determined in 
each case by means of the equation of the bounding curve. 
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The integral cos/o du) obviously represents the area 

included between the closed curve and the great circle which 
has 0 for its pole. 

The length of the curve can also be represented by a 
definite integral ; for, regarding PRQ as ultimately a right- 
angled tnangle, we have in the limit, 

PQ^ = PR^ + RCt : also PR = 

Hence ds^ = dr^ + sin^ duo\ 

ds - d(o J ain^p + > 

Again, it is manifest from (6) that the determination of 
the length of any spherical curve is reducible to finding the 
area of its polar curve, and mce versd. 


Exampies. 

« the Mea of the portion of the surface of a sphere 'which is inter- 

c pted by a ^ght cylinder, one of whose edges passes through the centre of the 
sph^e, and the radius of whose base is half that of the sphere. 

-Here, the equation of the base may be written in the form r = JS sm cy, 
sphere, and a being measured from the tangent to the 

sphere we haYe»- = ie sinp; p = w is the equation of 
the curve of intersection of the sphere and the cylinder; hence the area in 
question is 


cos a) d(a = 2jB2 


(i-)- 


This being doubled gives the whole intercepted area = 27ri2* - 4i22 

Florentine enigma, proposed by Vincent Viviani as a 
chaUenge to the Mathematicians of his time, m the foUowing form Inter 
venerabilia ohm Graeciae monumenta extat adhuo, perpetuo quidem duraturum, 
iei^lmn au^tissmum ichnographia circulari Almee Geometric dicatum, quod 
iestudme mtus perfects hemisphffirica opentur : sed m hao fenestrarum amtnox 
ffiquales arese (cncum ao supra basm hemisphserse ipsius dispositarum) tali con- 
guratione, amplitudine, tantaque industria, ac ingenii aciunine sunt exstruct®, 



Quadrature of Surfaces. 


279 


ut Hs detractis, superstes curva Testudims superficies, pretioso opere musivo 
omata, Tetragonisnu vere geometricisit capax ” — Acta Mruditorumj Leipsic, 1692. 
[See Montucla, Sistoire des MatMmatiques^ tome ii , p. 94*] 

In general, if r =f{(a) fie tlie equation of the fiase of a cylinder, it is easily 
seen tliat the equation of the curve of its intersection witfi tb.e spfiere may fie 
written in tlie form JS sin /> =/(co). 

Por example, let tlie diameter of tlie ngfit cylinder fie less ti.an lialf that 
of the sphere ; then writing the equation of the base in the form r = « sin a>, 
where a is the diameter of the section, we get sin p = a sin w, or sin p = /c sin w 
(where /cis < i), as the equation of the curve of intersection of the sphere and 
the cylinder. 

Hence the intercepted area is denoted fiy 

TT TT 

co)da} = ttJS^ — 212^ \/^ i — /c^ 


Hence the area in question depends on the rectification of an ellipse. 

2. Find the area of the portion of the surface of the cylinder mtercepted fiy 
the ^here, in the preceding. 

Here the area in question is easily seen to fie represented fiy 2 J zd$, where 
ds denotes the element of the curve which forms the fiase, corresponding to the 
edge z, 

Now (i), when the diameter of the fiase is equal to the radius of the sphere, 
we have 

z = B cos ca, and ds — Bdeo ; 

TT 

area in question = 222^ I cos cadco 422® , i.e. the square of the diameter of 
J 0 

the sphere. 

2. When the diameter is less than the radius of the sphere, 


2 J zds = 2a J 22^ - sin^ada) = 2a2? J 1 — /c^sin'-^co dia , &c. 

189 . Ctuadrature of Surfaces. — In seeking the area 
of a portion of any surface we regard it as the limit of a 
number of infinitely small elements, each of which is con- 
sidered as a portion of a plane which is ultimately a tangent 
plane to the surface. Now let d8 denote such an element of 
the superficial area, and da its projection on a fixed plane 
which makes the angle 6 with the plane of the element ; then, 
from elementary geometry, we shall have 

da = cos 0d8, or d8 = seodda- 


Hence 



sec 6 da, 


taken between suitable limits. 
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The applications of this formula usually involve double 
integration, and are generally very complicated ; there is, 
however, one mode by which the determination of the area of 
^ ^ smfaee can be reduced to a single integration, 

and by whose aid its value can in some cases be found ; viz., 
by supposing the surface divided into zones by a system* of 
cmves along each of which the angle B between the tangent 
plane and a fixed plane is constant; then, if denote the 
superficial area of the zone between the two infinitely near 
curves corresponding to the angles B and B + dB ; and, if dA 
be the projection of this area on the fixed plane, we sha l l 
have = sec 

If we suppose the surface referred to a rectangular 
system of axes, the fixed plane being that of xy ; and 
adoptmg the usual notation, if we take A, v as the direction 
normal at any point on the surface, we get 
for ^ 5 , the area of the zone between the curves correspondiV 
to V and V + dv^ the equation ^ ^ 

d 8 = see vdA, 

where ^ denotes the area of the projection on the plane of 
xy of the closed curve defined by the equation v = coLtant 
JNow whenever we can express the area A in terms of v 
and constants, then the area of a portion of the surface 

„aJ2 

* important applications of this method are 

Wshed by surfaces of the second degree, to Sh we 
proceed to apply it, commencing with the paraboloid 

190. Quadrature of the Paraboloid.— Writing the 
equation of the surface in the form ^ 

p q ’ 


M. H form by 

Xourml, toL i., as also bv other* wnters^ Gamh. md puL Math, 

parallel mrves'hj'M.. Xebesgne Lxomilh ciirves empl^ed are called 

Mrmalenj by Dr. Schlonulch. ’ * ^ Curven isoUmer 
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the equation of the tangent plane at the point {x, y, z) is 

xX. yY 

~r + ~ = z + Z, 

p q 

■where X, Y, Z are the co-ordinates of any point on the plane. 
Comparing this -ndth the equation 

X cos X + F cos /I + .Z' cos V = P, 

we get oosX = --cosv, cosu = --co8v: 

P q 

substituting in the identical equation 


we get 


OOS'^X + OOS‘ fl +COS*v = I, 
~ H — ; = tan* 17. 

p q- 


(7) 


Consequently the curve along which the tangent plane 
makes the angle i7 with the tangent plane at the vertex is 
pro] eoted on that plane into the ellipse 




tanV. 


^ The area -4 of this ellipse is Ti^^tan^y ; accordingly, we 
dA = 7rpqd(tm^v) ; 

d 8 = TT^q sec vd{imPv) = irpq sec vt?(seo%) ; 
hence the area of the paraboloidal cap hounded by the cnrye 

V = a IS 

*a 

Ttpq sec V d (sec' v) = ^irpq (sec® a - i ) . 

A.lso the area of the belt* between the curves 

V = a and y = a' is %TTpq{^B&a - sec® a). (8) 


fomfor the quadrature of a paraboloid is, I believe, due to ¥r Jellett • 
see Cemb. and Dub. Math. Journal, vol. i. p. 65. The prooi Riven above is in 

^ Quarter^ Journal, already 
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191 . Quadrature of the XlUlpsoid Proceedinff in 

Itk© manner to tlie ellipsoid 

a* 6^ ^2 

the eq[uation of the tangent plane at the point z) is 
■ 2 a? Yy Zz 

’F T’ 

Hence, comparing with the equation 

X cos A + X cos a + Z cos v = P, 

we get 

^ X y 

cos A = ~ - COS V, cos ^ ~ ^ cos V. 

a z b“z 

Hence, we have 

2 (x'^ y’^\ 

cos 1 /— 1 ^— + = cos®A + cos^/z = sin®v ; 

or, substituting i - ^ _ |.%or 

(a^ sinV + coss) + ^ fi' sin’v + c» 008 =“ = sin%. 


«‘v/” y'j‘\ / 

This shows that the projection on the plane of ®w of 
a curve ^ong which v = constant is an ellipse. 

Again the area A of this ellipse is 

sin’ll; 

(a® sin’^v + e® cos* v) 4 ( 6 ® sm*v + c* oos*v) 4 ’ 

and accordingly, the area /ri of the elementary annulus 
between two consecutive ellipses is 


7ra^¥ 


dv 


dv* 


\ (a® sin* V + c* cos* v)^ (^* sin* V + c* cos* v )4 


7 ra* 5 * d 
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Now, if 8 denote the superficial area* between two 
curves corresponding to v = a and v = a\ after one or two 
reductions, it is easily seen that 

8^iTa^b^c^{I+r), ( 9 ) 


where 



sin V dv 

sin% + & cos^ v)^ {a^ sin^ v + c^cos® v)5’ 

sin V dv 

(a® sinS + cos* 1/)^ {p^ sin^v + c®cos^y)S‘ 


It is easily shown that the former of these integrals is 
represented by an arc of an ellipse, and the latter by an arc 
of a hyperbola ; it being assumed that a> b > c. 

For, assuming ^ and b^ - and 

making cos v « a?, we get 

^ 

cos a (i “ 

J^rcosa ^ 

^®^Jcosa' (I “ e‘^x^)^{i - 

Again, let ex = sin 0 in the former integral, and dx = sin 0 
in the latter, and we get 

{ dB 

ab^ J {e^ - d"^ sin^0)^^ 

j,_ d^ r de 

a^blid^^ - d sm‘^0)a* 

Now, since e > e\ the former integral represents an 
arc of an ellipse, and the latter an arc of a hyperbola. (See 
Ex. 19, p. 249). 



* TMs form for tlie quadrature of an ellipsoid is given by Mr. JeUett in 
tlie memoir already referred to. He lias also sbown that the ellipse and the 
hyperbola in question are the focal conics of the reciprocal ellipsoid; a result 
which can be easily arrived at from the forms of I and J' given above. 

For application to the hyperboloid, and further development of these results, 
the student is referred to Mr. Jellett^s memoir. 
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“ Closed Surface.— We shall 
consideration of some genZ 
mte^ation relative to any closed surface. 
We commence by adopting the same notation as in Art. 189, 

noZll.^'tC r® til® e^teriS 

of tho t dS makes -with the positive directions 

ot the axes of x, y, z, respectively. 

each element of the surface he projected on 
the plane of and suppose* for simplicity that eak s ordi- 
nate meets the surface m hut two points: then, if the indefi- 
SmfofT^^- standing on any element dA in the 

?• jci ^ the surface in the two elementary nor- 

lement), and if vi and V2 te the corresponding values of v it 
is^plam that vx is an acute, and vj an ohtuse angle, and we 

dA = COB vidSi = - COB v^dSi. 

Hence, if we take into account all the elements of the surface 
attending to the sign of cos v, we shaU have ’ 

// cos vdS = o. 

In like manner we get 

//cosAd’« = o, and//ooS|U(f8f= o; 

dorttsf *•“’ "W* 

These formulae are comprised in the equation 

//(acosA+/3eos^ + YCosv)^/;Sf=o. ( 10 ) 

Again, if 2i and Sj he the values of 2 eorresnondine- to tliA 
dV= (sx - Zi)dA = zidSx cos vi + z^dS^ cos vi, 


of points, wHch may te coixX“p^ ^ ^ “ ““ evenxmmber 
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and the sum of all such elements, that is, the whole volume, 
is evidently represented by 

JJs QO^vdS. 

Hence, denoting the whole volume by we have 

V= fjx cosXdS = jjg Gos (uidS = JJ ^Go&vdS; 

the integrals, as before, being extended over the entire 
surface. 

Again, it is easily seen that we have 

JJ £?? cos vdS= o, JJ y cos vdS = o, JJ a? cos^ifif = o, 

JJ y GO&XdS = o, Hz cos XdS= o, JJ s cos fxdS = o. 

For, as in the first case, it readily appears that the elements 
are equal and opposite in pairs in each of these integrals. 
These results are comprised in the equation 

JJ (acv + (5y + 7 s) (a cos X + (i' cos ili y' cos v) dS 

= (aa' + /3i3' + 7 /) V. (ii) 

For a like reason, we have 

jjxy GOBvdS = o, JJ zx Gos judS = o, JJ^s cosXdS = o. 
Also JJa?® cos vdS = 0, x^ cos fidS = o, &c. 

Next, let us consider the integral 
H^cz cos vdS. 

This integral is equivalent to xdV; consequently, if 

£<?, y, Zf be the co-ordinates of the centre of gravity of the 
enclosed volume F, we get JJ cos vc^/S = JJi^^^ F = ^F; in 
like manner JJ cos A = i F. 

Again, the integral 

ffz^ cos vdS 

consists of elements of the form dA ; but 

(Zi^ ~ S2O = (^i + ^2) (si - Sa) dA 

= (zi + z,)dr. 
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But the z ordinate of the centre of gravity oi dV i 


plainly — and conseijuently 




Z^G08vd8=2 


dV = 2ZK. 

2 


In like manner it can he shown that 

cos XdS = 2 ^ Vf SffcoQuidS- ^yV. 

Accordingly we have 

Vx^Wlx^ cos\d8^l\(cyGosixdS^l\xz ooavdS, 

Vy= UyxcosXdS =^i!ifcQ3iiid8=SjyzooBvd8, 
Vz==Jfza cosXdS =^!!zyQ 0 Sfid 8 = ^[!z^ oos vd 8 . 

for Woliime of a Closed Surface. 

-Next, if we suppose a cone described with its vertex 
at the origin 0, and standing on the elementary base dS. 
its IS represented (Art. 169 ) by where jt? is the 

length of the perpendicular drawn from 0 to the tangent 
plane at the point. ® 

Also, if r be the distance of 0 from the point, and 7 the 
angle which r makes with the internal normal, we have 

^ Hence the elementary volume is equal to t r cos 7 dS, and 
1 is easily seen that if we integrate over the entire surface, 
the enclosed volume is represented by 

ifjr COB yds. 

^sphere ofunit radius described 
mtb (? as centre, and if dw represent the superficial portion 
of this sphere intercepted hy the elementary cone stanSiS on 
It IS easily seen that cos ydS = ® 

COSyd8 


of this 
dS, then 


d(o 


/ 

closed surface, and the intesral 

fcOSyC^^r 


' 47r. 
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according as the origin is inside, on, or outside the surface. 

The multijple integrals introduced into this and the two 
preceding Articles are principally due to Q-auss. 

^ The student will find some important applications of 
this method in Bertrand’s Calc. Int., §§ 437, 455, 456, 
476, &o. 
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Exi^MPLES. 

I. A sphere of 15 feet radius is cut by two parallel planes at distances of 
3 and 7 feet feom its centre ; find the superficial area of the portion of the sur- 
face included between the planes approximately. Ans. 376.9908 sq. feet, 

3. Being given the slant height of a right cone, find the cosine of half its 
vertical angle when its volume is a maximum. I 

\/i 

3. Prove that the volume of a truncated cone of height h is represented hy 

— (iP + Jlr + r2), 

3 

where JR and r are the radii of its two bases. 

* 4. A cone is circumscrihed to a sphere of radius J?, the vertex of the cone 
being at the distance D from the centre ; find the ratio of the superficial area of 
the cone to that of the sphere. ^ D'-J - Jga 

Am. — . 

4i)i2 

5. Two spheres, A and 5 , have for radii 9 feet and 40 feet ; the superficial 

area of a third sphere C is eq[ual to the sum of the areas of A and JB ; calculate 
the excess, in cubic feet, of the volume of C over the sum of the volumes of A 
andJ?. Am, 17558. 

6. If any arc of a plane curve revolve successively round two parallel axes, 
show that the difference of the surfaces generated is equal to the product of tfie 
length of the are mto the oireumf erence of the circle described by any point on 
either axis turning round the other. 

If the axes of revolution He at opposite sides of the curve, the sum of the 
surfaces must he taken mstead of the difference. 

7. Find, in terms of the sides, the volume of the solid generated by the 
complete revolution of a triangle round its side c. 

Am. ^ (s-b) (g-g) 

'3 0 

8. Apply (Mdiu’s theorem to determine the distance, from the centre, of the 
centre of gravity, (i) of a seimcircular area ; (2) of a semicircular arc. 

. , . 4 « , .2a> 

Ans. (I)-, (2)--. 

37r IT 

9. n a triangle revolve round any external axis, lying in its plane, find an 
egression for the area of the surface generated in a complete revolution. 

10. Prove that the volume cut from the surface 




by any plane parallel to that of is - th part of the cylinder standing on 

the plane section, and terminated by the plane of ary. 
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Examples. 


II, A cone is circtnnscriTDed to a spHere of 23 feet radius, tlie vertex of the 
oone being 265 feet distant from the centre of the sphere ; find the ratio of the 
superficial area of the cone to that of the sphere. 


12, The axis of a right circtdar cylinder passes through the centre of a 
sphere ; find the volume of the solid included between the concave surface of the 
sphere and the convex surface of the cylinder. 

Ans, — , where c is the length of the portion of any edge of the cylinder 
intercepted by the sphere. 

This question is the same as that of finding the volume of the solid generated 
by the segment of a circle cut ofi by any chord, in a revolution round the 
diameter parallel to the chord. 


13. Find the volume of the solid generated by the revolution of an arc of a 
circle round its chord. Ans, 27 ra 1 , 

where a = radius, c = distance of chord from centre, and cos a = 

a 

In this we suppose the arc less than a semicircle : the modification when it 
is greater is easily seen. 


14. If the ellipsoid of revolution, 


and the hyperboloid 




4 s= 


IP- 


be cut_ by two planes perpendicular to the axis of revolution, prove that the 
zones intercepted on the two surfaces are of equal area. 


15. Find the entire volume hounded by the positive sides of the three co- 
ordinate planes, and 



16. Find the volume of the surface generated by the revolution of an arc of 
a parabola round its chord ; the chord being perpendicular to the axis of the 
curve. 

g 

Am. — where a is the length of the chord, and h the intercept made 

by it on the diameter of the parabola passing through the middle point of the 
chord. 

17. A sphere of radius r is out by a plane at distance d from the centre ; find 
the difference of the volumes of the two cones having as a common base the 
circle in which the plane cuts the sphere, and whose vertices are the opposite 
ends of the diameter perpendicular to the cutting plane. 

Am. 

[ 19 ] 
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Examples. 


1 8. Find tlie area of a spherical triangle, and prove that if a curve traced 
on a sphere have for its eq^uation sin x = f{l), X denoting latitude, and i longi- 
tude, the area hetv^een the curve and the equator = I f{l)dl. 

19 Sho'wthat the volume contained between the surface of a hyperboloid 
of one sheet, its asymptotic cone, and two planes parallel to that ox tlio real 
axes, IS proportional to the distance between those planes. 

20, Find the entire volume of the suiface 


i 


+ 




Ans. 


"5 -T* 


21. The vertex of a cone of the second degree is in the surface of a sphere, 
and its internal axis is the diameter passmg through its vertex ; find tho volume 
of the portion of the sphere inteicepted within the cone. 

22. Prove that the volume of the portion of a cylinder intercepted between 
any two planes is equal to the product of the area of a perpendicular section 
into the distance between the centies of gravity of the areas of the bounding 
secti<Mis. 

23 li A be the area of the section of any surface made by the piano of 
prov^, us in Art. 192, that 


A = JJeos vdS, 

the integral being extended through the portion of the surface which lies above 
the plwae of xy. 

^ 24. tf a right cone stand on an ellipse, prove that its volume is reproaontod 


j {0 A. OA')^ sin® a cos a ; 

whCTe O h the vertex of the cone, A and A^ the extremities of the mafor axis 
01 the ellipse, and a is the semi-angle of the cone. 

25. In the same case prove that the superficial area of the cone is 
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CHAPTEE X. 

INTEGRALS OF INERTIA. 

•als mt Inertia. — The following integrals are 
[ixent occurrence in mechanical investigations, 
►posed to give a brief discussion of them in this 

lement of the mass of any solid body be supposed 
Lied by the square of its distance from any fixed 
id the sum extended throughout every element 
the quantity thus obtained is called the moment 
the body with respect to the fixed line or axis. 
enoting the element of mass by dm^ its distance 
s by p, and the moment of inertia by J, we have 
I^'^p^dm. (i) 

nanner, if each element of mass of a body be 
y the square of its distance from a plane, the 
products is called the moment of inertia of the 
to the plane. 

ystem be referred to rectangular axes of co- 
len the expression for the moment of inertia 
he axis of is obviously represented by 
S {x^ + y®) dm. 

r, the moments of inertia relative to the axes of 
represented by S dm and S dm^ 

he quantities 'liX^dm, are the 

inertia of the body with respect to the planes 
d xyy respectively. Also the quantities '^xydmy 
drrij are called the products of inertia relative to 
tern of co-ordinate axes. 

manner the moment of inertia of the body with 
5 point is where r denotes the distance of 

dm from the point. Thus the moment of inertia 
le origin is 2(0?^ + ^^ + s*) dm. 

[19 a] 
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196. Moments or Inertia relative to IParallel 
Axes, or Planes. — The following result is of fundamental 
importance: — The moment of inertia of a body with respect to 
any axis exceeds its moment of inertia idth respect to a parallel 
axis drawn through its centre of gravity, hy the product of the 
mass of the hody into the square of the distance ietwem the 
parallel axes. 

Eor, let / he the moment of inertia relative to the axis 
through the centre of gravity, T that for the parallel axis, 
M the mass of the hody, and a the distance Tbetween the axes, 

^ Then, takmg the centre of gravity as origin, the fixed 
axis through it as the axis of %, and the plane through the 
parallel axes for that of %x, we shall have 

/ = + y^')dm, T - S{(a; + cif + y’^]dm. 


Hence T - I la^xdm + a^^dm 

since ^xdm = o as the centre of gravity is at the origin ; 

• .\r^I+aW. (2) 

Consequently, the moment of inertia of a hody relative to 
any axis can he found when that for the parallel axis through 
its centre of gravity is known. 

Also, the moments of inertia of a hody are the same for 
aU parmel axes situated at the same distance from its centre 
of gravity. 

Again, it may he observed that of all parallel axes that 
which passes through the centre of gravity of a hody has the 
least moment of inertia. 

It is ako apparent that the same theorem holds if the 
moments of inertia he taken with respect to parallel planes* 
instead of parallel axes. * ^ 

A sircar property also conneots the moment of inertia 
relative to any pomt with that relative to the centre of 
gravity of the hody. 

In finding the moment of inertia of a "body relative to 
suppose tte hody divided into a system 
of mde^tely thm plates, or lamince, by a system of nlanea 
pe^endiciilar to rtie axis ; then, when the moment of mertia 

rj IfTSfe My™”*’ to M 



Madius of Gyration, 
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197. Radius of Gi-yration. — If k denote the distance 
from an axis at which the entire mass of a body should be 
concentrated that its moment of inertia relative to the axis 
may remain unaltered, we shall have 

= / = '2p^dm. ( 3 ) 

The length h is called the radius of gyration of the body 
with respect to the fixed axis. 

_ In homogeneous bodies, which shall be here treated of 
principally, since the mass of any part varies directly as its 
volume, the preceding equation may be written in the form 


¥Y=1.p‘^dr, 

where dV denotes the element of volume, and Fthe entire 
volume of the body. 

Hence, in homogeneous bodies, the value of h is indepen- 
dent of the density of the body, and depends only on its form. 

We_ shall in our investigations represent the moment of 
inertia in the form j _ ^ 

and., it is plain that in its determination for homoyonoous 
bodies we may take the element of volume for the element of mass 
and the total volume of the body instead of its mass. ’ 

Also, in finding the moment of inertia of a lamina, since its 
radius of gyrationis independent of the thickness of the lamina, 
we may take the element of area instead of the element of 
mass, and the total area of the lamina instead of its mass. 

198. If A and B be the moments of inertia of an infi- 
nitely thin plate, or lamina, with respect to two rectangular 
pes OX, OF, lying in its plane, and if C be the moment of 
mertia relative to OZ drawn perpendicular to the plane, we 

C^A + B. ( 4 ) 

For, we have in this case A = 'S.y'^dm, B = ' 2 cddm, and 
0 = S(af + ’ 

Again, for every two rectangular axes in the plane of the 
lamina, at any point, we have 


’Slid dm + "Siy^dm = const. 

Hence, if one be a maximum, the other is a minimum, and 
vice versd. 

We shah, in all_ investigations concerning laminae, take O 
for the moment of inertia relative to a line perpendicular to 
the lamina. 
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TFirfform Rod, Rectangular Kiamina. We 

flST® simple case of a rod, the axis being perpen- 

Lef 1° ext? emity 

tioTifll tn ' tben, Since the rod is uniform, c?»i is propor- 
tional to dx, and we may assume dm = fidx: hence the 
moment of mertia I is represented by n' 2 a?dx, or by ’ 

)uj x^dx, 

where I is the length of the rod. 


Hence 




M-. 


the same for each half of the rod, and we shall have in tMs ease 

12 

_ Next, let us tahe a rectangular lamina, and sunnose the 

j it IS eviaent that the lamina may he re^’arriArl as 
maj up of an infinite number of pardM roK el^ 
len^h, perpendicular to the axis, eJch having the sS 
gyi'ation, and consequently the radius^of gyration 
f ® of tl^o rods. 

Accordingly, we have, denoting the lengths of the sides 

“1?= "o&o?ls 

•"■'trepM.Jlel tott. ride., by A .ed 


A = -Mb\ 
3 


B=- 


(5) 

fl, ^®“oe also, by (4), the moment of inertia round an axis 

p..p.ndi«taTarpS 

its moS^if^Jit- ^96 we can ntiw find 
. inertia with respect to any riffht line either 

W m, or perpoodionte to, tto plan, oTa."!lS 



Circular Plate, Cylinder. 
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200. ll.ectaiigular [Parallelepiped. — Since a parallel- 
epiped may be conceived as consisting of an infinite number 
of laminae, each of which has the same radius of gyration 
relative to an axis drawn perpendicular to their planes, it 
follows that the radius of gyration of the parallelepiped is 
the same as that of one of the laminae. 

Hence, if the length of the sides of the parallelepiped be 
2 a, 2h, and 2C, respectively ; and, if A, B, C be respectively 
the moments of inertia relative to three axes drawn through 
the centre of gravity, parallel to the edges of the parallel- 
epiped, we have, by the last, 


A = -M{h^ + c^), B = -M{c^ + a^), 0 = -M{a^+h‘^). {^) 

3 3 3 

201. Circular Plate, Cylinder. — If the axis be 
drawn through its centre, perpendicular to the plane of a 
circular ring of infinitely small breadth, since each point of 
the ring may be regarded as at the same distance r from the 
axis, its moment of inertia is r'^dm, where dm represents its 
mass. 

Hence, considering each ring as an element of a circular 
plate, and observing that dm = ju 27 rrdr, we get for C, the 
moment of inertia of the circular plate of radius a. 


C = 27 rjU 




Consequently, the moment of inertia of a ring whose 
outer and inner radii are a and b, respectively, with respect to 
the same axis, is 


27rjU 


f r^dr = 




WJUL- 


— = M . 


Again, by (4), the moment of inertia of a circular plate 

about any diameter is > since the moments of inertia are 

obviously the same respecting all diameters. 

In like manner, the moment of inertia of a ring relative 
to any diameter is 


4 
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. moment of inertia of a right cylinder about ite 

axis of figure is 

a being the radius of the section of the cylinder. 

Again, the moment of inertia relative to any edge of the 

cylinder is - Ma^. 

2 

rifi-bt°cnT,riJ w* moment of inertia of a 

mgJit cone relative to its axis, we conceive it divided into an 

along the 

the distance of the centre of anv 


j= 




-r 

J 0 


lO 


where h is the height of the cone, and 5 the radius of its base. 

Hence, since by Art. 169 the volume of the cone is - b% 
we have 3 ’ 


7 = 


~Mh\ 

10 


( 8 ) 



dB : dB' = {npy ; (np'y = {pay : 

.B : ^ = flS . js 


{Ohy = a3 ; JS. 



Sphere. 
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But B\ by Art. 201 , is 

4 ’ 


Similarly, 


4 * 4 ^ 

4 


fl.. 5r°® ^ ^ tbe centre of 

tne elbpse, perpendicular to its plane, is 


M , 


(9) 

It is plain, as before, that the expression for the moment 
“ elliptical cylinder relative to its axis is of the 

. „ Sphere.— If we suppose a sphere divided into an 

inf^^ ooncentrio epherical4ells, the moment of 

inertia of each shell is plainly the same for all diameters- 

Tell the mass of any element of a 

shell by dm, and by «, p, z any point on it, ive^have 

= ^fdm = 

Blit 2 («!’*+ 2/Ha*) dm = Sr’* <fm; 

^{td‘+f)dm = -'2r’‘dm. 

3 

Hence, («)the moment of inertia of a shell whose radius 
is r with respect to any diameter is - mr\ where m repre- 
sents the mass of the shell. ^ 

Agam, (5) for a soUd sphere of radius E, since the volume 
of an mdefimtely thin shell of radius r is 4irr^dr, we get 


'2r^dv 


-j 

= 47r 

Jo 


r^dr = ^TrE‘ = ^ FiJ*. 
5 5 


^en this is substituted, the moment of inertia of a solid 
homogeneous sphere relative to any diameter is found to be 

(10) 
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205. Ellipsoid.— Let the equation of an ollipsoid be 


4 .^ L s=:T* 

a* ^ c“ ’ 


and suppose A, B, O to be tie moments of inertia relative to 
the axes a, b, c, respectively ; then 

C = + y*) c?F= ju JJ (*“ + (Irafi/da. 


Now, let - = /, ^ = 1 / - =^' 

a 6 c ’ 

and we get 

C = (a*/* + d/d>/iM, 

spheS extended to all points within the 

+ j/* + s'^ = I. 

But, by the last example we have 

I dx'dy'dd = I’ll y'^dx'dy'dz' =. ± ,r ; 


(? = 


In hie manner. 


-rr^a5c(fl(UJ*)=£(a« + S»). 


^ — (»’ + A + 


^ , M M 

~a\ — w :£ 


0®, xespeotively. 
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206. Moments of* Inertia; of a I^amina* — Suppose 
that any plane lamina is referred to two rectangular axes 
drawn through any origin 0 , and that a is the angle which 
any right line through 0 , lying in the plane, makes with the 
axis of X ; then, if I be the moment of inertia of the lamina 
relative to this line, we have 

I = '2p^dm = s (y cos a - sin a^dm 

= oos^a SyVm + sin^a ^x^dm - 2 sin a cos a '^xydm 

= a cos^a + h sin^a ~ zh sin a cosa; (12) 

where a and I represent the moments of inertia relative to 
the axes of x and y, respectively ; and h is the product of 
inertia relative to the same axes. 

Again, supposing -Z and P" to be the co-ordinates of a point 
taken on the same line at a distance JB, from the origin, we 

get cos a = ^, sin a = ^ ; and, consequently, 

Accordingly, if an ellipse be constructed whose equation is 
aX^ + J ~ 2 A AF = const., ( 13 ) 

we have 

IW = const. ; 

and, consequently, the moment of inertia relative to any line 
drawn through the origin varies inversely as the square of 
the corresponding radius vector of this ellipse. 

The form and position of this ellipse are evidently inde- 
pendent of the particular axes assumed ; but its equation is 
more simple if the axes, major and minor, of the ellipse had 
been assumed as the axes of co-ordinates. Again, since in 
this case the coefficient of XY disappears from the equa- 
tion of the curve, we see that there exists at every point in 
a body one pair of rectangular axes for which the quantity 
A or ^xydm = o. 

^ This pair of axes is called the principal axes at the 
point; andthe corresponding moments of inertia are called the 
principal moments of inertia of the lamina relative to the point. 
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inerti^^equ^ion (jf) Principal moments 


1= A cos'a + B 


sm^a. 


(14 


any axis tlironghTmmt^caTi^°”^^^* inertia relative t< 
to tlie principal aLs, ^ ^ becomes, wlien referred 


AX^ + BY^ 


■■ const. 


for all axes are detenSned ^Sien the moments of inertia 
of gravity are knoCTt is f 

where the origin is at the °°’^®ider the case 

to this case, the elKpsV ^^f^^nce 

AX^ + BT^ = const. /j 

is of tto tail,. 

same principal axes an?Tr^l? i ^ ^^^ty, and have the 

that pLt, they SvetW^r^"^ “®riia, at 

aUaies. moments of inertia relative to 

s ^o as for the sytan of four eqaal ^ M 

tancesia and±^°fromal eSS’^f axes, at the four dw- 

are determined by the equations where a and h 

A = - Mb\ B = lMa\ 

^ 2 

^ fa a pta, 

of mertia relative to any Siree S-ph + 1 ,^ \ moments 
- w grari^, tho^ ^ .t, ^ 
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Tto Mows immediately since an ellipse is determined 
when its centre and three points on its circumference are 

“ay he observed that the boundary of an 
the laThia^™™^ regarded as the momental ellipse of 

For, if I be the moment of inertia relative to any 
diameter mating the angle o with the axis major, we have"^ 


But, by Art. 203, 


I = A oos“a + E sin^a. 

4 4 

if 

(5“ cos^a + sin^o) 


AT „,J<iQS^a 
4 \ 


sin® o' 

“F 


~ 4 ~F' 

Hence the moment of inertia varies inversely as the square 
of the serai-diameter t ; and, consequently-j the ellipse may be 
regarded as its own momental ellipse. 

208. Products of Xnertia of Ijamina. — Suppose the 
lamina referred to its principal axes at a point 0; and let 
and q he the distances of any element dm from two axes, 
which mate the angles a and /3 with the axis of : then we 
have 


^pqdm = S cos a - a? sin a){p cos j3 - iu sin j3) dm 

= cos a cos jS ^y^dm + sin a sin j3 ^x^dm 

^ - 6iB.(a + /3) 

“ -d cos a cos j3 + jB sin a sin /3, 

since A = ^y^dm, B = '2ix‘^dm^ and '2iXydm = o. 

Hence, if ^pqdm = o, we have 

A cos a cos /3 + 5 sin a sin /3 = o, 
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and accordingly the axes are a pair of conjugate diamotors 
oi tne momental ellipse 


= const. 

Hence, if two laminae in the same plane have for any point 
two pau-s of axes for which '2pqdm = o and '2.p' (f dnf o 
^ey have the same principal axes at the point. Tliis follows 
mm the easily established property, that if two ollipsos have 
two pairs ot conjugate diameters in common, they must be 
similar and coaxal. 

I-amiMa and Prism.— Suppose a 
whose sides are r/, h, c, to ho divided into 
a system, or rods parallel to a side a ; 

Md let A represent the moment of 
mertia relative to a line parallel to 
the side a, and drawn through the 
opposite vertex; also let p he the 
perpendicular of the triangle on 
the side a, and « the distance of an 
eleinentary rod from the vertex; then 
we have, since the mass dm of the 



Fig. 48. 


elementary rod may he represented by 


ax , 
u — ax, 

^ p 


A = fji:2x^^dx 

P 


a p 


4 2 ^ 


relative to moments of inertia 

■the triangle, and we have ”^®®P°^<img perpenrfioulars of 


Tt ^ 2 r, M 
2 2 


Agam, if A„ Bo, Co, represent the moments of inertia 



Triangular Lamina and Prism. 
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relative to three parallels to the sides, drawn through the 
centre of gravity of the lamina, we have, hy (2), 

= = (16) 

Also, if Ai, Bi, Cl, be the moments of inertia relative 
to the sides a, b, c, respectively, it follows, in like manner, 
from (2), that 

A^ = ^3rp^, B, = ^Mf, 0,= '^-3Ir\ (17) 

Again, it is readily seen tliattlie values o£ A, Ao, Ai, &c., 
are the same as if the whole mass Jf were divided into three 
equal masses, placed respectively at the middle points of the 
sides of the lamina. 

^ Consequently, hy Art. 207, the moments of inertia of the 
triangular lamina relative to all axes are the same as for 
M 

three masses, each — , placed at the middle points of the 
sides of the triangle. 

Hence, if I he the moment of inertia of a triangular 
lamina with respect to the perpendicular to its plane drawn 
through its centre of gravity, we have 


+ (18) 

This expression also holds for the moment of inertia of a 
right triangular prism with respect to its axis.* 

In like manner the moments of inertia of the triangular 
lamina relative^ to the three perpendiculars to its plane, 
drawn through its vertices, are 


^3l{h'^ + d 







and the same expressions hold for a triangular prism relative 
to its edges. 


^ By tlie axis of a prism is understood tte riglit line drawn tlirough. its 
centre of gravity parallel to its edges. 
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210. Momental filUpse of a 'Triangle.— -It oan be 

shoTO -withoTit difficulty that the ellipse which touches at the 
uuddle points of the sides 
may be taken for the mo- 

mental ellipse of the triangle. \ 

_ For, let ar, y, z be the >C T'a'/ 

middle points of the sides, 

and it is easily seen that o ^ 

is the centre of this ellipse; 

aiso, if I, J„ J3 be the ^ 

moments of inertia of the "'• 9 - 


relative to the lines ax, hy, cz, respectively, it oan be 

readily shown from (17), that we have 


I^ : L : L 


(axf ' {byf ' (ezf 


^ - A J. 

” ■ (osp' 

divided a solid tetrahedron be supposed 

^vided into to laminse paraUel to one of its faces, md if 

ivv’ f ^ represent its moments of inertia with reeard 

“ I Jo 

- M — = -Mp\ 

0 0 

Ii like manner we have 


= 0 = ^]lfr», 1)=^ 

O 5 ^ r ■“ 
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Solid Ming. 

Again, if Ao, £o, Oo, Do be the corresponding' moments of 
inertia relatiye to the parallel planes drawn through the 
centre of gravity of the tetrahedi-on, we have, by (2), ^ 

= £o = ^Mq\ Co^^Mr\ Do=^MsK (19) 

fr. ■?* moments of inertia relative 

to the four faces of the tetrahedron, we have 

= D.=±Mf, C.^±Mr^ A=:^m(2o) 

212. Solid Rlngr.* — If a plane closed curve, which is 

round a parallel axis, lying in 

its plane, but not intersecting the l' 

cmve, to prove that the moment \ ^ T 

of inertia I of the generated solid, ~w / — A 

taken with respect to the axis of f ^ y E 

revolution, is represented by 

M{h^ + Sk^), 

where M is the mass of the solid, „ 1, 

h the distance between the parallel ^ ^ 

axes, and k the radius of gyration 
of the generating area relative to its axis. 

of revolution be taken as the axis of x, 
and, if y, F be the distances of any point P within the 
generating area from AD, and from OX, respectively; and, 

vll^™ ®“^esPf>°*ng element of the area, then the 

volume of the elementary ring generated by dA is 2 n-YdA 
and its mass 2Trn YdA ; hence the moment of inertia of this 

■■ 

1= 2Tr n'2,Y^dA = 2Trg'2,{h + yfdA 
= 27r^S Qfi + + y>)dA. 

[ao] 
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Moreover, since the curve is symmetrical with respect to 
the axis AJB^ it is easily seen that we have 

'li'ydA = o, ' 2 t'ifdA = o. 

Also, by definition, 'S^tfdA- Ak\ 

Hence I = ziriihA + 3F). 

Again, by Art. 177, Jf = zir^xhA ; 

7 = Jf(A« + 3F). {21) 

This leads immediately to some important cases. 

Thus, for example, the moment of inertia of a circular 
ring, of radius round its axis is 

Again, if a square of side a revolve round any line in its 
plane, situated at the distance h from its centre, wo have 

7 - + 

There is no difficulty in adding other examples. 

213. Cfeneral for Products of Inertia. 

—We shall conclude this Chapter with a short discussion of 
the general case of the moments and products of inertia, for 
any body, or system. 

Let us suppose the system referred to three rectangular 
planes, and let p, g, r represent the respective distances of 
any element dm from the three planes 

oj cos a + ^ cos j 3 + cos 7 = o, 

X cos d cos j3' + s cos 7' = o, 

X cos a + y cos + s cos V' = 0. 

Then ^ 

Si> 2 'c&»=S(a:cosa+ 2 /cos/ 3 +scosy)(a;coso'+yoos/ 3 '+aooS 7 ')t^»» 

= cosa cosa'2a!*c?»i + cos + oos y cosy' ^z^dm 

+ (cos o cos /3' + cos /3 cos a') 'S^xxjdm 

+ (cosy cos o' + cos o COS y ) '2,%xdm 

+ (oos (3 cos y' + cos y OOS /S') Syzdm; 
and we get similar expressions for Sprdm and Sgrdm. 



Now, suppose tliat we take 

'^'i?din = a, 'Si'y^dm = 1 ), 'SiZ^dm = c, 

' 2 yzdm = /, "Zxzdm = g, '2ixydm= h ; 

then the preceding eq^uation may he written 

Ypqdm = cos a (a cos a + h cos j 5 ' + g cos y) 

+ cos jS {h cos a + b cos + / cos y) 

+ cos y {g cos a +/ cos j 3 ' + cos 7 ) ; (22) 

along with similar expressions for Ttrpdm and '2qrdm. 

214. Principal Axes. — Next, let us suppose that the 
planes are so assumed as to satisfy the equations 

^pqdm = o, '2rpdm = o, 'Zqrdm = o ; 

then it is easily seen* that these pl^es are a systeni oi con- 
jugate diametral planes in the ellipsoid represented by the 
equation 

+ hY^ + cZ^ + 2fTZ + zgZX + zhXY = const. (23) 


Hence it follows that at any point there exists one system of 
rectangular planes for which the corresponding products g 
inertia, for any body, vanish: viz., the principal planes of the 


preceding elliimid.^ ..77 ii 

These three planes are called the g)nncipal^ ot the 

body relative to the point, and the right lines in which they 
intersect are called the principal axes for the point. 

A^^ain, every two solids have for every point at least one 
common system of planes for which 'S.pqdm = o, J,rpdm = o, 
'2.qrdm = o, ^p'fdrf = o, ^r'p'dm! = o, gq r dm = o; 
where the unaccented letters refer to the elements of one 
solid, and the accented to those of the other. 

This is obvious from the property that every two con- 
centric ellipsoids have one common system of diametral planes. 


^ Ooometrit of Three JOivnensions, hit* . -u ^ 

t The exceptional cases when the ellipsoid is of revolution, or is a sphere, 
will he considered suhseauently. 
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216. ElllpsoM Iwyratloii. — Suppose, as before, tlie 

solid referred to its three principal axes at any point, and let 

b, c be the corresponding radii of gyration, i.e. let 

A^Ma\ B=^Mb\ C ^ Mc\ 
and I = Mk ^ ; then equation (25) becomes 

k^ = cos^ a + cos^jS + o^cos^y. (26) 

Now, if we suppose an ellipsoid described haying the 
principal axes for the directions, and a, 6, c for the lengths 
of its corresponding semi- axes ; then (26) shows that the 
radius of gyration of the body, relative to the perpendicular 
from the origin on any tangent plane to this ellipsoid, is 
equal in length to this perpendicular. (Salmon’s Geometry 
of Three Dimensions, Art. 89.) 

The foregoing ellipsoid is called the ellipsoid of gyration 
relative to the point. It should, however, be observed that 
by the ellipsoid of gyration of a body is meant the ellipsoid 
in the particular case where the origin is at the centre of 
gravity of the body. 

217. Momental Xllltpsoid. — If X, Y, Z be the co- 
ordinates of a point R taken on the right line through the 
origin 0, whose direction angles are a, (i, y, we have 

X = OR cos «, F = OR cos / 3 , X = OR cos 7. 

Substituting the values of 00s «, cos / 3 , cos 7, deduced 
from these equations, in (25), it becomes 

I. OR^^AX^ + BY^+ GZ\ 


Suppose, now, that the point R lies on the ellipsoid 

AX^ + BY^ + CZ^ = const., (27) 

and we get I . OR?' - A, denoting the constant by X ; 

X 


J = 


OR' 


(28) 


Hence the moment of inertia relative to any axis, drawn 
through the origin, varies inversely as the square of the cor- 
responding diameter of the ellipsoid (2^). 
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From tMs property the ellipsoid is called the momenf*^^ 

ellipsoid at the point. , t -l x 

When the origin is taken at the centre oi gravity o± -C** 
body, this ellipsoid is called the central ellipsoid of the bodj^'y 
If two of the principal moments of inertia relatiye to 
point he equal, the momental ellipsoid becomes one of ^ 
volution, and in this case aU diameters perpendicular to 
axis of revolution are principal axes relative to the point- ^ 
If the three principal moments at any point be equal, j 
ellipsoid becomes a sphere, and the moments of inertia for 
axes drawn through the point are equal. Every such axid * 
a principal axis at the point. * . 

For example, it is plain that the three principal mom.ei»» . 
for the centre of a cube are equal, and, consequently, »*« 
moments of inertia for all axes, through its centre, are eq.u**'*' 
218. Equimomental Cone. — ^Again, since 

cos^a + cos“j 3 + C0S*7 = I, 
equation (25) may be written in the form 

{A - 1 ) cos®a + {B- 1 ) cos '/3 + {G- I) cos®y = o ; 


hence the equation 

{A-I)X^ + {B-I)T^+ { 0 -I)Z^ = o 

represents a cone snoli that the moment of inertia is the 

for each of its edges. Such a cone is called an equirnornemi^^^ 

cone of the body. 

Again, the three axes of any equimomental cone, for J 
solid, are the principal axes of the solid relative to the vertex M 
of the cone. 

When J = J 5 , the cone breaks up into two planes ; 
the cyclic sections of the momental ellipsoid. 

For a more complete discussion of the general theory €»j 
moments of inertia and principal axes, the student is referE*i>^ 
to Eouth’s Bigid Dynamics^ chapters i. and ii. ; as also 
Professor Townsend’s papers in the Camb. and Bub. 

Journal^ 1846, 1847. 
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Examples. 

esB iniia for the moments of inertia in the foUowing, the bodies 
mogeneous in ail cases : — 

gram, of sides a, i, and angle 0, with respect to its sides. 

Am. — sin® 0, — sin'* 0. 

3 3 

ength a, with respect to an axis perpendicular to Ihe rod and 
om its middle pomt. 

Am. M • 

ieral triangle, of side a, relative to a line in its plane at the 
ts centre of grayity. 

Am. +<«’*)• 

Lgled triangle, of hypotlienuse c, relative to a perpendiculax to 
tijougli tlie rigM angle. 

Ans. M~7> 
o 

drcnlar cylinder, relative to its axis. 

jif where r and f' are the radii of the hounding circles. 

2 * 

jd cone "with reference to its axis. 

where h and V are the radii of its bases, 
lo 

)ne with respect to an axis drawn through its veitex perpen- 

3 . 

j^^s. — 4- ~ j , where h denotes the altitude of the cone, 

of its base. 

)id with respect to a diameter making angles a, y with its 


Am. ^ {a^ sin^a + Bin*^ + c® sin^y j . 

aded by two rectangles having a common centre, and whose 
tively parallel, with respect to an axis through their centre 
the plane. 
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ro. A sq.iiare, of side a, relatiye to any line in its plane, passing tluonglt « 
centre. 




Ans, Jf- 

1 '* 

11. A regular polygon, or prism, witK respect to its axis. 

Ans, , where and r are the radii of 

circles circumscribed, and inscribed to the polygon. 

12. Proye that a parallelogram and its maximum inscribed ellipse have ft 
same principal axes at their common centre of figure. 

13. Proye that the moments and products of inertia of any triangsii*^ 

lamina, of massif, are the same as for three masses, each—, placed at it 

. ? ^ ^ 

three vertices of the triangle, combined with a mass - if placed at its contro * 

. ^ 
gravity, 

14. Prove that the moments and products of ineiria of any tetrahedron 

M 

the same as for four masses, each — , placed at the vertices of the tetrahedi\*t 
4 20 

combined with a mass - M placed at its centre of gravity. 

15. If a system of eq.uimomental axes, for any solid, all lie in a princip# 
plane passing through its centre of gravity, prove that they envelop a 0011 
having that point for centre, and the principal axes in the plane for axes. 

1 6. Proye also that the ellipses obtained by varying the magnitude of if * 
moment of inertia form a confocal system. 


17. Prove that the sum of the moments of inertia of a body relative to wi; 
three rectangular axes drawn through the same point is constant. 

18. Prove that a principal axis belonging to tho centre of gravity of a btitl 
is also a principal axis with respect to every point on its length, 

19. Prove that the envelope of a plane for which the moment of inertia t ^ 
a body is constant is an ellipsoid, confocal with tho ellipsoid of gyration of t 
body. 

20. If a system of equimomental planes pass through a point, prove tl»» 
they envelop a cone of the second degree. 

21. Por Merent values of the constant moment the several enveloped mmm 

are confocal P ^ 

common axes of this system of cones are the three principal axM m 
the body for the point ? ^ r 

23. The three princip^ axes at any point are the normals to the three ittr 

(m! Btoe? /I * lie pd«« 
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CHAPTER XI. 

MULTIPLE INTEGBALS. 

2 IQ. noiiMe Integration. — In tke preceding Chapteis we 
have considered several oases of double and triple integra- 
tion in the determination of volumes and other problems 
connected with surfaces. We now proceed to a short treat- 
ment of the general problem of Hnltiple Integration, com- 
mencing with double integrals. 

The general form of a double integral may be written 

J ^oJyo 

in which we suppose the integration first taken with respect 
to y, regarding a? as constant. In this case, F, ^o, the limits 
of y, are, in general, functions of x ; and the limits of x are 
constants. 

Let us take for example the integral 


J7 = I J 

in which I is supposed greater than m. 


Here 

therefore 



In many cases the variables are to be taken so as to in- 
clude all values limited by a certain condition, which can he 
expressed by an inequality : for instance, to find 


Z7= 


11 




ejctended to all posHive valuea of » and y sul)j0ot to the coa- 
dition x-^y <h. 

[ 21 ] 
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Here the limits for y are o and h-x; and the subsequent 
limits of X are o and h. 


Hence 


j7= 






I 

m 


(A - x)^dx. 


Let X = hu^ then 


27 = 


J^l+m ri 

m .0 


(i - u)'^du = 


r(0 r(«t) 

r(l+m+ i) ’ 


(0 


by Art. i2t. 

220. Change of Order of Integration. — We haTe 
seen (Art. 115) that when the limits of x and y are con- 
stants in a double integral we may change the order of inte- 
gration, the limits remaining unaltered. But when the 
limi ts of y are functions of a?, if the order of integration be 
changed, it is necessary to find the new limits for x as func- 
tions of y. This is usually best obtained from geometrical 
considerations. 

For example, in the integral 


y)dxdy, 

Jo Jjj 

the limits for y are given by the right line y ^ x and the 
hyperbola = a* ; and the integral 
extends to all points in the space ^ 
included by the hyperbola AL^ the 
right line OA, where A is the ver- 
tex of the hyperbola, and the axis 
of y. Draw AB perpendicular to 
the axis oiy. Now when the order ^ 
of integration is chauged, we sup- 
pose the lines which divide the area 
into strips taken parallel to the axis 
of a? instead of the axis of y. Thus 
the integral breaks up into two parts — one corresponding to 
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the triangle OAB^ the other to the xemaining area : hence 


?7= 


^fix^y) + f{x, y)dydx. 
0 Ja Jo 


As another example, let us interchange the variables in 
the integral 




0 J 




Vdxdy, 


Here, let OG and OD be the 
lines represented hj y ^ lx and 
y ^ mx; and let OA = a. p 

Then the integral is extended to 
all points within the triangle OGJ). 

Accordingly, changing the order, ^ 
we get 

rla 





X 





Jl X 


'la fa r«i<» Tw* 

Z7' = V dydx + 1 Vdydx, 

']ma J2/ Jo Jy 


EXjOIPLIS. 


I. Fittd tKe value of tlie douWe iutegral 

ra ra: f{y)dxdy 


v=rr-^ 

Jo Jo via — n 


V{a^x){x-y) 
Here, okanging the order, the integral hecomes 
p f" f{y)d ydx 
Jo h V(fl5 

dx 


But 


Jy V(« — 


d{a - in) (a; - ij) 


0 Jy V(fl 5 — — y) 

= TT ; licixc© IT =s TT [ /(«) — /(O) } , 


2 , Prove that 


f{x,y)dxdy^\ . 

0 Jo ‘'0 
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3. Hence find tlie value of 


n2a (f >' (p) y'^^xdxdy 

Jo Jo + ifY 

Am. Tcc^ { (p («) -- <jE> (Oj } . 

4. Change the order of integration in the double integral 

} 2 a r^J 2 ax 

Vdxdy, 

0 “V2aa:-aj2 

The limits of y are represented by the circle -f 2/^ = lax^ and the parabola 
2/2 = 2 ax ; and we readily find that 

frt ra->Ja*’-yi .•« p2a rSa ca 

r/= ^ Vdydx^ Vdydx-^- Vdydx. 

,'o Jy® ' 0 J«’‘’Vo®-y“ Jj/3 


2 21. BiricWet’s Theorem, — The result given in 
equation (i) has been generalized by Diriohlet (Liouville's 
Journal^ 1839), and extended to a large class of multiple 
integrals, as follows : ^ kv' 

Commencing with three variables, let us consider the inte- 
gral 


U = dx dy dz^ 

«• 


in which the variables are supposed always positive, and 
limited by the condition 

X + y + z < I. 

In this case the limits of z are o and 1 - x - y ; those of 
y are o and 1 - x; and those of x, o and i . 

n l-x ri-x-y 

X y^"^ dx dy dz. 

0 Jo 

It is easily seen, from (i), that 

r(w)r(n) 

Jo Jo r(»» + n+i) 
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therefore 


r{m)r{n) 

r(m + WH- 1) 



^)m+n 


r {m) r{n) r{i)r{m-¥n+i) ^ r{i) r(m)r(n) 
r{m-^n+i)‘ r(/ + mfnH-i) r(^ + m + M + i)’ ^ • 


Again, in the same multiple integral, if y, z, being 
still always positive, are subject to the condition 


we get 


ir + y + 2 < A, 




Tjl) r{m) r{n) 
r(/+ m + n + i)* 


(3) 


This readily appears by substituting x = hx% y = hy\ 
% Ae', in the multiple integral. 

There is no difficulty in extending these results to any 
number of variables. We proceed from (3) to the case of 
four variables ; and so by induction to any number. 

Thus, the value of the multiple integral 

J7 = JJJ . . . 0?^“^ 2/^”^ • • • dxdydz . . . , 


extended to all positive values of x, y, s, &o., subject to the 
eondition 

X ^ y z + &o. < I , 


is 


r(0r Hr(n ) ■■■ _ 

r’(l + l m + ’{• m . .) 


(4) 


Again, in the integral 

XI = JJJ dxdydz^ 

suppose the variables to be still always positive, but limited 
by the condition 
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tlien making 


(yy ^ 


the integral transforms into 


rff !?«! 

- - dudvdtVj 

pqr JJJ 


where ?^ + «? + < i • 


Accordingly 


d h"' c“ \p) \qj \r 

rfi +- + - + - 

\ p q r, 


Again, from (3), the value of the triple integral 

JJJ 

extended to all positive values, subject to the condition 

X + y u and < w + t/w, 
is 

r(orwrw rwr(».) r(»)^^,.,^ 

r(i +/+m + ^z)'^ r(/.+ m + n) 

Hence the multiple integral 

JJJ jP(ir + y + z) 2"”^ dxdydz, 

taken between the same limits, has for its value 


rmr{n)r{«) 
r(/ + <» + ») '' 
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Accordingly, the yalne of the multiple integral 
■¥ y + z) dxdy dz^ 

extended to all positive values of the variables, subject to the 
condition 

y 4- s < A, 

is r(0 r(m) r(ji) p ^6) 

V[l+m + n) jo ^ 

In like manner it is seen that if the multiple integral 




m; 


I dxdy dz 


be extended to all positive values, subject to the condition 

Chi 


<»\^ (yC / 
- 1 + 1 + r < 
a) \hj \oJ 


we 


have 


U- 


a'h^o” ^ \p 


yqr 


i\ 


r ^ r - L, 


I m n' , 

r - + - + - •'« 

\p <1 ^ 


. ’V(m) 


du. ( 7 ) 


These results can be readily extended to any number of 
variables. 


Examples. 


t. Find the Talne of 


J J a;*"' y~^ ^V) 


extended to all positive values, subject to a; + y < A 


Ans. — 
sm Itt 
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2. More^generally, prove that 

where no y < h. 

3. Find the value of 

JJJ . . dsPi dx% . . . 

extended to all positive values of the variahles, subject to th.€ 

Ans. ( 


4. Prove that 


II! 


dx dy dz 

Vi ” ic- ~ 2/'*^ — 


TT® 

¥’ 


the integral being extended to all positive values of the varii 
expression is real. 

5. Show in general that 


‘ ■ Vi 


dxi dx2 dxz . . dxn 
- 


■ Xi^ — X2'' 


2»*r 


under the same condition as in (3). 


22 2 . Transformation of Multiple Xn 

proceed to consider the transformation of a m 
to a new system of independent variahles. 

Suppose it he required to transform tlie ini 

to another system of variahles, being 

terras of % to. 

This transformation implies in general 
(i) the expression of f {x, yyZ)hx terms of n 
determination of the new system or syete 
(3) the substitution for dx dy dz. 

The solution of the first two questions is a pu 
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problem. We here limit ourselves to tbe consideratioR of the 
third question, and write the integral in the form 

\dxldrjlf{x, y, %) d%. 

In the integration with respect to s, x and y are regarded 
as constant ; accordingly, in order to replace % by the new 
variable w, we suppose s expressed, by means of the given 
equations, in terms of w\ and then we replace dz by 

Hr* 

— dw. Affain, to transform the integration from y to «?, we 
dw ® 

must suppose y expressed in terms of w, x, and then dy 
replaced by ^ dv : we next suppose replaced '^J'^du\ and 
we finally replace 

, dz dy dx ^ ^ 

*** '■ 5 ' * ****■ 


It should he observed that in each of the latter transfor- 
mations a change in the order of integration is supposed. 

By this moans the transformed expression is 


ffl 


SIS***- 


( 8 ) 


where hi, v, to) is the transformation of / {x, y, s). 

The preceding -would present, in general, a problem ot 
extreme difficulty, especially in the investigation of the new 
limits at each change in the order of integration, i he one 
matter in every case to be carefully observed is, that the trans- 
formed integral or integrals must include e-rery element 
which enters into the original expression, and no more 
Again, it may bo observed that in the foregoing substitu- 
tions for dx dy dz the order may be interchanged in any 

Thus, if we commence by replacing x by u, we must 
suppose expressed in terms of u,y,z; and then replace dx 

by ^ du, &o. 
du 



^22 Multiple Integrals, 

As an illustration we shall consider the ordinary trans- 
formation from rectangular to polar coordinates, viz. : — 

X - r sin 6 sin y - r sin 6 cos z = r cos 6. 


Here we have 

ic® + 2^® + s® = r® ; 

therefore 

ir® = r® - y® -- z® ; 

hence 

dx r I 

dr X sin 0 sin 

Aga.. ^ . 

- r sin 0, ^ ~ 0 sin ^ ; 

therefore 

dx dz dy . • a 
dr m 4 = ’" 

and for the element of volume dx dy dz we substitute 


r® sin 0 dr c?0 dcpy 


a result which can be also readily shown from geometrical 
considerations. 

Next, let us consider the more general transformation 

^ = rsin0 i-m.*sin^^, y=rsin^v/ z=roos0oos^, 
in which 

Sq[uaring, and adding the three equations, we get 

= r®. 

In replacing x by r, we get, therefore, 

dx r I 

dr X sin 0 - w® sin® 
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Next/to replace y by <p, we must express y in terms of r, 
0 , atid s : thus 


+ — — 
008 ® 0 


Hence 

% _ 

d(l> 


= tan ^ w®'r®cos® ((> + n' z^. 


sec® <l> \/ r® oos® ^ 


•t* n": 


m'‘ r® sin® 0 


y/ m®r® cos® 0 + w® s® 


m® r® cos® 0 + n®js® sec® 0 r (m® cos® 0 + w® cos® 0 ) ^ 

-y/m® r® cos® 0 + cos 0 y/m® + n® oos® 0 ’ 

dz 

and, finally, — = - r sin 0 cos 0 . 

Hence for dx dy dz wo substitute 

f® (w® cos® 0 -i- sin® 0 ) c ?0 d(j> 

v/i - W?’sin ®"0 c/i sin® 0 ’ ^ 

In general {Dif. Calc., Art. 325 ). tbe product £ J J 

is the Jacobian of the original system of variables, x, y, z, 
regarded as functions of the new system, u, v, w. 

Accordingly, the general substitution for dx dy dz is 


dx 

dx 

dx 

du 

dv 

dtv 

djL 


dy 

dift 

dv 

dtv 

dz 

dz 

dz 

dn 

dv 

dw 


223. Transtormatlon Itor Iiapllcit Functions.— If, 

instead of being given x^ % explicitly as functions of w, t?, w, 
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■we are given equations of the form 

Fi {x,y,z, u,v,w) = o, Fi{!c,y,z, %i,'v,w) = o, F3{x,y,z, u,v,w) = o, 

we have Calc., Art. 324), adopting the usual notatioD 
for Jaoohians, 

d{F,F„F) 

d {x, y, s) d (u, V, w) 
d (ii, V, w) ~ d{F„Fz,Fi) ' 
d {x, y, z) 

And for dx dy dz we must then substitute 


Y du dv dw, 
J 2 


(”) 


wtere Ji is the Jaeohian of the given system of equations 
■with respect to the new variables, and c7i> their Jaoobiar 
with respect to the original system. 

224. Transformation of i:iemcnt of {Surface. — IJ 

the equation of a surface he referred to a system of reotangxi- 
lar axes it is easily seen, from Art. 189, that the element oJ 
its superficial area, whose projection on the plane of h 
dxdy^ is equal to 



Accordingly the area of a surface may be represented hy 



taken between proper limits. In this result z is regarded a 
a function of 'X and y by means of the equation of th 
surface. 

To transform this expression to new variables Vy wc 
by the preceding Article, substitute 


'dx dy 
4u dv 


dy dx\ 
du dv) 


dv instead of dx dy. 
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Also 


therefore 


dz 

dz dx 

dz 

% 

du 

dx du 

dy 

du^ 

dz 

dz dx 

dz 


dv 

dx dv 

dy 

dv ' 

dz 

dz dy 

. ^ 

dz 

= 

du 

dv 

dx 

dx dy 

. ^ 

dx 


du dv 

du 

dv 


dz dx 

dx 

dz 

dz 

dv du 

dv 

du 

dy 

dx dy 

_ ^ 

dx 


du dv 

du 

dv 


Suhstituting, the expression for the superficial area be- 
comes 



dy dx^ / dx dz 
du dv ) \dv du 


dv du J \dv du dv duj 


225. Oeiieral Transforination for n Variables. — 

The transformation of Art. 223 can be readily generalized. 
Thus, for the case of n variables, in the transformation of 
the multiple integral 

JJJ . . Vdxj. dtxt dxi . . . dx„ 

to a system of new variables, _ yi, y^, ■ ■ • yn, we substitute 
for dx\^ dxiy . . . dxn the J acobiau of a?,, x^y . . • x^ regarded 
as functions of yi, yj, ys • • • y» ; hence 


dxx dx<t 


. dXn= 


d {xi, Xi, 

d{yl,y^, 


dyi ch/i. . . dyn. 
yn) 


And in the case of implicit functions, we substitute 


J. 


(13) 
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where Ji and J2 are respectively the Jaoobians of the system 
of equations with respect to the new, and to the original, 
system of variables (compare Diff, Calc,, Art 324). 

226. green’s Theorems. — We shall conclude this 
Chapter with a brief notice of the very remarkable theorems 
given by Green Essay on the Application of Mathematics to 
Electricity and Magnetism,” Nottingham, 1828, reprinted, 
1871), as follows: — 

If U and V he functions of x, y, z, the rectangular coordi- 
nates of a point ; then, provided TJ and V are finite and con- 
tinuous for all points within a given closed surface 8 , we have 


ij 


dx dx 


■II 


U^-fdS- 

dn 

r'^fds 

dn 


U 


-IIJ 


■ dU 

dV dUdV\ 

^ dy 

dy dz 

dz ) 

fd^V 

dW 

d^r\ 

\dx^ 

^ df ^ 

dz^ ) 

(d^TT 

d^TJ 

rf'ZT'X 

\dx^ 

^ df ^ 

) 


dx dy d% 


dx dij dz r » 


where the triple integrals are extended to all points within 
the surface 8 , and the double integrals to all points on 8 ; 
and dn is the element of the normal to the surface at dS, 
measured outwards. 


For, since 
we have 




dVdy (Pv 

dx dx dx^ ’ 


J 


dV' 


dx\ dx 


TJ — ) dx dy dz = 


IJ 


dx dx 


dx dy dz 






(h) 


the inte^als being extended to all points within 8 . 

Again, since S is a closed surface, any intersecting right 
line meets it in an even number of points ; consequently 



dxdydz = 


dy dz S I Ui 


15 

dxz 


- TT, 


151 

dx^ y 
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wliore ^2, ? 7 i, U2, represent the values of Xy IT, for two 
corresponding points of intersection with 8 , made by an 
indefinitely thin parallelepiped standing on clyd%\ and S 
denotes the summation extended to all such po'ints'of inter- 
section. Now, as in Art. 192, let d 8 iy dS^ d 8 ^, &c., repre- 
sent the corresponding elementary portions of the surface; 
and Xi, X2J X3, &o., the angles that the exterior normals make 
■with the positive direction of the axis oi x; we shall have 

dy dz = cos Xi dSi == — cos X2 dS^ — 00SX3 d 8 z ~ — cos X^ dS4, = &c. 

Accordingly 


under the same restrictions as to limits as before. 
Hence, from (14), we find 


JJJ dx dx 


dx dij d% = 


\u 


— cos X dS 
dx 


1 U dx dy dZy 
\ dx^ 


alon] 


; with corresponding equations for y and s. 
.ooordingly 


[[[(dUdV dUdV dUdr\^ ^ ^ 

JjVte dx di/ dy ^ ds dz ) 


„fdV . dV dV \ 

U — cosA + cosu + -r- cos V dS 
\d!e dy dx ) 




* if * dt' ) 
Again, we obviously have 


dx dy dz. 


cos X 


dx 

'dii^ 


dif dz 

cos u = “p, cos V = ^ ; 
^ dn dn 


, , dV ^ dV dV dV 

therefore cos X + ^ cos ^ ^ cos v = ■ 


dn 
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Hence 

JJJ dx '*' dy dy d% d% , 


dicdydz 


vfm- 

m 

an 




'EE EE EE 

liF dy'^ '*’ dz^ 


\\dxdydz 


The latter expression is obtained by the interchange of fZand 
V in the preceding. 

If ?7=F,’we get 





EE 

dy'^ 



We shall now determine the modification to be made when 
one of the functions, Uior example, becomes infinite -within 8. 
Suppose this to take place at one point P only : moreoTer, infi- 
nitely near this point let Fbe sensibly eq^ual to r being 


the distance from P. If we suppose an indefiniteljr small 
sphere, of radius a, described with its centre at P, it is clear 
that (i6) is applicable to all points exterior to the sphere; 
also since 


'E E E\ 

dcd ^ dy^ ^ dz^j 



it is evident that the triple integrals may be supposed to extend 
thiougTi the entire enclosed space, since the part arising from 
points -within the sphere is a small q[nantity of the order of 

MoxeoTer, the part of j| due to the surface of the 

sphere is indefinitely small of the order oi a. It only remains 

to consider the part of H iF -y— d8 due to the spherical snr- 
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Hjramjikis. 

Horr', tin Fi« mippoKml to vary oontimioiiHly, -wo may 
tako for itw vuliio iliat ( K‘) at tho point i* : alao 


,nr ^ dU 

iln ii>' 




I 



<'nji*«»rju(«iily tho vnluo of 


r (<H, for tho Hplioro is 


.}ir V. 


Tluw (i6) iMHionios 
ilV 


J*- 


V dH 

tin 


,„,.rF tPV d^F\. , . 
''■ '*■ ' ,v ■' 


ff.r'/F ... 


d>(T d‘^ir\ 

r 

I.FU- ' 

d,/' ' dz‘ ') 


(i7) 

dn/i/dz- 


wlt«*w, iw tilt* (^xiond over tho whole volume 

afi«l tho wholo lixtorit^r mirfatu). 

Th*» wtiiio motliiid will ovithaiily apply however great 
may hn the aumhor of puiiitB^ HU(ih an J\ at whicli either U 

iff F htnimfii*.H iiilliiile, 


KtkUfhm. 

f . If I/', a ^mu I' i* sill u Otis p 1 c sin u nin f, 

S I# tnw 

1^ /(tf)$iuuii(4dp ZTj ^ f{Atv)w(iti\ 

>d " I f 

I #1 ^ f « u Ftm t», IS » ! iin u sin p ; 

lti«» (#* f» •) ftw tlti» ef ft peint on a spUero of unit radius, 

will »t llw oiigiiL . . 

Ak» l*.*i i ' 4% I ^ ^A(y; then fit y i« alMo a point on tno aanu^ 

[B2] 
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where fl ie the arc joining tho point a, j8, r to x, V, «■ Again, the element of 
Ae surface of the sphere at the latter point may he represented by sin « du dv, or 
by sin fl de dtp, indifferently. Consequently 

/ (« cos « + J sin « cos a + e sin « sin a) sin ududv^fU cos 0) sin 8 rffl 


each of those over the entire surface, wo get 
ji|“’/(U)sinMd«a!® = cos fl) sin fl dfl = zir|^/(jl cos fl) si 




2. Hence, deduce the following : 

j ** ududv=^ 1 ^ 

sin* « cos vdudv=^^ ^f{Aw)uidw. 

These are deduced from (i) hy differentiation under the sign of integration. 

3. Show that the integral 

TJ = J f/ (x + y) a;*-^ dx dy, 

supposed extended to all positive values subject to the condition a? + 
he reduced to a single definite integral, hy the substitution 


y =5 w (I - v). 

Here a: 4- y « w, and dx dy becomes udi> dv ; also tho Hnxits for arc O and h\ 
and those for v are o and i ; hence 

CT s= f [ f{u) du dh 

JoJo 


c= j f(u) du, (Compare Arts 221). 

4. Show that the foregoing process can he extended to the mtegral 
XT = JJf /(a? 4- y + 2 ) 2/”*”^ dx dy dz\ 

when the variables are always positive and subject to the oondition 

+• y 4 2 < ». 

Substitute for x and y as in last ; then, regarding 2 aa constant, lib© Hwdti 



for v are o and i, and those fox u are o and a — z\ hence 


r (/ + m) 


pa ra~z 


pi+m-l jjU-l 


auaz 


r{l}T{m)r{n) 
r (^ + m + w) 




This process is readily extended to any number of yariables. 
5. rind the value of the definite integral 


By Art. 120 we have 


4 i;M (l 

lo {i (I — t?) 



a;M ^m-1 ^-ax-by 


Transform by the substitution x — uv, y = (i - v), then, since the limits for 
are o and i, and those for u are 0 and 00 , we get 


^ (9...E W „ f ^ f ^i^.,n-l (I .. v)m-l ^l-l ^-{6(l-«>av} « 

a}h^ J 0 J 0 


= r (? + #«) 


rl f?Z-l (l— 

lo (I v) av ' 


therefore 

6. Prove that 




1 ^1-1 ( I v)w-i _ r (i) r (m) 

0 ”” r(i’^m)a^d»^’ 


! » p(0 J /.» -OD 

I hpf a'x + b'y) dxdy = j\ 1 jP (a?, y) dx dy^ 

-09 J-OO '“f J-QO J-QO 


where 

7, Prove that 


a h 
<C b' 


f T cos^ g + n^cos^ <^) d6 d<f> ^ 


0 Jo V(i - sin^ 0)(r - n* sm-* </>) ” 2’ 

when «i* + - I. 

This is an immediate consequence of (9), Art. 222. 

8. Show that Legendre’s Theorem connecting complete elliptic integrals 
with complementary moduli follows immediately from the preceding example, 

[22a] 
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w 

Let I («>) ^ r 7 =^== j sltf flrfff, 

Jo VI— Jo 

then the result given in Ex. 7 is easily transformed into 
(m) B [n) + B (m) F[n)-F (n) F (m) = 

9. Prove that the area of a surface in polar coordinates is represented by 




taken between suitable limits. 

10. Show by actual integration that 


I!I(: 


^ ^ + '^V & = f f (» 008 o + » COB ;8 + «i cos 7) rf.V, 

dx dy dz ) Jj 


where the integrations, respectively, extend through the volume and over a 
closed surface /S; a, 7 heing the direction angles of the outward drawn 
normal at d^. 

1 1 . Transform the multiple integral 

jJ’JJ Vdxdydzdw 

by the substitution 

a: = t* cos 0 cos y - r cos 6 sin « = r sin 0 oos tf/, =3 r sin 0 sin tf/* 
The transformed expression is 

JJJJ T\r^ sin 0 cos 0 drdO d<l) d\f/, 
where Ti is the new value of F. 


12 . If 


W3W3 W3W1 Uiti% . 

U1 U-i «3 


proyethat jjSVdxidx^dxz transforms into i^jSSViduidu%duz. 
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OHAPTEE XII. 

ON MEAN VALUE AND PROBABILITY. 

227. A VERY remarkable applioation of the Integral Oaloulns 
is that to the solution of questions on Mean or Average 
Values and Probability. In this Chapter we will consider a 
few of the less diflGloult questions on these subjects, which 
will serve to give at least some idea of the methods em- 
ployed. We will suppose the student to be already acquaint- 
ed with the general fundamental principles of the theory 
of Ihobability. 


Mean Values* 

228. By the Mean Value of n quantities is meant their 
arithmetical mean, i.e. the part of their sum. 

To estimate the Mean Value of a continuously varying 
magnitude, we take a series of n of its values, at very close 
intervals, n being a large number, and find the mean of these 
values. The larger n is taken, and consequently the smaller 
the intervals, the nearer is this to the required mean value. 

This mean value, however, depends on the law accord- 
ing to which we suppose the n representative values to be 
selected, and will be different for different suppositions. 
Thus, for instance, if a body fall from rest till it attains the 
velocity v, and it be asked— What is its mean velocity 
during the fall ? If we take the mean of the velocities at 
successive equal infinitesimal intervals of timey the answer 
will he I but if we consider the velocities at equal intervals 
of space, it will be f The former is the most natural sup- 
position in this case, because it is the answer to the question 
—What is the velocity with which the body would move, 
uniformly, over the same space in the same time ? a question 
which implies the former supposition. We might frame a 
similar question, of a less simple kind, to which the second 
value above would be the answer. 
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On Mean Value and 'Probability* 

Again, if we wish to determine the mean value of the 
ordinate of a semicircle, we might take the mean of a series 
of ordinates eq[mdistant from each other ; or through eq^ui- 
distant points of the circumference ; or such that the areas 
between each pair shall he eq^ual : in each case the mean 
value will he different. 

Thus we see that the Mean Yalue of any continuously 
varying magnitude is not a definite term, as might he sup- 
posed at first sight, but depends on the law assumed as to its 
successive values. 

229. Case of One Independent Variable. — 

will therefore suppose any variable magnitude y to he ex- 
pressed as a function ^ (a;) of some quantity x on which it 
depends, and its mean value taken as x proceeds by equal 
infinitesimal increments h from the value a to the value J. 
Let n be the number of values, then nh - b - a* The mean 
value is 

i |<^ (a) + 0 (a + A) + ^ (a + 2A) + . . . . 

But (Art. 90), 

A |<^ (a) + ^ (a + A) + <;>(a 4- 2/i) + . . . .| = <^[x) dx* 

Hence the mean value is 

(.) 

Exampies. 

1. To find the mean yalue of the ordinate of a semicircle, supposing the 
series taken equidistant. 

I rr I 

j]!f = — I Vr^ - = -Trr, 

2r]^r 4 

viz., the length of an arc of 45®. 

2. In the same case, let us suppose the ordinates drawn through equidistant 
points on the circumference. 

Jlf = 1 ; the ordinate of the centre of gravity of the arc. 

^ Jo ^ 
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Case of One Independent Variable. 


1 Determine tie mean horizontal range of a proieotile for^erent 

angles rf elevation from 45° - « to 45“ + » . 

If a be the angle of eleyation, tbe range is 


i2 =: — Sin 2a. 

9 


Hence ^ i y *® 4-5° * * ’ 

sin 29 


therefore 


Jf=' 




. 2 r2 

The mean yalne for all elevations, from o to 90 , is ^ ^ . 

4. A number n ia divided at random into two parts ; to find the mean value 
of their product. 


Jf = i I ” a; (w - ip) i 


5. To find the mean distance of two points taken at random on tie oiroum- 

ferenoe of a circle. j 4.1, n 

Here we may evidently take one of the points, A, as fixed, and the other, 

to r^ge over ti^ wide cmcumference • since Ween 

should only have the same series of values repeated : let 9 be the angle oeweeu 
5Slie dimeter through ^ : as weneed only oonsrdei one of the two semx- 

circles, 


M 


■-if 

-n* Jo 


2r cos 9d9 


4f 


6 To find the mean values of the reciprocals of all numbers from n to 2 m, 
when n is large : that is, to find the mean value of tie quantities 


fl 


I +- 


2 ’ ' ' 


I +- 


tiat is, the mean value of the function as a: goes iy equal increments from 


therefore nx~ n°^ ' 

7. To find the mean values of the two roots of the quadratic 
ic* — aa? 4* 5 

tie roots ieing kno-yvn to he real, hut h being unknown, except tiat it ia 
positive : 



On Mean Value and Prohability. 


That is, h is equally likely to have any value from o to ; hence for the 
greater root, a, 4 




therefore 


M = la. 

o 


The mean value of the smaller root is - «. 

6 

The mean squares of the two roots are These might ho doducotl 

from the former results, since 

M{x^) - aM{x) + M{h) = 0. 

8. Find the mean (positive) abscissa of all points included between the axis 
of X and the curve 

X* 

(* 

y = ae «* . Ans. **•.> 

Vt 

The mean square of the abscissa is 

230. If Jf be the mean of m quantities, and JT' tbe moan 
of m' others of the same kind, and if fx be the mean of the 
whole w quantities, we have evidently 

mM + m'Jf' , , 


Thus if it he required to find the mean distance of one ex- 
tremity of the diameter of a semicircle from a point taken at 
random anywhere, on the whole periphery of the semicircle ; 
since the mean value when it falls on the diameter is r, and 

the mean value when it falls on the aro is — , we have 


4r 

2r . r + -nr— 


2T + Trr 



Cme of Two or More Independent Variables, 
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231. Case of Two or More Indepeodeiit ITariaMes. 

— If z - y) be any function of two independent variables, 
and 0?, y be taken to vary by constant infinitesimal increments 
A, between given limits of any kind, the mean value of tbe 
function % will be 

Jlzdxdy 

lldxdt/ 

both integrals being taken between tbe given limits. 

Tbe easiest way of seeing this is to suppose ir, y, % tbe 
coordinates of a point ; and to conceive tbe boundary, repre- 
senting tlie limits, traced on tbe plane of xy^ and then ruled 
by lines parallel to x, y at intervals h apart. We have 
thus a reticulation of infinitesimal rectangles lih ; and if at 
eaob angle an ordinate z be drawn to tbe surface z = (p{x, y), 
as tbe number of ordinates wifi, be tbe same as that of rect- 
angles, we shall bave 

volume jjzdxdy = sum of ordinates x hk ; 

also tbe plane area JJ dxdy = number of ordinates x hk ; 

so that dividing tbe sum of tbe ordinates by tbeir number, 
tbe above expression results. 

It may be shown, in like manner, that for three or more 
independent variables a similar expression bolds. 

It is evident that the above expression, viewed geometri- 
cally, gives tbe mean value of any function of the coordinates 
of a series of j)oints uniformly distributed over a given plane 
area. 


Examples. 

1. Suppose a straight line divided at random at two points, to find the 

average value of Itio product of the thiee segments ^ i x. 

Lot the distauco of the two points X, T, lioin one end A of the line, be 
called iP, p Consider first the cases when x>y, the sum of the pioducts tor 
tihose 18 half the whole sum ; hence 

M^-J" f 2/(» ») = To‘^- 

a Jo Jo 

2. A number a, is divided mto three parts; to find the mean value of one 
part. 
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On Mean Value and Probability, 


Let a?, y, a - a; - y, be tbe parts ; 


Jf: 


r r* 

Jo Jo 


xdxdy 


i n /vK-o; 


This value might be doducorl, without performing the integrations, by eonsider- 
ing that the expression is tho abscissa of the c(mtro ot gravity of the triangle 
OAB ; OA, OB being lengths taken on two roctanguhir axes, each 

Of course the result in this case requires no tsahsulation ; as tluJ sum of the 
moan values of the thi'ee parts must be = ^ , and tho three moans must bo oqmu. 
I ^ 


The mean square of a part is • 


3. A number a is divided at random into three parts* to And tho moan 
value of tho least of the throe parts: also of the ami of tho mem. 

Let a;, y, a - a; — be the greatest, moan, and least parts. Tho moan value 

r— ; the limits of both 


of the greatest is if = 


integrations being given by 


x>y>a-'X-y>o, 


M 


If y be the coordinates of a point, referred 
to the axes OA, OB, taking OA = OB = «, the 
above limits restrict the point to tho triangle AVJI 
(AM being drawn to bisect OB) ; and tho above 
value of M is tho abscissa of tho centre of gravity of 



this triangle , i. e. ~ of the sum of tho abscissas of its 
angles; hence 

II 


T'ig. S3- 


I / I I \ 

if a — a) 

3 \ 2 I j 


18 


The ordinate of the same centre of gravity, viii., 


H- 

3\2 




is the mean value of the mean part; hence the mean values of the three parts 
required are respectively 


II 5 I 
a, - r a, - a, 
18 ’ 18 ’ 9 


4. To find the mean square of the distance of a point within a given square 
(side =! 2a), from the centre of tho square. 


4a^J„aJ-a 3 
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Case of Two or More Independent Variables. 


It is oljTious that the mean square of the distance of all pomts on any ptoe 

area frWaTfi«<l 

the area round that pomt 


5. To and the mean distance of a point on the circumference of a circle from 
all points inside the cucle. ^ ,7c? 

Taking the origin on the circumference, and the diameter for the axis, ii a 
he any element of the area, we have 




32 a 
gir 


232. Many problems on Mean Values, as well as on 
Proloability, may be solved by particular artifices, whicfi, it 
attempted by direct calculation, lead to^ diifioult multiple 
integrals which could hardly be dealt with. 


Examples. 

I. To find the mean distance between two points within a given circle. 

If IT be the req.uired mean, the sum of the whole number of cases is repre- 

hTowlet us consider what is the differential of this, that is, the sum 
fa^s iloduced hy givmg r the iucrement dr U ^0 be the mean 
a pomt on the cireumference from a point wito the ciicle, ^ ^ 

duced by taking one of the two pomts A on the infimtesimal annulus tt , 

Trr^Jfo . 2 TTrdr; 

doubling this, for the cases where the point JB is taken in the annulus, we get 
d. {(Trr3)3i*f} =^4ir^Moi^dr. 


Now Mo = (Ex. 5, Art. 331) , 
gir 

128 

therefore ir*f* Jf = — ir 


r 

Jo 


f^dr ; 


therefore 


M = 


128 

45^ 


a. To find the mean square of the distance between two points taken on any 

Ts^dS' he any two elements of the area, A their mutual distance, and 
we have 
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Now, fixing tlie element the integral of is the momont of inertia 
of tlie area Xi ronnd dS ; so tliat if jST = radius of gyration of tlio area round 


let r = distance of dS from the centre of gravity G of the area, k the radius of 
gyration round G : then 

= + 


therefore 




thus the mean square is twice the square of the radius of gyration of the area 
round its centre of gravity. 

233. The mean distance of a point P ’within a given area 
from a fixed straight line (which does not meet the area) is 
evidently the distance of the centre of gravity (I (d‘ tlie area 
from the line. Thus, if - 4 , B are two fixed points on a line 
outside the area, the mean value of the area of the triangle 
AFB - the triangle AQB, 

From this it will follow, that if X, X, Z are tliroo points 
taken at random in three given spaces on a plane (suofi that 
they cannot all be cut hy any one straight linc^), the moan 
value of the area of the triangle XYZ is the triangle 
determined by the three centres of gravity of the spaces. 

Exa-Mple. 

I. A point P is tahon at random within 
a triangle ABG, and joined with the three 
angles. To find the mean value of Uie 
greatest of the three triangles into which 
the whole is divided. 

Let 0 be the centre of gravity ; then if 
the greatest triangle stands on AB^ P is 
restricted to tiie figure CHGK, and the 
mean value of APB is the same as if P 
were restricted to the triangle GCK; hence 
we have to find the area of the triangle 
whose vertex is the centre of gravity of 
GCKf and base AB ; 


t: 



therefore X = ~(AGB + AZ£ + AGB) = ^ 

hence the mean value is ~ of the whole triangle. 

The mean values of the least and mean triangles are respectively ^ and 
of the whole. 

This question can readily be shown to be reducible to Question 3, Art. 13 1. 


Case of Two or More Independent Variables, 
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234. If M be the mean value of any quantity depending 
on the positions of two points (e. g. their distance) which ar© 
taken, one in a space J/, the other in a space B (external to 
A) ; and if Jf' be the same mean when both points are taken 
indiscriminately in the whole space -4 + jB ; the 

same mean when both points are taken in A, or both in i?, 
respectively; then 

(A + By Jf ' = 2 ABM -hA^M^ + BM^, (4) 

If the space A = B, 

= 2M + Mj^ + Jfjs ; 

if, also, Mj, = Jfj, 

thus if if be the mean distance of a point within a semi- 
circle from one in the opposite semicircle, Mi that of two 
points in one semicircle, we have (Art. 232) 

To determine M or Mi is rather difiicult, though their 

1472 

sum is thus found. The value of M is 1 r. 


Ex-imples. 

I. Two points X, Y are taken at random within a triangle. What is the 
mean area M of the triangle XYC^ formed ky joining them with one of the 
angles of the triangle ? 

Bisect the triangle by the line CD ; let ifi be the mean value when both 
points fall in the triangle ACD ; M% the value when one falls in ACD and the 
other in BOlh ; then 

2M = Ml 4 - M%, 


But ifi = i if ; and jifa t= G&C^ where G' are the centres of gravity 
% 

of AODy DODf this being a case of the theorem in Art. 233 ; hence 
Mi=^AJBO, and 

2. To find the mean area of the triangle fonned hy joining an angle of a 
square with two points anywhere within it. 
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By a similax method this is found to ho 

l-a 

^ of the wliole sq^uaro. 


3 . What is the mean area of the triangle formed hy joimn| 
points with the centre of the square ? 

We nxay take one of the points X always in the square ; 
square as unity ; then if M bo the mean, the sum 
of all the cases is 

i if = 4, + 2 JKi + -. JIfs, 

4 4^ 4^ 4® 

Mu M 2 , M% being the moan areas when the second 
point Y is taken respectively in OAy OJf, and 00, 

But Mz = Mu for to any point Y in 00 tln^rci cor- 
responds one Y' in OA, which gives tlio area 
OXY' = OXY; 

therefore M^^-Mi-^-Mz. 

22 

But = ^3 ■ j ifa = ^ ; hence M = of the -wh-O 

235. If two spaces A + C, B + O have a comi 
and M be any mean value relating to two points, < 
the other m B + C; and if the whole space A + . 
and Myr be the same mean when both points ar© 
criminately in IF"; when taken in A, &o., the 

2 {A + C){B+ O) Jf = r“if^+ O^Ma-A^MCjy - 

as is easily seen by dividing the whole number 
into the different classes of oases which compos© i 

* In such questions as the above, relating to areas detc^m 
taken at random in a triangle or parallelogram, we may consitle; 
equilateral, and the parallelogram as a square. This will appear: 
projection; or hy defoiming the triangle into a second tritmi 
base and between the same parallels, when it is easy to see thtat 
random points in the former there correspond a Eke set in the lat 
the same areas. This second triangle may be mad© to have a 
Bide of an equilateral triangle of the same area ; and then Be < 
maimer into the equilateral triangle itself. likewise a pamlli 
deformed into a square. 




Case of Two or More Independent Variables, 
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Exa-mple. 

Two segments, AB, CD^ of a straight line have a common part CJ5; to 
find the mean distance of two points taken, one in AJBj the other in CD. 


2AS . CD. M=:AD'^ .-AD + Cli^. -CD-AO^ IaO-BD\ -BD, 
3 3 3 3 

«ince the mean distance of two points in any line is ^ of the line ; 


thierefore 


if: 


AD^ + CB^ - AC^ - DJJS 
OAB , CD 


236 . The consideration of probahility often may be made 
to assist in determining mean values. Tims, if a given 
space 8 is inohidod within a given space the chance of a 
point P, taken at random on -«4, falling on 8^ is 

8 

P-2' 


But if the space S he variahle, and M (3) he its mean value, 


P = 


M(S) 
A ■ 


( 6 ) 


Bor, if we suppose 8 to have n equally prohahle values 

3„ 3i the chance of any one 8i being taken, and of 

P falling on 8i, is 

1 Si, 

n A' 


now the whole prohahility p=pi+Pi+Pi + ■ ■ which leads 
at once to the above expression. 

The chance of two points falling on 8 is 


M(8^) 
A^ ' 


(7) 


In such a case, if the prohahility he known, the mean value 
follows, and vice vend. Thns, we might find the mean va,lue 
of the distance of two points X, Y taken at random in a line, 
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hy the consideration that if a third point ^he taken at random 

in the line, the chance of it falling between X and F is - ; as 

one of the three mnst he the middle one. Hence the mean 

distance is ~ of the whole line. 

3 

Again, the mean n** power of the distance is 

where a = whole lino. For if p is tlie probability that n more 
points taken at random shall fall between X and F, 

lf(XF)»= ay. 

Now the chance that out of the m + 2 points, X shall 
be one of the extreme points is ; and if it is so, the 

n-r 2 

chance that F shall be the other extreme point is ^ ^ . 


ExaMPIiXB. 


I. From a point X taken any whore 
in atriaiiglo, parallels aro drawn to two 
of the sides. Find the moan yaluo of 
the triangle XfX K. 

If a second point Z' he taken at 
random within ABO^ tho chance of 
its falling in X UV is the same as tho 
chance of JSC falling in the correspond- 
ing triangle X^ If' V ' ; that is, of X^ 
falling on the parallelogram XO. Hence 
the mean value of XTX V = mean value 
of XO. But the mean value of (XJXV 

■f XO) is ^ABO; as the whole triangle 

can he divided into three such parts hy drawing through X a parallel to A B. • 
Thus 

M(xrxr) = ^Am 

The mean value of VViB-AB. For ZTT is the same fraction of that the 
3 

altitude of X is of that of 0 : see Art. 233. 



The triangle may he considered eq.uilateral : see note, Art. 234. 
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^ Cor. Hence, ii pie tlie perpendicular from X on AJB, h the altitude of 
triangle ABC, we get 

If the area ABC t)e taken as unity, we kaye, smce UXr: AXB=AXJB : ABC, 

* (AXBf^^VXV. 

Thus the mean square of the triangle AXB is If two other points F, 2 are 
taken at random in the triangle, the chance of both falling on AXB is thus the 
same as that of a single point falling on UXy ; i. e. Hence we may easily 
infer the following theorem : — 

If three points X, F, 2 are taken at random in a triangle, it is an even 
chance that F, 2 both faU on one of the triangles 
AXB, AXC, BXG. jy 

2. In a parallelogram ABOD a point X is taken at 
random in the triangle ABC, and another F in ABC. 

Find the chance that X is higher than F. 

Draw XE horizontal : the chance is 

mean area of AEK -f- ABC. 

But AEK = X UV, and the mean area oi XFF=j ACB Hi 

I ^ 

(Ex. i) ; hence the chance is g. 

3. li 0 he & point taken at random on a triangle, and 
lines he drawn through it from the angles, to find the 
mean value of the triangle BBF. (Mr. Millrr.) 

It wiU he suf&cient to find the mean area of the triangle ABF, and subtract 
three times its value from ABC. If we put a, jB, 7 lor the triangles BOO, 
AOC, AOB, it is easy to prove 



AEF^ 


$y 


(a + ^) (a + 7) 


.ABC. 


If we put the whole area ABC = i, and if 
dS he the dlement of the area at 0, 

BydS 





the integration extending over the whole triangle. 

But if p, q are the perpendiculars from 0 on the sides h, c, it ma} he easily 
shown that the element of the area is 


dS-. 


dpdq 
sin A 


be sm A 

[38] 


dBdy = 2dBdy. 
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TIlub the mean value of ABF becomes 


Jf 


=i;i 


^ 2j8yrfj8(?7 

,|J0 (I 




Again, by Art. 95, tbo definite integral 

therefore M = - h — 2 ^i - = — - 3 - 

Hence the mean value of the triangle DBF is 


10 — -TT-, 

that of ABC being unity. 

It is curious that the same value, xo — has boon found by Col. Clarke to 
be the moan area of a triangle formed by the intersootiona of three lines, drawn 
from A, B, G to points taken, at random in a, by c rospectivoly. 

4. To find the average area of all triangloa having a given perimeter (2s) . 
By this is meant that tho given porimeter is divided at random in every possibles 
way into three parts, a, b, c*, and only those cases are taken in which b, c can 
form a triangle ; then tho moan value of 


A = \/'~s(s - a) (s - ~ e) 




li 


Big. s 9 ‘ 

has to be found. , . . ^ 

p H Take AB^s 2s , let X, F be the two points of division, AX = «?, AY 
these are subject to tho conditions 


Now 




ir < a, y>Sy y’^x<8. 

= = -\/ r) - y + x) ; 


V 




n >y {sT- x) {y ~ - y + a?) * dydx 

y-» ............. 


Again, by Art. 132, "we hare 

I* s/ia-x) {a-y + x)dx = ^ (2» - yf ; 

if = J]' (2a-y)VF7.<iy=-^.; = 

The result is therefore Mean area = ^ (2j)’. 

In the same case ve should easily find ^ 

Mean sq[uare of area = 
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S. Thxee points are taken at random witMn a given triangle ; prove tkat tke 
mean area of the triangle formed ky tkem is — of tke given triangle. 

Call tke area of tke given triangle A, tke requiied mean M' we -will first 
prove tlxat if Mq ke the mean area wken one of tke tkree points is restricted to a 
side of the given triangle, 

4 

Let A receive an increment of area dAj ky adding to it an infinitesimal band 
included between tke base a and a line parallel to it , tke increase produced in 
tke sum of all tke cases is found by considering one of tke random points X 
tien in this band ; tke additional cases introduced will be 


. Mq. 

The whole increase is treble this, for we must consider also tke cases wken 
T, Z fall in tkis band (tke cases wken two of tke tkree fall on it may be 
neglected, their number being propoitional to tke sq^uare of dA), Now the sum 
of all the original cases is A^if , hence 

d [A^M) = 3A^Jlfo^?A. 

Now — is constant for all triangles (see note, 

A 

Art. 234) ; 

M ^ 

henco — d . ‘^A'^M^dA , ~ Mq. 

A 4 Pig 60. 



Again, to find Jlfo, consider the random point X fixed at a particular point 
JXof the base a, tke other two pomts, F, F, ranging all over the triangle. Let 
Jfcf' bo the mean value otJ)YZ\ tke sum of all the cases, viz., A^M\ maybe 
decomposed into three groups : (i) when F, Z are in ABD , (2) both in A ( 02 ? ; 
(3) one in each triangle : 

* • . {AB OfM* = (AJBJDf abb + (AGBY .-^AGB^ zABB .ACB, ^^9 

bv Ex. (i) Art. 234, and because in case (3) tke mean value is the area of the 
tnangle f ormed by joinmg B with tke centres of gravity of ABB and ACB 
(Art. 233). Let BB = a?, altitude of triangle =^, and we get 




Nov vien the point X falls in the element dx, the sum of all the cases is 

[ 28 a] 
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A^M*dix > ; and hence, when X ranges from B to C, the whole snm of cases is 

«AWo = j* j" I A ;i;3 + 1 „ ^)3 ~ a;) j ; 

therefore ^ ^ 

I 3 

Hence Jfn == - A”; and therefore if = - ilfo = — 

9 4 12 

Con. Hence, if four points, JB, C, B, are taken at random within a 
triangle, the chance that they determine a re-entrant quadrilateral is For 
the chance that D falls in ABC is the mean value oi ABC divided by the 
whole triangle, that is — ; and we have to add to this the chances that C falls 

2 

in ABB, &c. The chance that ABGB is convex is 

6. The mean distance of the vertex of a triangle from all points in the area is 
equal to its distance from the centre of gravity, measured along a paraUlic path, 
which leaves the vertex in the direction of one of its sides, and reaches the 
centre of gravity in a direction parallel to the other — the axis of the parabola 
being parallel to the base. 

Let an indefinite line AB hQ con- 
ceived to revolve round A, from the 
direction AG to AB ; and as it revolves, 
suppose that all the mass of the triangle 
ABC which lies to the right of it is 
transferred continuously to the vertex -<4. 

The centre of gravity of the whole mass 
will thus describe a curve starting from 
Q, and ending at A. When the line is 

at AF let the centre of gravity be at ^ ^ — jy p 

and when it is in the consecutive position t?- ^ ^ ^ 

AF', let the centre be at g*. As the 

mass of the triangle -^PP' has been transferred to A, gg' is parallel to.^P ; also 
99 " 



£^p. 

’ ABC * 3 ^ ’ 


since - AF is the distance traversed by the centre of gravity of the transferred 
3 

portion of the whole mass.* 

But slb- AFIb the mean distance of all points in AFF' from A^ the sum of 
3 

2 

every element in AFF' into its distance from A = AFF' x - AF. Hence the 

sum of all the elements gg\ i. e. the whole arc GA 5 = sum of every eleinent of 
ABC into its distance from A, divided by the area ABC, L e. the mean distance 
required. 


^ See Eankine, Applied Meehanics, p. 54 . 
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It ifl easy to sliow that if is drawn parallel to 

3 « 

80 that the curve is the parabola mentioned above. For A and g are in directum 
with the centre of gravity of ABB', and hence, as g is the centre of gravity of 
ABB and a mass at A equal to ABC, 

_ JBP ^ PP _ g 

2 4“ 2gT^ AT' 

3 


PEOBABILITIES. 

237. The calculation of Probahilities, when the number 
of favourable cases, as well as the whole number of oases, is 
finite, is not a subject for the Infinitesimal Calculus. It is 
when the number of cases depends on continuously varying 
magnitudes, and is therefore infinite, that recourse has to be 
made to the methods of the Integral Calculus. 

The same remark applies here which we had occasion to 
make as to mean values (Art. 228). The value of the pro- 
bability will depend on the law according to which we select 
the series of cases which we take as representing the total 
number — that is, it will depend on which variable (or varia- 
bles) we suppose to be taken at random^ that is, to proceed by 
constant infinitesimal increments ;* in other words, to be the 
independent variable (or variables). Thus, if we have to find 
the chance of the line, drawn from a fixed point to a given 
finite straight line, exceeding a given length, the results will 
be different if, first, we suppose a series of lines drawn to 
points taken at random on the given line, or, secondly, a 
series of lines drawn in random directions from the fixed 
point. In many oases, however, the problem has an obvious 
sense which precludes any such uncertainty. 

238. Let us consider a simple question on chances. Two 
integers are chosen at random from o to 6 inclusive ; to find 


Of course a large number of values taken at random for a variable do not 
roafiy form an oqui-drffieront series * but, as they must give a number of points 
(whoa measured along a straight line) of uniform density, they may be ta^en, 
for tbe purposes of calculation, as equi-diffcrent 



the chance that the greater of the two exceeds a given value, 
suppose 3. Here the whole number of oases, all equally 
probable, is easily seen to be 

1+2 + 3 + 4 + 5 + 6, 

and the number of favourable oases is 

4 + 5 + 6, 


so that the required chance is 

If, however, the question is not confined to integers, but 
the two numbers chosen may have any arbitrary values from 
o to 6 ; or as we may state the question : — Two quantities 
are taken at random from o to a ; find the chance that the 


greater of the two is less than a given value h : — 

Let X he the greater; then for any assigned value of x 
the number of cases is measured by x (since the lesser may have 
any value from o to *) ; hence the number of cases when the 
greater falls between x and x + dx is measured by xdx ; the 

whole number of oases is therefore I xdx ; and the favourable 

(t . ° . 1 . 

oases are 1 xdx. The required chance is therefore P - 

This instance will serve to show how the Integral Calculus 
may enter into the estimation of chances. It is true that it 
might easily be solved otherwise ; for if the two numbers are 
considered as the distances of two points taken at random in 
a line of length a, from one end of the line, and if we 
measure a distance i from that end, the problem is I'eally to 
find the chance that loth points fall within h ; which chance 


is evidently -5' 

239. We proceed to give a few easy questions on proDa- 
Mlities : general rules can hardly he given for their solutiony 
the number and diversity of the questions which may be 
piroposed being so great that no attempt seems to have been 
made to classify or connect them into a regular theory. yiTe 
will give, in particular, several on Local or Geometrical 
Probability. 
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Examples. 

I. If an event B is known to kave occtirred in a certain century, tke chnnce 
that it was not distant more tkan n years from the middle of the century js of 

(‘.curse — ; but if three eyents, A. J?, C, are known to have occurred in the 

(‘.entury, and that A preceded B^ and B preceded 0, let it he proposed to find 
how far this amount of knowledge alters the value of the chance for 

Let X he the time from the beginning of the centuiy to the event B ;7for 
any assigned value of the number of tiiple cases is x (too — x) : hence ^the 
number of favourable cases divided by the whole number is 

p50+n 

a;(lOO — x) dx 


P = 


i Ql 


= 3: 




\iool 


i lOO 

a; (loo - x) dx 

0 

2 . Two numbers, Xj are chosen at random between o and a : find the 
chance that the product xy shall he less than ^ (its mean value). 


Here 


JJ dxdy 


the integral being limited by a>x>o^ a>y>Q^ and xy < — . We have 

% 5. ^ 

accordingly to integrate for 2 / from a to o, when a; is between 0 and - ; and irom 

to 0 , when x is between - and a , thus 
’ 4 

a 

JJ - .i* = - + -log 4. 


llonce 


1 I , 

: - + - log 2 
4 2 


X, Two points are taken at random in a given line a\ to find the chance 
that their distance asunder shall exceed a given value 

It is easy to see that the distances of two such points from one end of th 
lino are the coordinates of a point taken at random 
in a sauare whose side is Thus to every case B 
of partition of the line corresponds a point m the 
square— such points being uniformly distributed over 

Thois.^if in the above question x, y stand for the 
distances of the two points, from one end of the line, 

./ being greater than r., we have to find the chance h 
oi l - I exceeding .. The point P whose co- 


ordmates are », v, m the square OJ (side - 
may take all posaftle positious m tke tnaugle OB^, 
a uo condition is imposed on it. But if y- x >(-, O 
Sien if we measure OS = c, tke favourable oases 



Fig. 62 . 
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occur only when JP is in the triangle £EI ; hence the prohahility required 

ssr _ /a-cy 

^ ~ OBl> \ n I ' 

In fact this is only performing the integrations in the expression 

i n ry-e 

I dxdy 
_ c Jq 

“ f<» ry 
I dxdij 
Jo Jo 

4. Two points 'being taken at random in a line a, to find tlie chance that no 
one of tho three segments shall exceed a given ^ z. K N D 

length c. ^ 7" T 7 

Tho segments being as before, x, y — it;, Vy / / 

m = rE=ot-y, ri = y -X. There will W 

ho two cases : — /M 

H p / 

(i). If c > “ «*, take <917 = -BF=^-^==J5iV—c; 1/ 

2 /I 

then it is easy to see that tho oxdy favonrahlo ^ 

<,‘aB0S are when P falls in the hexagon TfZNMJV] / 

OBT>-l.VBZ ^ , (tZjV ('> ^ 

“ OBJ) ^ V ® ^ 3 - 

(2). If c < i « ; talco OU = Br=e, as before ; then the only faTOUiable 

cases ai'O whon i' falls in tho triangle ItST-, 1|_ ^ ^ ® 


thoreforo 


' __ / 3 iZ-?V‘' 

) \ « / ’ 



Binco and VT + RII- rS / [/ 

* Suii cases of ilisoontinuity in the functions / 

expressing probabilities frequently prosoi^ them- 

Holvos. Tho functions are connected by yoiy Li 

Sirhahlolnws. Thus, in tho present question, O 

if Pi = /(c), ps = Jh'ic), we have &' 

f{e)--/{a-c) = F{o)-B(a-e). 

c A floor is mlod with equidistant parallel lines; a rod, shorter ton ' 
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extreme limits are equally protaMe, the -^hole nnmher of oases will he repre- 
sented by 


dxd6 = rra. 


Now if the rod crosses one of the lines we must have « > j 5 
fnvourahlo oases will he measured hy 


pOCO> 0 

dd dx = 2e. 

\ Jo 


Tbus tbe probability required is i? = — • 

TMa question is remarkable as baviug been tbe first proposed on tbe subject 
Pmlmbilitv. It bas been proposed, as a matter of curiosity, 

to determine the yaluo of ir from this result, by making a largo number of tmls 
to aetermine me jmuu ux , however, hero consists m ensuring that 

:i^froVshm faSCuy at random the Smstonces under which it m thrown 
mav he mmo fi^rahle ™ positions of the rod than others Though we 
may bo unable to take account d prwri of the causes ol such a londonoy, it will 
he found to rovoal itsoU through the medium of repeated trials. 

240. Sometimes a result depends upon a vanatle (or 
variables) all the values of which are not e^ndly probable, but 
are such that the probability of a certain value for a variable 
depends, according to some law on the magnitude of that 
value itself (and also, perhaps, on tbe values ot^^variables) . 

Thus a point may be taken in a straight hne so that all 
positions are not equally probable, but the probabihty of the 
^stance from one end having the value x, being proportional 
to a? itself. This would he in fact supposing the series ot 
points in question as ranged along the hne with a densiti/ 
proportional to * ; as, e. g., if they were the 
line^ of points taken at random in the space between the line 
and anottier line drawn through one of its extremities, io 
give an example:— 

Two points are taken in a line a, mth pr^ahihties 
varying as the distance from one end A ; to find the chance 
of their distaBoe exceeding a length c. 

Let r, y, be the distances feom A, and suppose y > x. 
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Here the probability of a point falling between a? 
is not proportional to dx^ but to xdx \ and the resi 



The mean values of the three divisions of the 
same case, ■will be found to be 




I 

- a. 
5 


The above value of p is also the value of the o 
the difference of the altitudes of two points uithi% 

shall exceed a given fraction ~ of the altitude of i 


Examples. 

I. Two points being taken on tbe sides OA^ Oi?, of a square 
of tbeir distance being less than a given value h is easily seen w 

tion to be provided ^ ; as it is tbe cbance of a point take 

tbe square falling within a quadrant of a given circle. Supple 
points are taken on OAy and two on OJBy and that we take X,_ 1% 
furthest from 0 on each side, to find tbe chance tbat tbeir dista 
than a given length b\ {h< a). 

Here the probability of X falling between x and x-\- dx is 
xdx ; likewise for y ; hence 

I j xydxdy 

“ r“ ('<* ’ 

xydxdy 

Jo Jo 

the upper integral being limited by ip- + J hence p — 

Thus it is an oven chance that the point deterimnod by tho < 
shall fall within the quadrant - 



Probabilities. 


355 


2, In a circular target of area A. tlie area of tlie l)ull’s eye is a If a 
shiot is heard to strike the target, tho chance of its having hit the bull’s eye is 

of course If, however, Uvo shots have been fiiod, to find the chance that 

the best of the two has hit tho bull’s eye. 

This IS easily solved by elementary considerations , as the chance of both 
missing the bull’s eye is 

Hence tho req^uired chance of tho best shot having hit it is 

a f a \ 

3. Lot it bo proposed, however, to find tho chanco of the best of the two 
shots (i. 0. that nearest tho centre) having hit any given area traced out on 

the target. i. jcy * 

The number of cases in which the worst shot falls on any element ao, at a 
distance r from tho centre, is measured by , hence the chance of the worst 
shot striking tho area a is 

(over a) _ w 
^ "" JJ dS {over A) 

where JIf, m are the moments of inertia oi A^ a round the centre of tho target. 
Now, tho probability of both shots missing a is 

hence that of a being hit (by one or both) 1- 

-(yt’ 

and tko ohanoo of totli Httins it is But tlio ehanco of » being hit is 

chanco of beat -f ohanco of ivcrst — chance of both , 
hence if jpi bo tho required chance, viz., of the best shot stiikmg a, 


■m-’ 




where m, M are tho momonts of inertia above. - v i 

Or, we might have considered the number of cases in which the best sho 
falls on the element dS, viz., 7r(if^ - f)d 8 , where i2 = radius of target. Ihis 
would have given the required probability 

R'a — m ^ 


which is easily shown to bo identical with tho above value. 


^ That is, disregarding tho effect of the aim directing it with greatoi pioba- 
bility to tho centre of the target. This would bo practically correct m the case 
of a very had marksman, who frequently misses the target altogether. 
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of Freqneacy. — In questions relating to 
probability of any value of wbich is a function 
o± that value_ itself, it is often 
useful to consider what is called 
a curve of frequency. Thus, if 
the probability of a given value 
of X is proportional to ^(a:), and 
we draw a curve y = Oq,{x), 
then when a great number 
of values for x are taken, the 
number in any element dx is 
proportional to the area of the curve standing on that 
element ; the ordinate at any point P representing the 
density or frequency of the points at P : the abscissas of aU 
points taken at random in the area of the curve axe equally 
probable. ^ 

T P are taken at random in a straight 

me AP, and X means always that nearest to A, the curve 
ot irequeney^ for Y will be a straight line through A ; that 
tor X a straight line through B. This will often simplify 
questions : e. g. suppose we have to find what is sometimes 
proSaife value for AT, i. e. such a value 
AP tnat AY IS equally likely to exceed or to faU short of it. 
binoe the curve of frequency for 
X is a line AC, we have only to 
find P, BO that PD bisects the 

triangle ABC ; i. e. AP = 

, Vz 

Decause as many values of AY 
exceed AP as fall short of it. 

The most probable value is not 

the mean value, viz., - AB, being the horizontal distance of 

the centre of gravity of ABC, from A. 

A point X is tahen at random in a line AB = a, and 
then a point X is taken at random in XX (or a rod may he 
supposed broken m two at random, and one of the pieces 
then broken in two), to find the chance of the length of AX 
tallmg within given limits. 

Let X, y, he the distances from X; for any assigned value 




o p X 

Fig. 65. 
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fp the ohanoe of X falling between 

the chance of X falling between 
td 07 + and of Y falling between 
id y + dy^ is measured by 


dxdy 



36 the whole chance of X falling 
sreen x and x + dxis 


f" dy 


dx a _ _ 
--log- = -^f^logo.-, 



simplicity we put a = i . 7- 

Thus the curve of frequency for X is a logarithmic curve 
> whose ordinate is 


« = - log X, 

frequency at A being infinitely great. 
Xhe area of this curve from o to o; is 


tMs is the probability of AS. being between o and x ; 
whole area, when a? = i, being i, as it ought to be, as 
i certain that X falls in AB. The ohanoe of X falling 
veen. given limits x\ x" is of course 


*'logJ-/'log^,. 

To find the most probable yalne of x we shonld hare to 
e the equation 

X{ I - logiK) = 

B giwes X about one-fifth of the line AB. 



^00 


\Jfl MLVliHb r Wfi-vv 


- 


The mean value of x is 


wzdix^ 


Jf 


0 


=: one-fourth of AB> 


idx 


This last result might have been foreseen : beoau^ if we 
take a point at random in each of the segments AY, xB, 
the line AB is divided into four parts, the mean values of 
which must be the same, as each of them goes through the 
same series of values as the others; the sum of the mean 
values being AB. 


Examples. 

I A line is divided at random, and one of the parts again divided at random 
as alDOve, to find tlie eliance that no one of the three parts shall exceed the sum 
of the other two (i.e. that a triangle might he formed hy them). {Cambndge 

Math. Tripos, 1854.) , . n ^ u. .7 ^ 

The prohabihty that X, IT shall be taken in two assigned elements «y 

is (taking a=i), 

da: dp 


This differential being integrated throughout any limits gives the sum of the 
probabilities of X, Y being found in each pair of values for dx and dy which 
enter into the summation .—that is, the cases being mutually exclusive, the 
probability that X, Y will he found in some one of those pairs. 

In the present case the limits are equivalent to 

I I 

x<-<y<h x>y -- 


Hence 


-i;r. 


I'dx 


j jy-k y 


= log 2 . 


2. An urn contains a large number of black and white balls, the proportion 
of each hemg unknown if on drawing m-\n balls, m are found white and 
n black, to find the probability that the ratio of the numbers of each colour lies 
between given limits -y 

The question will not he altered if 
we suppose all the balls ranged in a line 
AB, the white ones on the left, the 
black on the right, the pomt X where 
they meet being unknown, and all posi- 
tions for it in AB being a prion equally ^ ^ - g 

probable; then m + n points being taken, 
at random in AB, m are found to fall on 

AX, n on XB. That is, all we know of X is, that it is the («n + in order. 
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TH A, of m + n+ I points falling at landom in A:B. If AX = a;, 
number of cases for X between a; and x + dxm measured by ’ 

\m-\-n 

(l — x)”dx.* 

m Ua 

3 probability that the ratio of the white balls in the um to the 
r lies between any two giyen limits a, 3— that is, that the distance 
5 point X lies between a and is 

f/S 

a:»» (i — 


x^{i—xy^dx 

J 0 

oj frequency for the point X will be one whose ordinate is 


y^x'^[i— x)**. 


cnum ordinate XV occurs at a point JT, dividing AX in the ratio 
is of course what we should expect the ratio of the numbeis of 
ite balls is more likely to be that of the numbers drawn of each 
The value for p above is simply the area of the above curve 
'-alues a, j 3 , of x, divided by the whole aiea. 
ppose, for mstance, that 3 white and 2 black balls have been 


-d. the chance that the proportion of white balls is between -and ~ 

5 5 

—that is, that it diifeis by loss than + - from its most natural 

~ 5 5 


_ ]% ^ ^ 2256^ 18 

J 0 


nearly. 


B lesults will apply to any event that must turn out in one of 
ich are mutually exclusive, this being the whole of our d pnor% 
ith regard to it — the ratio of the black, or white balls to the 
sx*, meaning the real piobabihty of either event, as would be 
r an infinite number of trials. We will give one more example of 


>xit has happened m times and failed n times mm + n trials. To 
fxbility that, on^ ^ further trials, it shall happen p times and 


specified set of m pomts, out of the -I- falling in AX, the 

I m + « 

Ti - xydx ; the number of such sets is ~==. 

\m \ n 
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Tliat is ttat p + g more points leing taken at random in AJB, p sliaU fall in 
2 m SX The whole nnmher of cases is as before 


[ w 4 n 




[¥5’j( 


(I — xy^dx. 


men any p^rtimlar set of p pomts, out of the i> + 2 additional trials, falls in 
AX, the numher of faTOuxahle cases is 




1 .2.3 


_^ip±JL 

.1.2.3* 




p 

fccJo 

But the number of different sets of p points “ j . 2 . 3 . . . 

Hence the probability is, putting as before for i . 2 . 3 . . 

_ P (I _ 

[^ + f ]» 

• 1_2 2;m(l _ a;)"<i!i; 

Jo 

By means of the kno-vm values of these definite integrals (p. II7)> 

q [ w +p 4- g [" m -f »> + I 




J7i = - 


'[P\j * + n + j?4-g+l 

Bor instance, the chance 'that in one further trial the event sbaU happen is 

’" + ^ .. This is easily verified, astheline^ihas been diridedintom+« + 2 

I . . _ ia 


. XULLB iO coiDAxjr t 

HH e" on^ lie%mn?°t^l“at“r«S“^^ i" 

section , and w + I sections out of the entire number are favourable. 

4 . Trace the curve of freq^uency of the ratio - *, a and 5 being numbers taken 

at random 'within the limits + i . 

If we measure the values of 
the ratio as abscissas along an 
OX, and make OA — i, 

0A> ^-h AB^A'B' ^y, , 

then the Ime whose ordmates ^ 
are proportional to the fre- 
q^ueney will be, for values of 

^comprised between the limits 
+ I the straight hne SJB ' ; but, for values beyond these limits, will consist of 
riie’aioB SC, S'C of the curve x>y = i. 

It is thus au eveu chance that the ratio ^ lies itself between the limits ± l : 
this would also appear by a constructiou such as that given in the next Artiolo. 
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242. Errors of Observation. — One of tke most im- 
portant, practically, as well as the most difficult, departments 
of the theory of Probability is that which treats of Errors of 
Observation. We will give here an example of the simplest 
description. 

Two magnitudes A and B are measured ; each measure- 
ment being subject to an error, of excess or defect, which 
may amount to ± a, all values between these limits being 
supposed equally probable.^ To determine the probability 
that the error in the sum, A + B, of the two magnitudes, 
shall lie within given limits ; also its mean value. 

Thus the horizontal angular distance of two objects A, 0 
is sometimes found by measuring the angle between A and 
an intermediate object ; and afterwards that between B and 
< 7 , and adding the two angles. If each measurement is liable 
to an error ± 5', all values being equally probable, to find the 
probability of the error of the result falling within assigned 
limits : its extreme limits being of course ± 10'. 

The question is more easily comprehended by means of 
a geometrical construction than by ^ 

integration. 

Take AB = 2a ; then all the values 
of the first error are the distances 
from 0 of points P taken at random 
in AB ; positive when in OB ; ^ 

negative when in OA^ Make also 
A'B'^ =* 2a ; the values of the second 
error are given by points in A'B\ 

Take any values, OP == x for the first, 

OP' » X for the second : these values 7 ° 

taken as co-ordinates determine a point V corresponding to 
one case of the compound error x + x' ; and such points F 
will be uniformly distributed over the square IIJC Tne value 
of the compound error £ corresponding to the point F is 

£ = 0? + 0?' = 08 , 

if VS be drawn at 45^ to the axes. Now all values of the 

^ This supposition, must not ho taken to he practically correct The Theory 
of Errors shows that the probability of an error of magnitude sc is proportional 
to 

[S4] 
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errors (V, x' wMoli give x the same, give the same value 
for € ; hence all points on the line JI correspond to oom- 
ponnd errors of amount 0& Take /Ss = & ; the numher of 
compound errors between e and e + is the number of 
points between JI and a parallel to it through s. Now the 
area of this infinitesimal strip is evidently 

(la - 

Hence the probability of the error being between ? and 
€ + (fs is 

(la “ t) de 

P- TT^- 

4a 

This holds for negative values of e, provided we only consider 
their arithmetical magnitude. 

Thus the frequency of an error of magnitude e == OS m 
proportional to JI, the intercept of a line through 8 sloping 
at 45°. The probability of the error $ falling between any 
two given limits 0/S, OS' is found by measuring those 
lengths (with their proper signs) from 0, along AB, and 
dividing the area intercepted on the square by parallels 
through 8, S' sloping at 45°, by 4a®, the area of the wliolo 
square. 

Thus the chance of the error falling between the limits 
± a (those of the two component errors) is — . 

The mean value of the error, strictly speaking, is o ; but it 
is evident that for this purpose we ought to consider negative 
ermrs as positive ; and consequently take the mean of thc^ 
arithmetical values of all the errors, which is the same as the 
mean of the positive errors only ; hence the mean error 
required is 

i/'W = ± - a. 

3 

The most probable value, sucb that it is an even cbanoe that 
the error exceeds it (since the triangle JJSTI must be - of the 
■whole square, for that value of Oj3), is ^ 

± a {2 - y 2) = ± .586 a. 
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Let it be now proposed to find tbe probability of a given 
error in the snm of A and E, assuming, according to the 
modern theory of errors, that the probability of an error be- 
tween X and X dxm either is 

T 

p = — ^ e dx\ 

TT 

the coefficient — being determined by the necessary con- 

dition that the differential, being integrated from oo to - oo, 
must give nnity ; as the error must lie between these limits.* 
Eeferring to the above construction, the number of values 
of the first error between x and x^ dx being proportional to 


and the number of values of the second between a?' and ci + dJ 
proportional to 

the corresponding number of values of the compound error is 
proportional to 

dxdx\ 

Hence the number of points, corresponding each to a case 
of the compound error, in any element dE of the plane at a 
^stance r from the origin, is measured by 

which shows that the points have the same density along any 


* It IS of course absurd to consider infinite values for an error: but the 
£» 

curve y = teuds so rapidly to coincide vritb its asymytote, the axis of 
that the cases There x has any large values are so trifling in number, that it m 
indif erent whether we include them or not. 

[24 a] 


circle -whose centre is 0. Now the probability of this oom- 
pound error being between s and e + & is proportional to the 
number of points between JI and the oonseoutiye line ; making, 
as before, OS = e, Ss = de. But this number is the same 
as when the strip JI is turned round 0 through an angle of 
45°, because the points lie in concentric circles of eq[ual den- 
sity. Hence the number is proportional to 





x‘^ 

dx = 



SI 


e 




(k^ 


as the perpendicular from 0 on JI is — 

v/2 

Thus the probability of a compound error between e and 
£ + is proportional to 

“’2ca 7 

e de; 


and as this, when integrated between the limits ± oo , must 
give the probability i, the value of is 

I 

2) = — c de. 

C\/ 277 

It thus follows the same law as the two component errors, 
c taking the place of c. 

243. Yarious artifices have been employed for the solution 
of different interesting questions on Probability, which would 
be found extremely tedious, or impracticable, if attempted 
by direct integration. For example : 

Two points are taken at random within a sphere of radius 
r ; to find the chance that their distance is 
less than a given value c. 

Let F = number of favourable oases, 

W = whole number ; then 

P-W’ 

Let us consider the differential dF, or - . 

the additional favourable cases introduced by giving r the 
increment dr, c remaining unchanged. 



fig. 71. 
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If one of tlie points A is taken anywhere (at P) in the 
infinitesimal shell between the two spheres, then drawing a 
sphere with centre P, radius c, all positions of the second 
point, P, in the lens EJD common to the two spheres, are 
favourable ; let P = volume ED, then the number of favour- 
able cases when A is in the shell is 

^Trr'^dr . L : 

doubling this, for the cases when B is in the same shell, 
dF- SirrEdr. 


Now it may be easily proved, from the value for the volume 
of a segment of a sphere, that 




27r , TrC^ 
— • 

3 4 ^ 


hence 


P= SttH 


\9 




8 


+ C 


0 being an unknown constant ; i.e. involving c, but not r ; 


therefore 


P c* 9 9 (7 

^ 2 p 2 r®’ 

— ttV® 

9 


Now the probability = i if r = 


I 



therefore 1=8-9 + ^ x 64 -r; 

^2 2 64 


therefore 


c® 90^ I 

16 32 


If the two points be taken within a circle, instead of a 
sphere, it may be proved by a similar process that 






ly/l/ HJLfSiAnib r tl/ft€ J. t uimubl IVlf >, 


It is a very remarkable fact, point, od ont by Mr. 8 . Boborta, 
that if we draw the chord ED, the probability is, in Iho case 
of the circle, 

_ 2 . segment EQD + segment EDI) _ 

^ ~ area of circle EIID ’ 

and also, in the case of the sphere, 

2 . volnmo + volume EDD 
^ ~ volume of sphere EILD 

These results evidently suggest that, there must be aomo 
manner of viewing the question which would conduct ft> 
them in a direct way. 


ExiLMFI.ES. 


1. Three points hnmg taken at random within a sphoro, to find tho clmnri* 
that the trianglo which they detormino shall ho acuto-anglod. . - 

As tho probability is indopendont of the radius of tho sphere, it in tiv 
SCO that wo may take tho faxiihost from tho ctmtro of tho ihroo points ns tlwul mx 
the siu'faco of tho sphere. For if p ho tho prohahility of an acut o-anghnl it iangh^ 
in this case, p will also bo tho probability of an acuto-anglod triangle for #acA 
position of tho farthest point, as it travels over tho whole volume of the uphoro* 
Honco j? will bo tho probability when no restriction is put on any of tloi point 
Take thon A, ono of tho points on tho surfatjo of the sphere ; two others, \ 
being taken at random within it, and lot us find the 
fshanoo of AJBO being ohtme-angUd : to do this, wo 
will find separately tho chance of tho angles A^ € 
being obtuse: tho events being mutually exclusive, 
iho piobability required will ho tho sum of these 
throe. 

(i). To find the chance that A is obtuse, lot us fix 
B ; then, drawing the plane A V perpendicular to AB^ 
tho chance required is 

volume of sogmon t ABV 

volume of sphoro ’ Fig, 73, 

Lot r « OA, the radius of sphoro, p « AB^ 0^ i OA B ; then thi volumt «>f 
tho segment AS V is 

J7rr®(l — cos (2 -f cos 0 ) ; 
therefore when B is fixed tho ohanoo is 



i(i - cos0)»(2 + 00s 0)* 
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Now let 5 move over the whole volume of the sphere, and we have for the 
probahihty that A is obtuse 


^ [> J |>2r C08 0 

z= ~\ (2 - 3 cos 0 + COS^ 0) p- sin edd dp . 

or^ Jo Jo 

JEIence P^ = A . 

70 

(z). To find the chance, P^, ‘that JB is obtuse Fix B as before , then the 
chance that B is acute is 

segment MKK 
sphere 


Now, volume MKF = jTrr^ ^ + cos 0 — ; 

If 0 P^) 

- 1 2 — 3 cos 0 + cos ^0 + 3 ^ (i — 008 ^ 0 ) + 3 yi ^ ^ j • 


so that the 


chance is 


Hence the whole probability (i - P^s) that B is acute is 


8r» 


n 'Zri'MQt „ p , „ 

I a - 3 cos 0 + cos^ 0 + 3 ~ (i ~ cos^ 


) + 3 T, cos 




sm 0 d6 dp. 


17 

Performing the integrations, we find Pjj = — 

The probability for 0 is, of coiuse, the same as for B , hence the whole pro- 
bability of an obtuse-angled triangle is 


P=P^+P^ + Pc = 




£7 

70 


5 Z 

70 


Hence, the chance of an acute-angled triangle is 

For three points within a ciTcle the chance of an acute- <111 gled triangle is 
4 ___ r 
8 * 


2. Two points, A, P, are taken at random m a triangle. If twoothoi points, 
O', D, are also taken at random m the triangle, find the chance that they shall lie 
on opposite sides of the hne AB» 
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On Mean Value and Prohaliliti/ . 

The sides of the triangle ABC produced divide the whole triangle into seven 
spaces. Of these, the mean value of 
those marked (a) is the same, viz., the 
mean value of ABG\ or, of the 
whole triangle, as we have shown in 
Art. 236 ; the mean value of those 
marked (fi) being f of the triangle. 

This is easily seen ; for instance, 
if the whole area = i, the mean value 
of the space BBQ gives the chance 
that if the fourth point J) he taken 
at random, B shall fall within the 
triangle ABC: now the mean value 
of ABC gives the chance that B shall 
fall withiu ABC \ but these two 
ohances are equal. hhg. 7 3 . 

Hence we see that if j 5 , C be 

taken at random, the mean value of that portion of the wholo triangle which 
lies on the same side of AB as C does is ij- of the whole ; that of the opposite 
portion is 

Hence the chance of G and B falling on opposite sides of AB is 

244. Mandom §itraiglit IAne ». — If an infinite number 
of straight lines be drawn at random in a plane, there will 
be as many parallel to any given direction as to any other, 
all directions being equally probable ; also those having any 
given direction will be disposed with equal frequency all 
over the plane. Hence, if a line be determined by the co^ 
ordinates p, w, the perpendicular on it from a fixed origin 0, 
and the inclination of that perpendicular to a fixed axis ; then 
if ^ be made to vary by equal infinitesimal increments, 
the series of lines so given will represent the entire series of 
random straight lines. Thus the number of lines for which 
p falls between p and p + dp, and w between w and co 4* rfeu, 
will be measured by dpduy, and the integral 

/J dpdijj, 

between any limits, measures the number of lines within those 
limits. 

It is easy to show from this that the nufnher of Tandon% 
lines which meet any closed convex contour of lenath L u 
measured hy L, 

4! taking 0 inside the contour, and integrating first 

lor^, trom o to p, the perpendicular on the tangent to the 
contour, we have ^pdw : taking this through four right angles 
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for (o, -we have by Legendre’s theorem (p. 232), iV^ being the 
loeasure of the number of lines, 

iV" = [ 'pdui = L. 


Thus if a random line meet a given contour, of length L, 
the chance of its meeting another convex contour, of length /, 
internal to the former, is 


If the given contour be not convex, or not closed, iV" will 
evidently be the length of an endless string, drawn tight 
around the contour. 

Examples. 

I. If a random line meet a closed convex contour, of length X, the chance 
of it meeting another such contour, external to the foimer, is 



where X is the length of an endless band / \ // ^ \ ^ 

enveloping both contours, and crossing H 

between them, and T that of a band also H 1 0\A J 

enveloping both, but not crossing / / 

This may bo shown by means of 1 JX ^ 

Legendre’s integral above , or as fol- \ 
lows ; — 

Call, for shortness, iV’(-dt) the number ^ 

of lines meeting an area A, N (A, A') iig. /4* 

the number which meet both A and A ' , then 

+ x(S'QOJi'rs') = NiisnoQFJa: + s'Q'OFTir) 

+ N(SROQ,m, S^QOR’r IV), 

toce in the first member each line meeting both areas is counted twice. But 
the number of linos mooting the non-convex figure consisting of OQFJfSR and 
OQ'SFFF'It' is Gq.ual to the hand Y, and the number mectmg both these areas 
is identical with that of those meeting the given areas a, u', hence 

x= r+iv(xi, u'). 


Thus the number meeting both the given areas is measured by Z - F. Hence 
the theorem follows. 
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2. Two random chords cross a giyen convex houndary, of length Z, and area 
SX ; to find the chance that their intersection falls inside the boundary. 

Consider the first chord in any position : let 0 be its length ; considering it 
as a closed area, the chance of the second chord meeting it is 

20 ^ 

T^* 

and the whole chance of its co-ordinates falling in dp^ and of the aecoixi 
chord meeting it in that position, is 


20 dpd(a 
X lldpdui 




0 dp d<a. 


But the whole chance is the sum of these chances for all its positions 


therefore prob. Odpd<a, 

Now, for a giyen value of ce, the value of / Cdp is evidently the area Xi ; then 
taking o) from v to o, 

required probability = 

The mean value of a chord drawn at random across the boundary is 
^[10 dp dm ^ tCl 
lldpdm L* 


3- A straight band of breadth e being traced on a floor, and a circle of radius 
r thrown on it at random, to find the mean area of the band which is covered by 
the circle. (The cases are omitted where the circle falls outside the band.)* 

If & be the space covered, the chance of a random point on the oirclo falling 
on the band is 

^ 71T2 ‘ 

This is the same as if the circle were fixed, and the band thrown on it at 
random. _Now let .4 be a position of the 
random point : the favourable cases are when 
jETX, the bisector of the band, meets a circle, 
centre A, radius ^ c ; and the whole number 
are when JSK meets a circle, centre 0, radius 
»* + Jc ; hence (Art. 236) the probability is 

2'7r . ic c 

p = £ — -- ^ 

37r(r + Jc) 2r + c 

This is constant for all positions of A ; 
hence, equating these two values of p, the 





be supposed pamted witi parallel bands, at a distance 
asunder equal to the diameter ; so that the circle must fall on one. 
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meaa area req,uired is 




+ 0 


The mean value of the part of the circumference which falls on the hand is 

thie same fraction — ~ — of the whole circumfeience. 

2r + <5 

If any convex area n, of perimetei X, be thrown on the hand, instead of a 
circle, the mean area covered is 




TTC 

Z + ire 


n. 


245. Application to Evaluation of Eefinite Inte- 
grals. — The consideration of probability sometimes may be 
applied to determine the values of Definite Integrals. For 
instance, if n + i points are taken at random in a line, I, and 
we consider the chance that one of them, .X, shall be the last, 
beginning from the end A of the line, the number of favour- 
able oases, when X is the element is, calling AX, x, 

oj” dju. 


Hence 


x^dx 


p = 


jn+l 


but the chance must be — — : we thus have an independent 
n i 

proof that 

Jo 

when n is an integer. 

Again, if w + n + i points are taken, to find the chance 
that X shall be the (m + in order ; the number of favour- 
able oases, when X falls in dx, and particular set of m points 
falls to the left of X, is 

- x)^dx; taking I = 1; 

hence the whole number of favourable oases is 
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this is the required , probability, since I 


+ w + i __ 


But the 


as every point is equally likely to fall in 


value is , 

m + I 

the {m + place : we thus deduce the definite integral 

\jn 


- xYdx = 

Jo 



l^m + ^^ + I 
when n are integers. (See Art. 92 .) 

246 ._ To_ investigate the probability that the inclination 
of the line joining any two points in a 
given convex area O shall lie within 
given limits. 

^ We give here a method of reducing 
this question to calculation, for the sake 
of an integral to which it leads, and Q 
which is not easy to deduce otherwise. 

Birst, let one of the points. Ay be 
fixed ; draw through it a chord PQ = C 7 , ir . .. 

at an inclination 6 to some fixed line ; 

then the number of oases for which 
johiing A and JB lies between 0 and 

u + ad IS measured by 

Now, let A range over the space between PQ and a 
p^aUel chord distant dp from it, the number of oases for 
which ^ lies in this space, and the direction of AP 

teom 0 to 0 + dO, is (first considering A to lie in the 
element dr dp) 

idpde^^ (r“ + /*) dr = \0^ dp dd. 

Let p be the perpendicular on C from a given origin 0, 
inclination oip (we may put dw for dQ), then 

+t integrating first for w 

^nstant, the whole number of cases for which w falls between 
given limits a> , w , is 

the mtegral J 0^ dp being taken for all positions of C between 
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tangents to the boundary parallel to PQ. The question 
thus reduced to the evaluation of this integral ; which, 
course, is generally difficult enough : we may, however, 
deduce from it a remarkable result ; for if the integral 

■jJ J G'^dpdhi 

extended to all possible positions of ( 7 , it gives the whole 
^nmber of pairs of positions of the points B which lie 
5 ^:Q.side the area ; but this number is Or ; hence 


JJ C^dpdhi = 3^^ 


tilie integration extending to all possible positions of the 
^laord C ; its length being a given function of its co-ordinates 


Oon. Hence if i, O, be the perimeter and area of any 
Cilosed convex contour, the mean value of the cube of a chord 

L • 


<3Lrawn across it at random is • 


It follows that if a line cross such a contour at random, 
tlae chance that three other lines^ also drawn at random, shall 

ttieet the first indde the contour , is 24 


Some other cases of definite integrals deduced from the 
tteory of Probability are given in a Paper in the Philo-^ 
^ophical Transactions for 1868, pp. iSi-iqq. See also Pro- 
€)eedings London Math. Soc., vol. viii. 

Several Examples on Mean Values and Probability are 
aiixnexed ; some of them, as also some of the questions which 
Have been explained in this Chapter, are taken from the 
IPapers on the subject in the Educational Times^ by the Editor, 
]Mr. Miller, as also by Professor Sylvester, Mr. Woolhouse, 
Ool Clarke, Messrs. Watson, Savage, and others. Some few 
are rather difficult ; but want of space has prevented our 
giving the solutions in the text. 

We may refer to Todhunter’s valuable History of Pro- 
hability for an account of the more profound and difficult 
questions treated by the great writers on the theory of Pro- 
bability. 
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Examples. 


1. A chord is draw joining two points taken at random on a circle :_find the 
mean area of the lesser of the two segments into which it divides the circle. 

Trr'^ 

Ans. . 

4 TT 

2 . Find the mean latitude of all places north of the Equator. 

A.m. 32 ” . 704 . 

3 . Find the mean square of the velocity of a projectile in taken at all 
instants of its flight till it regains the velocity of projection. 

Ans. cos^a + iF2 sin^a: where F= initial velocity, and a = angle 

of projection. 

4 . If X and y arc two variables, each of which may take independently any 
value between two given limits (different for each), show that the moan value 
of the product xy is equal to the product of the mean values of x and y. 

5 . If X, Y are points taken at random in a triangle ABC^ what is the 
chance that the quadrilateral AJBXY is convex ? 


For, it is easy to see that of the three quadrilaterals ABXY, AGXY, BCXY^ 
one must he convex, and two re-entrant. 

6 . Find the mean area of the quadrilateral formed by four points taken at 
random on the circumference of a circle. 

■2 

Ans. -- (area of circle). 

TT* 

7 . A class list at an examination is drawn up in alphabetical order ; the num- 
ber of names being n. If a name be selected at random, find the chance that the 
candidate shall not be more than m places from his place in the order of merit . 

Ans. ^ ^ . (N.B. — This is not, of course, the value of tlu^ 

chance after the selection has been made : this may easily be found.) 


8 . A traveller starts from a point on a straight river and travels a certain 
distance in a random direction. Having quite lost his way, he starts again at 
random the next morning, and travels the same distance as before. Find the 
chance of his reaching the river again in the second day’s journey. 

Ans. * . 

4 

9 . Two lengths, 5, h\ are laid down at random in a line a, greater than 
either ; find the chance that they shall not have a common part greater than c. 


(a — i -j- 0 
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10. A person in firing lo sliots at a mark lias Ht 5 times, and missed 5. rind 
the chance that in the next 10 shots he shall hit 5 times, and miss 5. 


Ans. 


27 > 4»7 
19 -17 -13 


. 75 <^ 
'4199* 


If the first 10 shots had not been fired, so that 


nothing was known as to his skill, the chance would he — • if lie 

II 

had been found to hit the mark half the number of times out of a 

large number, the chance would be — 

256 


11. If a line I be divided at random into 4 paits, the mean square of one 

of the parts is ~ : but if the hue be divided at random into 2 parts, and 

each part again divided into 2 parts, then the mean square of one of the 4 parts 

9 

12. Three points are taken at random in a hne 1 . Find the mean distance 
of the intermediate point from the middle of the hne. 

Ans, -—1. 

16 

13 A ceitain city is situated on a river The probability that a specified 
inhabitant A lives on the right bank of the river is, of course, in the absence 
of any further information But if we have found that an inhabitant B lives on 
the right bank, find the probability that A does so also. 

2 

Ans. (N.B. — It is hero assumed that every possible partition of the 

number of inhabitants into 2 parts, by the river, is equally probable 
a jprzon.) 


14. If A, B, < 7 , D, are four given points in directum^ and 2 points are taken 
at random in AB^ and one is taken in BQ\ find the chance that it shall fall be- 
tween the former two. 

Am. ^ JC 2 + 3 C '(^5 + C'D) + 2^J?.C'Dj- 

15. li z X + where x may have any value from o to «, and y any value 
from o to^ 5 : find the probability that z is less than an assigned value c (suppose 
h<a), 

02 

Ans. (i) lic<hf pi = — 7 
2ao 

(2) lia> c> 

If we denote the functions oxpressmg the probabihty in the three 
cases by /i(«, b, c), f2{aj b, c), /3(0, 6, <?), we shall find the rela- 
tion 

fi (a, h <>) 4/3 =/ 2 K h +/ 2(^5 c). 



1 6. In the cubic eq^uation 


a^+j)r??+-3' = o, 


j5 and q may have any yalues between tlio limits i i . Find tlio chance that the 
three roots are real. 

Ans. — 3 

45 

17. Two obseryationa are taken of the same magnitude, and the mean of th(‘ 
results is taken as the true yaluo. If the error of each obseryation is assumed to 
lie within the limits ± a, and all its yalues to be equally probable, show that it 
IS an even chance that the error in the result lies between the hmits ± 0.293 a. 

1 8. A point is taken at random in each of two given plane areas. Show 
that the mean square of the distance between the two points is 


where A is the distance between the centres of gravity of the areas ; and k, h* 
are the radii of gyration of each area round its centre of gravity. 

19. The mean square of the area of tho triangle formed by joining any throe 
points taken in any given plane area is | JP-W ; where 7 i, h are the radii of gyra- 
tion of tho area round the two principal axes of rotation in its plane. 

If one of tho pomts is fixed at the centre of gravity, tho value is 
(Me. Woolhouse.) 

20. A line is divided at random into 3 parts. Find the chance — (i) that they 
will form a triangle , (2) an acute-angled triangle. 

Ans (1). ^1 = -]. 

(2). ;?2 = 3l0g2-2. 

21. A line is divided into n parts. Find the chance that they cannot form a 
piolygon. 


22. If two stars are taken at random in the northern hemisphere, find tho 
chance that their distance exceeds 90°. 

Ans. \ 

■jr 

23. The vertices of a spherical triangle are points taken at random on a 
sphere. Find the chance — (i ) that all its angles are acute ; (2) that all are obtuse- 


24. Show that the mean value of where p is the distance of two point® 

A 

taken at random within a circle, is — , 

^irr 


X 
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25. Two equal lines of length, a include an angle d : find the cliance that if 
two points jP, Q are taken at random, one on each line, their distance FQ shall be 
less than a. 

, . . IT ^ TT W — TT 

Am. (i). When - > 0 > ~; = + 2 cosfl. 

' ' 2 3 ^ 2 sm d 


(2). When 0 > - , 




TT — 0 

2 Sind 


Here the functions are connected by the relation I'(d) + F(Tr - 0 ) =/(d) +/(7r— 0) . 

26 The density of a city population varies inversely as the distance from a 
central point. Find the chance that two inhabitants chosen at random within a 
radius r from the centre shall not live further than a distance r from each other. 


, I 1 , 2 / V3\ I 0^0 , 3 r'^ 

3 4 “V \ 2/ 27rJo Sind 27r 


'-^ d^0 

Sind ’ 


whence ji? = 0.7771. This result is easily obtained by employing 
the values given in Question 25. 

27. Four points are taken at random within a circle or an ellipse. Show 

35 

that the chance that they form a re-entrant quadrilateral is — r. 

I27r'^ 


28. Find the mean distance of two points within a sphere. 


36 

Ans. ~r. 

35 


29. Thiee points A, JB^ 0 are taken within a circle, whose centre is 0 . Find 
the chance that the quadrilateral AJBGO is re-entrant. 

Ans. - + — 5. 

4 37r^ 

30. Find the chance that the distance of two points within a square shall not 
exceed a side of the square. 

Ans, p sz w — 

6 


31. In the same case, find the chance that the distance shall not exceed an 
assigned value 0 ; a being the side of the square. 

cz f 8 I \ 

Ans. (i). When c<a ; jp = - ~ j . 


(2). WhenOfij; jp = 4”Sm-^~- 


TT 


05^ 3 




f.2 I 

0 ^ 3* 


32. Three points are taken at random on a sphere ; the chance that in 
the spherical triangle some one angle shall exceed the sum of the other two 

IS L Also the chance that its area shall exceed that of a great circle is 
2 ® 


33. If a line be divided at random into 4 parts, show that it is an even chance 
that one of the parts is greater than half the line. 



Oh 


34. Prove that the moan distance of a point within a triangle from the vortex 


it 


a + b (a • 
2 


-h)(a^--h^) 

20^ 


A" , a h \ c 
c ® a -1 b - e 


where h is the altitude of the triangle. (See Ex. 6, p. 347.) 

35. The mean value of the distance hotweon any two points in an equilateral 
triangle is 


This question may be solved by proving that M - ^ ifo, whore M(^m the 

mean distance of an angle of the triangle from any point within h. For, lc*l 
ikfi = /iA^, where ft is constant, and A = area (d* the triangle. Take now any 
element dS of the tiianglo; draw fiom it pavallolH to the sidt^s to moot the haw* ; 
let S be the area of the equilateral triangle so foiined: the sum of the whole 
numhor of cases will be equal to 


0 



dS^M6.\ 


if dS is made to range over the whole triangle : If wo call the whole triangle 
unity, and put d8'= 2dadfi as in Ex. 3, p. 344, 5 - d\ and the integral be- 
comes ~ u = Jlf. The result then follows from 34. 

xr\" 


36. Erom a tower of height h particles are projected in all direotions in 
space with a velocity duo to a fall^through h, Bhow that the moan value of 

the range is if = 2A | 

(Prof. WonRTBKiioiuMi.) 


37. In n quantities b, Cyd . . , , each of which takes independently a 
given series of values aiy a%y . . ; bij b%y ^3, . • . &c. {the number of valuer 

IS different for each), if we put 

’:^a-a + b + C’^d‘]’,.., &c., 

and for shortness denote “the mean value of by prove that 


if 2a ==: ifa + ifU + ife + . . . . &o. -1 2 Ifes, 
if(2«)2 = (2ifa)2-2(if«)»+ 


38. Two points are taken at random in a triangle. Pind the mean arc* of 
the triangular portion which the line joining thorn cuts off from the whole 
tiiangle. 4 

9 



39 * A eliip at A ©"bserves anotlier at wliose course is unknown. Sup- 
posing tkeir speed the same, prove that tke ckance of their coming within a 

2 d 

given distance d of each other is always - sin'i whatever the course taken 

TT a ^ 

by A ; provided its inclination to AB is not greater than cos“^ - : where 
AB-a. (Qamh. Math Tr%pos^ 1871. Prop. Miller.) 


40 A random straight line crosses a circle Pind the chance that two 
points taken at random in the circle shall lie on opposite sides of the hne. 

Ans. This is deduced at once from the value of Jf, the mean dis- 

''■S’" 

‘2,1a 

tance of the two points ; as the chance = If two random lines 
are drawn, the chance that loth lines shall pass between the points 

I 


41. A point 0 is taken at random in a triangle. What is the probability 
that if three other points are taken at random, one shall lie m each of the tri- 
angles AOB, BOC, 00 A ? 

Am, — . This may easily be found to depend on the mtegral JJaySy . 2 da d^, 
10 

where a, j8, 7 are the three triangles above. 


42. A lino crosses a circle at random , find the chance that a point taken 

at random in the circle shall be distant from the lino by less than the radius of 
the circle. Am.!--, 

Stt 

43. Two points are taken on the circumference of a semicircle. Pind the 
chance that their ordinates fall on either side of a point taken at random on the 


diameter. 


Ans 


44. In any convex area which has a centre 0 , let an indefinite straight line 
revolve round 0, and the locus of the centre of gravity of either half into which 
it divides the area be traced. Show that the mean distance of 0 from all points 


in the area is eijual to i the perimeter of this locus. Also, ~ of the area enclosed 

by this locus «= moan area of the triangle OXY\ where A, Y are points taken at 
random in the given area. (Cropton, Broceedtngs, Lond. Math. Soc., vol. viii.) 


45. The probability that the distance of two points taken at random in a 
given convex area fl shall exceed a given limit (a) is 


p = — j J ((73 - G + 2«3) dpdiaj 

where is a chord of the area, whose co-ordinates are p, «, the integration 
extending to aH values of which gim a chord C> a, 

[25 a] 
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Misoelxaneotts Examples. 


I. If oj be tbe aagitta of a circular segment whose base is proro tbai. the 
area of tbe segment is, approximately, 


2 

3 


+• 


15 


2. Find tbe area of tbe inyerse of a byporbola, tbo centre being the pole oi 
inversion ; and show that tbe area of the inverse of an ellipse, under the naine 
circumstances, is an arithmetic mean between tbe areas of the circlcB doHtsrihocI 
on its axes as diameters. 


3. Find tbe integral of 


4. Prove that 

jyw = («-«)/({) log 
where ^ lies between X and iuo. 

5« In a spiral of Archimedes, if P, Q, and P', Q! be tbe points of section with 
any two branches of tbe curve made by a line passing through its polo ; prove 
that the area bounded by tbe right line and by tbo two branches is half the area 
of tbe ellipse whose semiaxea are PP' and P'Q. 


dx ja^ — iP* 

. , , — a , 

Am. tan-' -j— 7; + -r tan-i -J-s—Vf 


6. Find the yalue of [ 

J X + 0 Mx + b 

7. If an ellipse roll upon a right line, show that tbe differential equation of 
tbe locus of its focus is 


(2/’* + 5^) ~ = (2ai/ -h y- + d‘^) (zaiy - - A*). 

8. A circle rolls from one end to tbe other of a curved line equal in length 
to tbe circumference of tbe circle, and then rolls back again on tbe other side of 
tbe curve : prove that, if tbe curvature of tbe curve be throughout leM than 
that of tbe circle, tbe area contained within tbe closed curve traced out by tbe 
point of tbe circle which was first in contact with tbe fixed curve is six tlmiw 
tbe area of tbe circle, {fiamb. Math, Tripos^ 1871.) 

9. In tbe same case show that tbe entire length of tbe path described is 
eight times tbe diameter of tbe circle. 

10. Prove that tbe area of tbe locus formed by tbe points of intersection of 
normals to an eUipse, wbiob cut at right angles, is ir (a — by. 
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II Prove that the area between two focal radii of a parabola and 
ishllf tt area between the curve, the corresponding perpendicuiars on the 
directrix, and the directrix. 


12. Evaluate the following integrals : 

X J 


' sec iu — 1 1 


-1 V tanic 

13. If JK = (so^ + and u = log 


f (1 ^-xfAx 

find the relation 


between the integrals 


^ dx f 

J 


x^ + ax 
X dx 

Ir 

Jins 


Vie 


i xdx a c 


a ^dx w 
3 


14 If a curve be such that the area between any portion and a fixed nght 
hne ^ proportional to the corresponding length of the curve, show that it is a 
catenary. 

15. Prove that the volume of a rectangular parallelepiped is to that of its 
circumscribed ellipsoid as 2 : vVs- 


16. Provethat (* 7 = 4 ^ = sin^ = «sina. 

Jo V I - sin^ d Jo V/C^ - Sin^ 6 

17. If any number of triangles be inscribed in one ellipse, and circumscnbed 

to another ellipse, concentric and similar, prove that these triangles have all the 
same area. 


1 8. Show that the value of the integral j 


d^y 

Ja 


maybe exhibited by the foUowing geometrical construction. Let the curve 
whose equation is r-^cos = i roU on the axis of 2: ; take the points 

(iri, yi) (*2, y%) on the roulette described by the pole, such that yi = a, y* = » ; 
then 

f ^ - = x% - xi, (Mn. JblIiBTT.) 

J a — 1 

IQ If « be the length of the arc of a spherical curve measured to any point 
P and t be the intercept on the great circle touc^g at P, between the point of 
contact and the foot of the perpendicular from the pole, prove that 

*-^=Jsinjp«^w. 

The proof is similarto that of the corresponding theorem i»pla*»o. See Art. 158. 
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20. Prove tliat the volume of a polyhedron, having for bases any two 
polygons situated in parallel planes, and for lateral faces trapeziums, is ex- 
pressed hy the formula 

where M is the distance between the parallel planes, B and F the areas of the 
polygonal bases, and jB" the area of the section eg^uidistant from the two bases. 

21. If /S' be the length of a loop of the curve f” = a”cosw0, and A tho area 

of a loop of the curve cos iwd, prove that 




2n * 


22. Find approximately the area, and also the length, of a loop of tho 
curve = a^cos y. (See Dif. Calc., Art. 268.) 

Ans. area —a^x 0.56616 ; length =s a x 2.72638. 

23. Show from Art. 134 that if a parabola roll on a right line, tho locus of 
its focus is a catenary. 


24. If A be the area of any oval, JB that of its pedal with respect to any 
internal origin 0, and C that of the locus of tho point on the perpendicular 
whose distance from 0 is equal to the distance of the point of contact from ; 
prove that A, B, G are in arithmetical progression. 

25. The arc of a curve is connected with the abscissa hy the equation a* « AuJ ; 
find the curve. 


a6. If the co-ordinates of a point on a curve he given by the equations 
Z=:(?sm20 (l -I- cos 20), y = tf COS 20 (l - COS 20), 


prove that the length of its arc, measured from its origin, is ~ c sin 30, 

3 

;i* j Show how tojfind the sum of every element of the periphery of an ellipse 
amded by any odd power (2f -f- 1) of the semi-diameter coniugato to that which 
passes through the element, and give the result in the case of the fifth power.— 

(Mr. W. EorntTS.) 

V 

Ans. 0 + sin’* 0)*'-^ 

This gives r- 2. 

28. A sphere intersects a right cylinder ; prove that the entire surface of the 
cylinder included within the sphere is equal to the product of the diameter of 
e cylinder into the perimeter of an ellipse, whose axes are equal to the greatest 
ana least intercepts made by the sphere on the edges of the cylinder. 
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29. Show that the equations of the involute of a circle are of the form 

'!Cz=a cos <p + acp Bin y^a sin (f> — a(p cos <p, 

and prove that the length of the are of this involute, measured from ^ = o. “ 
one half of the are of a circle which would be described by a radius equal to the 
arc of its evolute moving through the angle 

30. Show that the area of the cassinoid 

y* — cos 26 

is expressed by aid of an elliptic arc, when h> a, and by a hyperbolic arc, 
when a>b. 

11. A string AS, of given length, hes in contact with a plane convex cu^e 
with its end A fixed, the string is unwound, and 3 is made to m(we about *4 
tai the string is again wound on the curve, the final position of 15 bmng A , 
prove that for variations of the posiUon of A, the arc traced J 

maximum or a minimum, when the tangeuts at S and S are equally me 
to the tangent o.tA , and will be the former or the latter, according as ^e ^ 
ature at A is greater or lass than half the sum of the ourvatmes at 5 and A . 
{Ocmk Math. Trtpoa, 1871.) 


32. Find the value of J 


“ dx -1-px 
e « 

0 Vrr 


Ans. 




33. Find the length, and also the area, of the pedal of a cissoid, the vertex 
being origin. 


8 ^ 


OM* — 

Ans ^ log( 2 -f V3)-4«^. 


24 


34. Prove that the length of an arc of the lemniscate ?■» - cos 26 is repre- 
sented by the integial 

a r d(p ^ 

V2 J V I — J sm^ (}> 


35. Integrate the equation 

cos 0 (cos 0 — sin a sin <p) d0 -I- cos 0 (cos ^ — sin a sin 0) d<f> — o. 

If the arbitrary constant he determined by the condition that the equation must 
beSed by the values (o, a) of (0, <!.), show that the equation is satisfied by 

putting 0 + <l> = a. 

i6 Each element of the surface of an ellipsoid is dmded by the area of the 
parallel central section of the surface; find the sum of all the elementary quotients 
extended through the entire ellipsoid. *■ 


37. Hence, show that 


'h * (jw-^ d/u.dy 

lo . 7» V/x2- V A® - 


V 

2 
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This depends on the expression for an element of the surface of an ellipsoid in 
terms of the elliptic co-ordinates of a point. See Salmon’s Geometry of Three 
dimensions, Art. 411. This proof is due to Chasles [Lioiwille, tome iii- p. 10). 

38. Hence, prove the relation 


F^m) F{n) + F{n) B(m) - F{n) F{m) = ; 


where 


, C2 do 

F{m) - F{m) = \ Vi - ^m^edC, 

Jo V I -^n^sin^d’ Jo ’ 

and i. 

Let j/= Asin0, and y. = V^A^sin^ ^ cos^ in the preceding, and it 


V n 

r*-^ r-i h^sin^d)-^ 


n, 


- sin^ d 


0 Jo V43sin2^-l-^2cos2^ sin^e 


ddd<l> 


' V A® sin^ <i> + k^ cos^<^ 

— 7i2 0 


1 ' 


'V'i=-A2 3 in 2 6 


v'a® siu^ <j> +■ cos’* <p 


z do 


- 0 : 


Wa 2 sin^ ^ -I- ;&2 cog2 Q * 

This famishes the required result on making h = mJc, 

The preceding forniula vhioh is dne to Legendre, gives a general relation 
between complete elhptio functions of the first and second species, with cX- 
plementary moduli. (Compare Ex. 7, 8, p. 331,) ^ ’ 

'if^crihed on the surface of an elUpsoid, along the first 
perpenicnlar to the tangent plane makes the constant angle y with 
the axis of z, along the second with the axis of y, and along the third a with the 

axis of X, and if the angles be connected by the relations _ to” 7 . 

then, if ^3, Ai, Ax, he the included portions of the elUpsoid snifact prove that 


”■^2 I u 4 i — .^2 

“ + —p— .+ — ^r- = 


(Mb. Jel^bit.) 


40 - Show that the results given in Arts, r6i and i6i hold good for 
spherical conics, where the tangents are arcs of great circles on the sphere. 


41. Prove that 

1: 


dx 


ri:. 


]l{{a-x){h~x){c-x)]^ J-00 {(a- 

where a, h, c are in the order of magnitude. 


dx 


■ x){b x) {c — x) 
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42. If « be an imaginary cube root of unity, show that, if 

dy ^ {(a — oj^) d(c 

“ (1 - (I -Tw 

(Peopessoe Cayley.) 


(cu — (a-)x + co'^sc'^ 

I - (a- (a> - eo''^)a.2» (l »„ jySjj _j. (l _ a;2)4 (i 4. cax^)^' 


43* Provo that the value of 

! “’ cos 5 a; sin. aa; 
0 ri; 

according as 5 is >, =, or < «. 

44. Provo that j 
numbers a and 5 . 


<^a; is o, or , 
4’ 2’ 


* sin 5 a; sin _ tt , 

<?a;= - multiplied by the lesser of the 


45. If <? bo the eccentricity of an ellipse whose semiaxis major is unity, and 
jS' the length of its qtiadrant, prove that 


de 


Tth 


(i — fi®) -\/A* - 2 1 — 


("W" Eobbets.) 


46. If B represent the length of a quadrant of the curve r»‘ = cos mQ, and 
^1 tno quadrant of its first pedal, prove that 

2m 


Hero (Ex. 3, Art. 156), we have 

a \/ TT ^ 




(-) 

\ / 


/ W -f I \ 
\ 2m / 


Also, since the first pedal Art. 268) is derived by substituting 

instead of m, 


/^i = 


{m 1 ) a TT ^ 

fm 4 i\ 

^ 2m ) 

r| 

[x + I) 

^ imj 


4 W1* 


W-) 

\ 2 m/ 


(m -f i)rf 
2m 
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47. In general, if Sn l)e tlie quadrant of the 
prove that 


Sn-l — 


I 


pedal of the curve in the last 


fn 

Here it is readily seen that the pedal is got by substituting 

stead of m in the equation of the proposed; &c. [W. Hobeets, Xiouville, 
1845, P’ 177.) 

48. If an endless string, longer than the circumference of an ellipse, be passed 
round the ellipse and kept stretched by a moving pencil ; prove that the pencil 
will trace out a confocal ellipse. 

49. If two confocal ellipses be such that a polygon can be inscribed in one 
and circumscribed to the other, prove that an indefinite number of such polygons 
can be described, and that they all have the same perimeter. (Chasles, Cofftp* 
Mend. 1843.) 

50. To two arcs of a hyperbola whose difference is rectifiable correspond 
qual arcs of the lemniscate which is the pedal of the hyperbola- {IhU.) 

51. Prove that the tangents drawn at the extremities of two arcs of a conic, 
whose difference is rectifiable, form a quadrilateral whose sides all touch the 
same circle. {IbU.) 

52. In the curve 

-f 


prove that any tangent divides that portion of the curve between two cusps into 
two arcs which are to each other as the segments of the portion of the tangent 
intercepted by the axes. 

53. If two tangents to a cycloid cut at a constant angle, prove that thoir 
sum bears a constant ratio to the arc of the ciuve between them. 


54. If ab, he quadrants of two concentric circles, their radii coincid- 
ing ; show that if an arc Ah of an involute of a circle be drawn to touch the 
circles at^, i, the arc Ab is an arithmetical mean between the arcs AB and ab. 


55. If represent an infinitely small superficial element of area at a point 
outside any closed plane curve, and if the lengths of the tangents from the 
point to the curve, and 0 the angle of intersection of these tangents : prove that 

the sum of the elements represented hy for all points exterior to 

the curve, is 27 r®. (Prof. Crotton, Bhil. Trans. ^ 1868.) 


56. Show that, for all systems of rectangular axes drawn through a given 
point in a given plane area. 


III (a?* - % + 4 1 1 1 I » 


taken over the whole of the area, is constant ; and that for a triangle, the point 
heing its centre of gravity, this constant value is 

(*A)2 (»4 + M 4. ^ aH^). 

Mr. J. J. Walicir.) 
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57. If ctb — a'b'j proye that 

r f“ (t> +bt/) - <i> 

Jo Jo 

= log log {t(®)-'(>(0)}. 

prOYided the limits ip (0) and tp (« ) are both definite. 

{Mr. Elliott, JProoeedings, Loud Math Soc., 1S76.) 

58. If -S' denote the surface, and F the rolume of the cone 

focal ellipse of an eUipsoid, and haying its veitex at an umhiho , prove t 

JS~Tra{P-c^)^j V=]i'irc{P'-c^)y 

•where a, e are the principal gemiaxes of the ellipsoid. 

59. Proye that, if i? he positive and leas than unity, 


" p smjpir 


and 


fi , dx 

+ log ( ! + «) — = 

( 1 , eZa; IT , I 

^ {xr + x-p) log ( I - a) - oot - ^s’ 


('). 


where (1) may be deduced from (1) by putting x^ for x. 

^ ’ (Peop. Volstenholmb.) 

60 If « Y bo the elliptie oo-m-dinates of a^int in a plane, prove that the 
area of any portion of the plane is represented by 


11 


- v^) dg.dv 


taken between proper limits. 

61. Prove that the differential equation, in elliptic co-ordinates, of any tan- 
gent to the ellipse ^ = /xi is 

^ ± ^ = 0. 

V(ia‘^ - o'^) V ' if - - P^) 

62. Hence show that the preceding differential eq^nation in fi and v admits 
of an algebraic integral. 

63. Prove that the differential equation of the involute of the ellipse /t = is 




dv ^ o. 
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64. Sliow that, for a homogeneous solid parallelepiped of an^jr form and 
dimensions, the three principal axes at the centre of gravity coincide m direction 
with those of the solid inscribed ellipsoid which touches at the six centres ot 
gravity of its six faces ; and that, for each of the three coincident axes, and 
therefore for every axis passing through their common centre of gravity, the 
moment of inertia of the parallelepiped is to that of the ellipsoid in the same 
constant ratio, viz., that of 10 to x. — (Pnop. Townsend.) 

6 < Show that the volumes of any tetrahedron, and of the inscribed ellipsoid 
wHch touches at the centres of gravity of its four faces, have the same principal 
axes at their common centre of gravity; and that their moments of inertia tor all 

planes through that point have the same constant ratio (viz. 18 ^3 : 7 r).^(Ibid.) 

66. A quantity M of matter is distributed over the surface of a sphere of 
radius a, so that the surface density varies inversely as the cube of the distance 
from a given internal point S, distant b from the centre ; prove that the sum 01 
the principal moments of inertia of if at is equal to 2M(a^-b^). 

(Camh. Math, Tripos ^ 1876.) 

67. If + + , prove that 

! +l r+i 7. 

XnXmdx = o, Xn^dx = — . 

-1 J -1 2 W +1 

68. A closed central curve revolves round an arbitrary external axis in its 
plane." Prove that the moments of inertia I and J, with respect to the axis 01 
revolution and to the perpendicular plane passing through the centre of inortm, 
of the solid generated by the revolving area, are given respectively by the 
expressions 

+ J=m ; 


where m represents the mass of the solid, a the distance of the centre of the 
generating area from the axis of revolution, h and h the radii of gyration of the 
area with respect to the parallel and perpendicular axes through its centre, and 
I the arm length of its product of inertia with respect to the same axes. 

(PnoE. Townsend, Quarterly Journal of Mathematics, 1879.) 

69. If Z 7 '= I {x-zY’'^f{z)dz, find the value of Am. f[z). 

70. Prove that the superficial area of an ellipsoid is represented by 


2Trc^ + 2irab 


r 


(I - dx 


where a^ — = a^e^, 52 _ ^2 — ^2 


(Mr. Jellbtt, Mermathem, 1883 .) 


71. Pindthe mean distance of two points on opposite sides of a square whose 
side is unity. 

Am. + log (t 4- Va). 


3 
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72. A cube being cut at random, by a plane, wbat is the chance that the 
section is a hexagon? — (C ol. Clabke.) 




72. Three points are taken at random, one on each of three faces of ^ 
hedr^ : what is the chance that the plane passing through them cuts the toiirtu 
face?— (OoL. Claeke.) ^ 

Ans. 

4 

74.. Two stars are taken at random from a catalogue : what is the chance 
that one or both shall always bo visible to an observei in a given latitude, A. r 

Ans, - versin \ - sin \. 

2 4 

7C. Find the chance that the centre of gravity of a teiangle lies inside the 
triangle formed by three points taken at random within the tiiangie. 


Ans. — (2+^ log 4)- 

27 V 3 / 


■76. Two points are taken at random m a toangle, the 
divicUng the triangle into two portions: fibnd the mean Talue oi that portion 
which contains the centre of gravity. 

Am - ('470 +-log4) = •«967> tJie triangle being unity. 
3 ® \ 3 / 

The mean value of the greater of the two portions is ^ + i log 2 = .6987. 

77. Show that the mean distance Jf of a point in a rectangle from one angle 
is given by 

i- , a-\- A , h + d 

33f=rf + -log-j-+5jlos — 


a and h being the sides, d the diagonal. 

78. Show that the mean distance M of two points within a rectangle 
given hy 

^ 4 , (3 - 1 log -y- + y log -V- ) ■ 

This result may ho deduced from the preceding ; for if ;i = mean distance of a 
p^t withm the rectangle whose sides are x, y, from one of its angles, it is easy 

to see that ^ 

^252 if = 4 j j xyfidxdi/ ; See. 
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79. Show that if JMT he the mean distance of two points within any conyex 
area n, we have 

dpda>, 

where % are the segments into which the area is divided hy a straight line 
crossing it ; the co-ordinates of the line being ca 5 and the integration ex- 
tending to all positions of the line. , 

This may be seen by considering that if a random line crosses me area, the 

chance of its passing between the two points is where X is the length of the 
boimdary. Again, for any position of the line, the chance of the points lying 
on opposite sides of it is ^ ; therefore the whole chance is ^ M (SX), where 
Jf ( 23 ') is the mean value of the product 22' for all positions of the line. 

80. In the same case we also have 

j G^dpda, 

C being the length of the intercepted chord. Hence we have the remarkable 
JJ'C!‘(fp(f« = 6j;22'rfp<fa.. 

(CnoFTON, Froceedings, Lond. Math. Soc., vol. 8.) 

8 1. Show that if p be the distance of two points taken at random in the 
same area, 

This may be applied to the circle. (See Ex. 24, p. 37 ^*) 

82. Show that the mean area of the triangle determined by three points 
chosen at random within any convex area is 

where 2 = either segment cut off by the chord ( 7 ; but throughout the integra- 
tions, as the direction of the chord alters, 3 means always the segment on the 
same side of the chord as at first. 
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singular, 134. 
differentiation of, 143, 147. 
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double, 149, 313. 

Descaites, rectification of oval of, 239. 

Difiorentiation under tbe sign of inte- 
gration, 107. 

Diricblet’s theorem, 316. 


Ball, on Amslor’s planimeter, 216. 
Bernoulli’s senos, by integration by 
parts, 128. 

Binet, onptincipal axes, 312. 

Bufion’s problem, 352. 

Cardioid, area of, 192. 

rectification of, 227, 238. 
Cartesian oval, rectification of, 239. 
Catenary, equation to, 183. 
rectification of, 223. 
surface of revolution by, 260. 
Oauoby, on exceptional cases in defi- 
nite integrals, 128. 
on principal and general values of 
a definite integral, 132. 
on singular definite integrals, 134. 
on hypeibolic ppaboloid, 271. 
Cbasles, on rectification of ellipse, 234, 
248, 386. 

on Legendre’s formula, 384 
Cone, right, 266. 

Ciofton, on mean value and probabi- 
lity, 833-379, 387, 390. 
Cycloid, 189. 

Definite integrals, 30, 115. 
exceptional oases, 128. 
infinite limits, 131, 135. 


Elliott, extension of Holditcb’s tbeo- 
rem, 209. 

on Erullani’s theorem, 167, 387. 
Ellipse, arc of, 226. 

EUipsoid, 266. 

quadrature of, 282. 
of gyration, 309, 312. 
momental, 309. 
central, 310. 

Elliptic, integrals, 29, 173, 226, 232, 
235, 243, 279, 384, 387 
co-ordinates, 249, 387. 
Epitrocboid, rectification of, 237. 
Equimomental cone, 310. 

Errors of observation, 361. 

Euler, 102. 

theorem on parabolic sector, 198. 
EuLerian integrals, 117, 124, 159 
definition of — 

r(^) andJ?(m, n), 124, 160. 


r(w + n) 


T{n) r(i -n) : 


162 . 


value of 

164. 

table of log (rw), 169. 
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Fagnani’s tlieorem, 229. 

Folium of Descartes, 192, 218. 
Frequency, curve of, 356. 

FruUani, tlieoreni of, 165, 387. 

Gamma functions, 124, 159. 

Gauss, on integration over a closed 
surface, 287 . _ 

GenoccH, rectification of Cartesian 
oval, 240, 242. 

Graves, on rectification of ellipse, 234. 
Green’s tlieorem, 326. 

Groin, 269. 

Gudermann, 183. 

Guidin’ s tlieorems, 262, 263, 288. 
Gyration, radius of, 293. 

Helix, rectification of, 244. 

Hirst, on pedals, 202. 

Holditch, tlieorem of, 206. 

Hyperbola, rectification of, 233. 

Landeu’s tfieorems on, 232. 
Hyperbolic sines and cosines, 182. 
Hypotroclioid, epitrocb.oid. 

Inertia, integrals of, 291. 
moments of, 291. 
products of, 291, 306. 
principal axes of, 307. 
momental ellipsoid of, 309 . 
Integrals, definitions of, 1, 114. 
elementary, 2. 
double, 149, 313. 
of inertia, 291. 

transformation of multiple, 320. 
Integration, diflerent methods of, 20. 
by parts, 20. 


by successive reduction, 63. 
by differentiation, 71, 144. 
of binomial differentials, 76. 
by rationalization, 92, 97 . 
bydifferentiation undersign/, 109. 
by infinite series, 110. 
regarded as summation, 30, 114. 
double, 269, 313_. 
change of order in, 314. 
over a closed surface, 284. 

Jacobians, 323, 326. 

JeHett, on quadrature of ellipsoid, 283, 
388. 


Kempe, theorem on moving area, 210. 

Lagrange’s series, remainder in, 158. 

Lambert, theorem on elliptic area, 196. 

Landen, theorem onhyperbolic arc, 232. 
on difference between asymptote 
and arc of hyperbola, 233. 

Legendre, on Euleriau integrals, 160. 
formula on rectification, 228, 369. 
relation between complete elliptic 
functions, 384. 

Leibnitz, on Guidin’ s theorems, 264. 

Lemniscate, area of, 191. 
rectification of, 384. 

Leudesdorf, 157, 210, 220. 

Limaqon, area of, 192. 
rectification of, 237. 

Limits of integration, 33, 116. 

Mean Yalue and probability, 333. 

Mean Value, definition of, 333. 

for one independent variable, 334. 
two'ormore independent variables, 
337. 

Method of quadratures, 178. 

MiUer, 345. 

Momental ellipse, 300. 

of a triangle, 304. 

Moments of inertia, 291. 

relative to parallel axes, 292. 
uniform rod, 294. 
parallelepiped, cylinder, 296. 
cone, 296. 
sphere, 297. 
ellipsoid, 298. 
prism, 302. 
tetrahedron, 304. 
solid ring, 305. 

M‘Cullagh, on rectification of ellipse 
and hyperbola, 236. 

Neil, on semi-cubical parabola, 224, 
249. 

Newton, method of finding areas, 177- 
by approximation, 213. 
ontractrix, 219. 

Observation, errors of, 361. 

Panton, on rectification of Cartesian 
oval, 240. 

Paraboloid, of revolution, 256. 
elliptic, 266, 268. 
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Partial fractions, 42. 

Pedal, area of, 199. 
of ellipse, 190. 

Steiner’s tlieorom on area of, 201. 
Eaal)e, on, 202. 

Hirst, on, 202 
Eobeits, on, 38C. 

Planimeter, Amsler’s, 214. 

Popoff, on remainder in Legrange’s 
series, 169. 

Probability, used to find mean values, 
343. 

Probabilities, 349. 

Products of inertia, 301, 306. 

Quadrature, plane, 176. 
on the sphere, 276. 
of surfaces, 279. 
paraboloid, 280. 
ellipsoid, 282. 

Eaabe, theorem on pedal areas, 202. 
Hadius of gyration, 293. 

Bandom straight linos, 368. 
Bectification of, plane curves, 222. 
parabola, 223 
catenary, 233. 
somi-cubical parabola, 224. 
of evolutes, 224. 
arc of ollipso, 226. 
hyperbola, 231. 
epitrochoid, 237. 
roulettes, 238. 

Cart(‘siaii oval, 239, 247. 
twisted curves, 243. 

Eecurring biipiadratic under radical 
sign, 101. 

Ecduction, integration by, 63. 

by difierontiation, 71, 80 
Eoberts, “W,, on Cartesian oval, 240. 

on pedals, 380. 

Eoulette, q^uadrature of, 206. 

rectification of, 238. 


Simpson’s rules for areas, 213. 

Sphere, surface and volume of, 252. 
<iuadrature on , 276. 

Spheroid, surface of, 267, 258. 

Spiral, hyjiorholic, 191. 

of Archimedes, 194, 227, 380. 

^ logarithmic, 227. 

Steiner, theorem on pedal areas, 201 
on areas of loulottos, 203. 
on rectification of roulettes, 238. 

Surface of, solids, 250. 
cone, 2f51. 
sphcie, 252. 
revolution, 254. 
i^heroid, pioJate, 257. 

ohlate, 258. 
annular solid, 261. 

Taylor’s theorem, obtained by integra- 
tion by parts, 126. 
remamdor as a definite integral, 
127. 

Townsend, on moments of inertia of a 
ring, 305, 388. 

on moments of inertia in 
general, 310. 

Tractrix, area of, 219. 

length of, 225. 

Van Hnract, on rectification, 249. 

Viviani, Plorontino enigma, 278. 

Volumes of solids, 250, 264, 286. 

Wallis, value for tt, 122. 

Weddle, on aioas by approximation, 
213 . 

Woolliouso, on Holditch’s theorem, 
206, 

ZolotarofP, on remainder in Lagrange’s 
series, 158. 
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